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The Life and Work of Nikolai Vasilevski

Sergei Grudsky, Yuri Latushkin and Michael Shapiro

Nikolai Leonidovich Vasilevski was born on January 21, 1948 in Odessa, Ukraine.
His father, Leonid Semenovich Vasilevski, was a lecturer at Odessa Institute of
Civil Engineering, his mother, Maria Nikolaevna Krivtsova, was a docent at the
Department of Mathematics and Mechanics of Odessa State University.

In 1966 Nikolai graduated from Odessa High School Number 116, a school
with special emphasis in mathematics and physics, that made a big impact at his
creative and active attitude not only to mathematics, but to life in general. It was
a very selective high school accepting talented children from all over the city, and
famous for a high quality selection of teachers. A creative, nonstandard, and at the
same time highly personal approach to teaching was combined at the school with
a demanding attitude towards students. His mathematics instructor at the high
school was Tatjana Aleksandrovna Shevchenko, a talented and dedicated teacher.
The school was also famous because of its quite unusual by Soviet standards sys-
tem of self-government by the students. Quite a few graduates of the school later
became well-known scientists, and really creative researchers.

In 1966 Nikolai became a student at the Department of Mathematics and
Mechanics of Odessa State University. Already at the third year of studies, he
began his serious mathematical work under the supervision of the well-known
Soviet mathematician Georgiy Semenovich Litvinchuk. Litvinchuk was a gifted
teacher and scientific adviser. He, as anyone else, was capable of fascinating his
students by new problems which have been always interesting and up-to-date. The
weekly Odessa seminar on boundary value problems, chaired by Prof. Litvinchuk
for more than 25 years, very much influenced Nikolai Vasilevski as well as others
students of G.S. Litvinchuk.

N. Vasilevski started to work on the problem of developing the Fredholm the-
ory for a class of integral operators with nonintegrable integral kernels. In essence,
the integral kernel was the Cauchy kernel multiplied by a logarithmic factor. The
integral operators of this type lie between the singular integral operators and the
integral operators whose kernels have weak (integrable) singularities. A famous
Soviet mathematician F.D. Gakhov posted this problem in early 1950ies, and it
remained open for more than 20 years. Nikolai managed to provide a complete so-
lution in the setting which was much more general than the original. Working on
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this problem, Nikolai has demonstrated one of the main traits of his mathematical
talent: his ability to achieve a deep penetration in the core of the problem, and
to see rather unexpected connections between different theories. For instance, in
order to solve Gakhov’s Problem, Nikolai utilized the theory of singular integral
operators with coefficients having discontinuities of first kind, and the theory of
operators whose integral kernels have fixed singularities – both theories just ap-
peared at that time. The success of the young mathematician was well recognized
by a broad circle of experts working in the area of boundary value problems and
operator theory. In 1971 Nikolai was awarded the prestigious M. Ostrovskii Prize,
given to the young Ukrainian scientists for the best research work. Due to his solu-
tion of the famous problem, Nikolai quickly entered the mathematical community,
and became known to many prominent mathematicians of that time. In particular,
he was very much influenced by the his regular interactions with such outstanding
mathematicians as M.G. Krein and S.G. Mikhlin.

In 1973 N. Vasilevski defended his PhD thesis entitled “To the Noether theory
of a class of integral operators with polar-logarithmic kernels”. In the same year he
became an Assistant Professor at the Department of Mathematica and Mechanics
of Odessa State University, where he was later promoted to the rank of Associate
Professor, and, in 1989, to the rank of Full Professor.

Having received the degree, Nikolai continued his active mathematical work.
Soon, he displayed yet another side of his talent in approaching mathematical
problems: his vision and ability to use general algebraic structures in operator
theory, which, on one side, simplify the problem, and, on another, can be used in
many other problems. We will briefly describe two examples of this.

The first example is the method of orthogonal projections. In 1979, study-
ing the algebra of operators generated by the Bergman projection, and by the
operators of multiplication by piece-wise continuous functions, N. Vasilevski gave
a description of the C∗-algebra generated by two self-adjoint elements s and n
satisfying the properties s2 + n2 = e and sn + ns = 0. A simple substitution
p = (e + s− n)/2 and q = (e− s− n)/2 shows that this algebra is also generated
by two self-adjoint idempotents (orthogonal projections) p and q (and the identity
element e). During the last quarter of the past century, the latter algebra has been
rediscovered by many authors all over the world. Among all algebras generated
by orthogonal projections, the algebra generated by two projections is the only
tame algebra (excluding the trivial case of the algebra with identity generated by
one orthogonal projection). All algebras generated by three or more orthogonal
projections are known to be wild, even when the projections satisfy some addi-
tional constrains. Many model algebras arising in operator theory are generated
by orthogonal projections, and thus any information of their structure essentially
broadens the set of operator algebras admitting a reasonable description. In par-
ticular, two and more orthogonal projections naturally appear in the study of
various algebras generated by the Bergman projection and by piece-wise contin-
uous functions having two or more different limiting values at a point. Although
these projections, say, P , Q1, . . . , Qn, satisfy an extra condition Q1+ · · ·+Qn = I,
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they still generate, in general, a wild C∗-algebra. At the same time, it was shown
that the structure of the algebra just mentioned is determined by the joint prop-
erties of certain positive injective contractions Ck, k = 1, . . . , n, satisfying the
identity

∑n
k=1 Ck = I, and, therefore, the structure is determined by the structure

of the C∗-algebra generated by the contractions. The principal difference between
the case of two projections and the general case of a finite set of projections is
now completely clear: for n = 2 (and the projections P and Q + (I − Q) = I)
we have only one contraction, and the spectral theorem directly leads to the de-
sired description of the algebra. For n ≥ 2 we have to deal with the C∗-algebra
generated by a finite set of noncommuting positive injective contractions, which is
a wild problem. Fortunately, for many important cases related to concrete oper-
ator algebras, these projections have yet another special property: the operators
PQ1P, . . . , PQnP mutually commute. This property makes the respective algebra
tame, and thus it has a nice and simple description as the algebra of all n × n
matrix-valued functions that are continuous on the joint spectrum Δ of the oper-
ators PQ1P, . . . , PQnP , and have certain degeneration on the boundary of Δ.

Another notable example of the algebraic structures used and developed by
N. Vasilevski is his version of the Local Principle. The notion of locally equiva-
lent operators, and localization theory were introduced and developed by I. Si-
monenko in mid-sixtieth. According to the tradition of that time, the theory was
focused on the study of individual operators, and on the reduction of the Fred-
holm properties of an operator to local invertibility. Later, different versions of the
local principle have been elaborated by many authors, including, among others,
G.R. Allan, R. Douglas, I.Ts. Gohberg and N.Ia. Krupnik, A. Kozak, B. Silber-
mann. In spite of the fact that many of these versions are formulated in terms of
Banach- or C∗-algebras, the main result, as before, reduces invertibility (or the
Fredholm property) to local invertibility. On the other hand, at about the same
time, several papers on the description of algebras and rings in terms of continuous
sections were published by J. Dauns and K.H. Hofmann, M.J. Dupré, J.M.G. Fell,
M. Takesaki and J. Tomiyama. These two directions have been developed inde-
pendently, with no known links between the two series of papers. N. Vasilevski
was the one who proposed a local principle which gives the global description of
the algebra under study in terms of continuous sections of a certain canonically
defined C∗-bundle. This approach is based on general constructions of J. Dauns
and K.H. Hofmann, and results of J. Varela. The main contribution consists of
a deep re-comprehension of the traditional approach to the local principles uni-
fying the ideas coming from both directions mentioned above, which results in a
canonical procedure that provides the global description of the algebra under con-
sideration in terms of continuous sections of a C∗-bundle constructed by means of
local algebras.

In the eighties and even later, the main direction of the work of Nikolai
Vasilevski has been the study of multi-dimensional singular integral operators with
discontinuous coefficients. The main philosophy here was to study first algebras
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containing these operators, thus providing a solid foundation for the study of var-
ious properties (in particular, the Fredholm property) of concrete operators. The
main tool has been the described above version of the local principle. This princi-
ple was not merely used to reduce the Fredholm property to local invertibility but
also for a global description of the algebra as a whole based on the description of
the local algebras. Using this methodology, Nikolai Vasilevski obtained deep re-
sults in the theory of operators with Bergman’s kernel and piece-wise continuous
coefficients, in the theory of multi-dimensional Toeplitz operators with pseudo-
differential presymbols, in the theory of multi-dimensional Bitsadze operators, in
the theory of multi-dimensional operators with shift, etc. In 1988 N. Vasilevski
defended the Doctor of Sciences dissertation, based on these results, and entitled
“Multi-dimensional singular integral operators with discontinuous classical sym-
bols”.

Besides being a very active mathematician, N. Vasilevski has been an excel-
lent lecturer. His lectures are always clear, and sparkling, and full of humor, which
so natural for someone who grew up in Odessa, a city with a longstanding tradi-
tion of humor and fun. He was the first at Odessa State University who designed
and started to teach a class in general topology. Students happily attended his
lectures in Calculus, Real Analysis, Complex Analysis, Functional Analysis. He
has been one of the most popular professor at the Department of Mathematics
and Mechanics of Odessa State University. Nikolai is a master of presentations,
and his colleagues always enjoy his talks at conferences and seminars.

In 1992 Nikolai Vasilevski moved to Mexico. He started his career there as
an Investigator (Full Professor) at the Mathematics Department of CINVESTAV
(Centro de Investagacion y de Estudios Avansados). His appointment significantly
strengthen the department which is one of the leading mathematical centers in
Mexico. His relocation also visibly revitalized mathematical activity in the country
in the field of operator theory. Actively pursuing his own research agenda, Nikolai
also served as the organizer of several important conferences. For instance, let us
mention the (regular since 1998) annual workshop “Análisis Norte-Sur”, and the
well-known international conference IWOTA-2009. He initiated the relocation to
Mexico a number of active experts in operator theory such as Yu. Karlovich and
S. Grudsky, among others.

During his tenure in Mexico, Nikolai Vasilevski produced a sizable group of
students and younger colleagues; five of young mathematicians received PhD under
his supervision.

The contribution of N. Vasilevski in the theory of multi-dimensional singular
integral operators found its rather unexpected development in his work on quater-
nionic and Clifford analysis, published mainly with M. Shapiro in 1985–1995, start-
ing still in the Soviet Union, with the subsequent continuation during the Mexican
period of his life. Among others, the following topics have been considered: The
settings for the Riemann boundary value problem for quaternionic functions that
are taking into account both the noncommutative nature of quaternionic multi-
plication and the presence of a family of classes of hyperholomorphic functions,
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which adequately generalize the notion of holomorphic functions of one complex
variable; algebras, generated by the singular integral operators with quaternionic
Cauchy kernel and piece-wise continuous coefficients; operators with quaternion
and Clifford Bergman kernels. The Toeplitz operators in quaternion and Clifford
setting have been introduced and studied in the first time. This work found the
most favorable response and initiated dozens of citations.

During his life in Mexico, the scientific interests of Nikolai Vasilevski mainly
concentrated around the theory of Toeplitz operators on Bergman and Fock spaces.
In the end of 1990ies, N. Vasilevski discovered a quite surprising phenomenon in
the theory of Toeplitz operators on the Bergman space. Unexpectedly, there exists
a rich family of commutative C∗-algebras generated by Toeplitz operators with
non-trivial defining symbols. In 1995 B. Korenblum and K. Zhu proved that the
Toeplitz operators with radial defining symbols acting on the Bergman space over
the unit disk can be diagonalized with respect to the standard monomial basis
in the Bergman space. The C∗-algebra generated by such Toeplitz operators is
therefore obviously commutative. Four years later N. Vasilevski also showed the
commutativity of the C∗-algebra generated by the Toeplitz operators acting on
the Bergman space over the upper half-plane and with defining symbols depend-
ing only on Im z. Furthermore, he discovered the existence of a rich family of
commutative C∗-algebras of Toeplitz operators. Moreover, it turned out that the
smoothness properties of the symbols do not play any role in commutativity: the
symbols can be merely measurable. Surprisingly, everything is governed by the
geometry of the underlying manifold, the unit disk equipped with the hyperbolic
metric. The precise description of this phenomenon is as follows. Each pencil of
hyperbolic geodesics determines the set of symbols which are constant on the cor-
responding cycles, the orthogonal trajectories to geodesics forming the pencil. The
C∗-algebra generated by the Toeplitz operators with such defining symbols is com-
mutative. An important feature of such algebras is that they remain commutative
for the Toeplitz operators acting on each of the commonly considered weighted
Bergman spaces. Moreover, assuming some natural conditions on “richness” of the
classes of symbols, the following complete characterization has been obtained: A
C∗-algebra generated by the Toeplitz operators is commutative on each weighted
Bergman space if and only if the corresponding defining symbols are constant on
cycles of some pencil of hyperbolic geodesics. Apart from its own beauty, this result
reveals an extremely deep influence of the geometry of the underlying manifold on
the properties of the Toeplitz operators over the manifold. In each of the mentioned
above cases, when the algebra is commutative, a certain unitary operator has been
constructed. It reduces the corresponding Toeplitz operators to certain multiplica-
tion operators, which also allows one to describe their representations of spectral
type. This gives a powerful research tool for the subject, in particular, yielding
direct access to the majority of the important properties such as boundedness,
compactness, spectral properties, invariant subspaces, of the Toeplitz operators
under study.
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The results of the research in this directions became a part of the monograph
“Commutative Algebras of Toeplitz Operators on the Bergman Space” published
by N. Vasilevski in Birkhäuser in 2008.

Nikolai Leonidovich Vasilevski passed his sixties birthday on full speed, and
being in excellent shape. We, his friends, students, and colleagues, wish him further
success and, above all, many new interesting and successfully solved problems.
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4. Josué Ramı́rez Ortega, Algebra generada por la proyección de Bergman y un
operador de translación, CINVESTAV del I.P.N., Mexico City, 1999.

5. Maribel Loaiza Leyva, Algebra generada por la proyección de Bergman y por
los operadores de multiplicación por funciones continuas a trozos, CINVES-
TAV del I.P.N., Mexico City, 2000.
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1. Introduction and main results

Given a function a in L1 on the complex unit circle T, we denote by a� the �th
Fourier coefficient,

a� =
1
2π

∫ 2π

0

a(eix)e−i�xdx (� ∈ Z),

and by Tn(a) the n × n Toeplitz matrix (aj−k)nj,k=1. We assume that a is real-
valued, in which case the matrices Tn(a) are all Hermitian. Let

λ
(n)
1 ≤ λ(n)2 ≤ · · · ≤ λ(n)n

be the eigenvalues of Tn(a) and let

{v(n)1 , v
(n)
2 , . . . , v(n)n }

This work was partially supported by CONACYT project 80503, Mexico.
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be an orthonormal basis of eigenvectors such that Tn(a)v(n)j = λ
(n)
j v

(n)
j . The

present paper is dedicated to the asymptotic behavior of the eigenvectors v(n)j

as n→∞.

To get an idea of the kind of results we will establish, consider the function
a(eix) = 2−2 cosx. The range a(T) is the segment [0, 4]. It is well known that the
eigenvalues and eigenvectors of Tn(a) are given by

λ
(n)
j = 2− 2 cos

πj

n+ 1
, x

(n)
j =

√
2

n+ 1

(
sin

mπj

n+ 1

)n

m=1

. (1.1)

(We denote the eigenvectors in this reference case by x(n)j and reserve the notation

v
(n)
j for the general case.) Let ϕ be the function

ϕ : [0, 4]→ [0, π], ϕ(λ) = arccos
2− λ

2
.

We have ϕ(λ(n)j ) = πj/(n + 1) and hence, apart from the normalization factor√
2/(n+ 1), x(n)j,m is the value of sin(mϕ(λ)) at λ = λ

(n)
j . In other words, an

eigenvector for λ is given by (sin(mϕ(λ)))nm=1. A speculative question is whether
in the general case we can also find functions Ωm such that, at least asymptotically,
(Ωm(λ))nm=1 is an eigenvector for λ. It turns out that this is in general impossible
but that after a slight modification the answer to the question is in the affirmative.
Namely, we will prove that, under certain assumptions, there are functions Ωm,
Φm and real-valued functions σ, η such that an eigenvector for λ = λ

(n)
j is always

of the form(
Ωm(λ)+Φm(λ)+(−1)j+1e−i(n+1)σ(λ)e−iη(λ)Φn+1−m(λ)+error term

)n
m=1

. (1.2)

The error term will be shown to decrease to zero exponentially fast and uniformly
in j andm as n→∞. Moreover, we will show that Ωm(λ) is an oscillating function
of m for each fixed λ and that Φm(λ) decays exponentially fast to zero as m→∞
for each λ (which means that Φn+1−m(λ) is an exponentially increasing function
of m for each λ). Finally, it will turn out that

n∑
m=1

|Φm(λ)|2
/ n∑

m=1

|Ωm(λ)|2 = O

(
1
n

)
as n → ∞, uniformly in λ. Thus, the dominant term in (1.2) is Ωm(λ), while the
terms containing Φm(λ) and Φn+1−m(λ) may be viewed as twin babies.

If a is also an even function, a(eix) = a(e−ix) for all x, then all the matrices
Tn(a) are real and symmetric. In [4], we conjectured that then, again under addi-
tional but reasonable assumptions, the appropriately rotated extreme eigenvectors
v
(n)
j are all close to the vectors x(n)j . To be more precise, we conjectured that if

n → ∞ and j (or n − j) remains fixed, then there are complex numbers τ (n)j of
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modulus 1 such that ∥∥∥τ (n)j v
(n)
j − x(n)j

∥∥∥
2

= o(1), (1.3)

where ‖ · ‖2 is the �2 norm. Several results related to this conjecture were estab-
lished in [3] and [4]. We here prove this conjecture under assumptions that will be
specified in the following paragraph. We will even be able to show that the o(1)
in (1.3) is O(j/n) if j/n→ 0 and O(1 − j/n) if j/n→ 1.

Throughout what follows we assume that a is a Laurent polynomial

a(t) =
r∑

k=−r

akt
k (t = eix ∈ T)

with r ≥ 2, ar �= 0, and ak = a−k for all k. The last condition means that a is
real-valued on T. We assume without loss of generality that a(T) = [0,M ] with
M > 0 and that a(1) = 0 and a(eiϕ0) = M for some ϕ0 ∈ (0, 2π). We require that
the function g(x) := a(eix) is strictly increasing on (0, ϕ0) and strictly decreasing
on (ϕ0, 2π) and that the second derivatives of g at x = 0 and x = ϕ0 are nonzero.
Finally, we denote by [α, β] ⊂ [0,M ] a segment such that if λ ∈ [α, β], then the
2r − 2 zeros of the Laurent polynomial a(z) − λ that lie in C \ T are pairwise
distinct.

Note that we exclude the case r = 1, because in this case the eigenvalues
and eigenvectors of Tn(a) are explicitly available. Also notice that if r = 2, which
is the case of pentadiagonal matrices, then for every λ ∈ [0,M ] the polynomial
a(z) − λ has two zeros on T, one zero outside T, and one zero inside T. Thus,
in this situation the last requirement of the previous paragraph is automatically
satisfied for [α, β] = [0,M ].

The asymptotic behavior of the extreme eigenvalues and eigenvectors of
Tn(a), that is, of λ(n)j and v

(n)
j when j or n − j remain fixed, has been stud-

ied by several authors. As for extreme eigenvalues, the pioneering works are [7],
[9], [11], [12], [18], while recent papers on the subject include [3], [6], [8], [10], [13],
[14], [15], [19], [20]. See also the books [1] and [5]. Much less is known about the
asymptotics of the eigenvectors. Part of the results of [4] and [19] may be inter-
preted as results on the behavior of the eigenvectors “in the mean” on the one hand
and as insights into what happens if eigenvectors are replaced by pseudomodes on
the other. In [3], we investigated the asymptotics of the extreme eigenvectors of
certain Hermitian (and not necessarily banded) Toeplitz matrices. Our paper [2]
may be considered as a first step to the understanding of the asymptotic behavior
of individual inner eigenvalues of Toeplitz matrices. In the same vein, this paper
intends to understand the nature of individual eigenvectors as part of the whole,
independently of whether they are extreme or inner ones.

To state our main results, we need some notation. Let λ ∈ [0,M ]. Then there
are uniquely defined ϕ1(λ) ∈ [0, ϕ0] and ϕ2(λ) ∈ [ϕ0 − 2π, 0] such that

g(ϕ1(λ)) = g(ϕ2(λ)) = λ;
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recall that g(x) := a(eix). We put

ϕ(λ) =
ϕ1(λ)− ϕ2(λ)

2
, σ(λ) =

ϕ1(λ) + ϕ2(λ)
2

.

We have

a(z)− λ = z−r
(
arz

2r + · · ·+ (a0 − λ)zr + · · ·+ a−r

)
= arz

−r
2r∏
k=1

(z − zk(λ)),

and our assumptions imply that we can label the zeros zk(λ) so that the collection
Z(λ) of the zeros may be written as

{z1(λ), . . . , zr−1(λ), zr(λ), zr+1(λ), zr+2(λ), . . . , z2r(λ)}
= {u1(λ), . . . , ur−1(λ), eiϕ1(λ), eiϕ2(λ), 1/u1(λ), . . . , 1/ur−1(λ)} (1.4)

where |uν(λ)| > 1 for 1 ≤ ν ≤ r − 1 and each uν(λ) depends continuously on
λ ∈ [0,M ]. Here and in similar places below we write uk(λ) := uk(λ). We define
δ0 > 0 by

eδ0 = min
λ∈[0,M ]

min
1≤ν≤r−1

|uν(λ)|.

Throughout the following, δ stands for any number in (0, δ0). Further, we denote
by hλ the function

hλ(z) =
r−1∏
ν=1

(
1− z

uν(λ)

)
.

The function Θ(λ) = hλ(eiϕ1(λ))/hλ(eiϕ2(λ)) is continuous and nonzero on [0,M ]
and we have Θ(0) = Θ(M) = 1. In [2], it was shown that the closed curve

[0,M ]→ C \ {0}, λ 
→ Θ(λ)

has winding number zero. Let θ(λ) be the continuous argument of Θ(λ) for which
θ(0) = θ(M) = 0.

In [2], we proved that if n is large enough, then the function

fn : [0,M ]→ [0, (n+ 1)π], fn(λ) = (n+ 1)ϕ(λ) + θ(λ)

is bijective and increasing and that if λ(n)j,∗ is the unique solution of the equation

fn(λ(n)j,∗ ) = πj, then the eigenvalues λ(n)j satisfy

|λj − λ(n)j,∗ | ≤ K e−δn

for all j ∈ {1, . . . , n}, where K is a finite constant depending only on a. Thus, we
have

(n+ 1)ϕ(λ(n)j ) + θ(λ(n)j ) = πj +O(e−δn), (1.5)

uniformly in j ∈ {1, . . . , n}.
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Now take λ from (α, β). For j ∈ {1, . . . , n} and ν ∈ {1, . . . , r − 1}, we put

A(λ) =
eiσ(λ)

2i hλ(eiϕ1(λ))
, B(λ) =

eiσ(λ)

2i hλ(eiϕ2(λ))
,

Dν(λ) =
e2iσ(λ) sinϕ(λ)

(uν(λ)− eiϕ1(λ))(uν(λ) − eiϕ2(λ))h′λ(uν(λ))
,

Fν(λ) =
sinϕ(λ)

(uν(λ) − e−iϕ1(λ))(uν(λ)− e−iϕ2(λ))h′λ(uν(λ))

×|hλ(eiϕ1(λ))hλ(eiϕ2(λ))|
hλ(eiϕ1(λ))hλ(eiϕ2(λ))

and define the vector w(n)
j (λ) = (w(n)

j,m(λ))nm=1 by

w
(n)
j,m(λ) = A(λ)e−imϕ1(λ) −B(λ)e−imϕ2(λ)

+
r−1∑
ν=1

(
Dν(λ)

1
uν(λ)m

+ Fν(λ)
(−1)j+1e−i(n+1)σ(λ)

uν(λ)n+1−m

)
.

The assumption that zeros uν(λ) are all simple guarantees that h′(uν) �= 0. We
denote by ‖ · ‖2 and ‖ · ‖∞ the �2 and �∞ norms on Cn, respectively.

Here are our main results.

Theorem 1.1. As n→∞ and if λ(n)j ∈ (α, β),

‖w(n)
j (λ(n)j )‖22 =

n

4

(
1

|hλ(eiϕ1(λ))|2 +
1

|hλ(eiϕ2(λ))|2
)∣∣∣∣

λ=λ
(n)
j

+O(1),

uniformly in j.

Theorem 1.2. Let n → ∞ and suppose λ(n)j ∈ (α, β). Then the eigenvectors v(n)j

are of the form

v
(n)
j = τ

(n)
j

(
w
(n)
j (λ(n)j )

‖w(n)
j (λ(n)j )‖2

+O∞(e−δn)

)

where τ (n)j ∈ T and O∞(e−δn) denotes vectors ξ(n)j ∈ Cn such that ‖ξ(n)j ‖∞ ≤
Ke−δn for all j and n with some finite constant K independent of j and n.

Note that the previous theorem gives (1.2) with

Ωm(λ) = A(λ)e−imϕ1(λ) −B(λ)e−imϕ2(λ), Φm(λ) =
r−1∑
ν=1

Dν(λ)
uν(λ)m

,

e−iη(λ) =
|hλ(eiϕ1(λ))hλ(eiϕ2(λ))|
hλ(eiϕ1(λ))hλ(eiϕ2(λ))

.
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Things can be a little simplified for symmetric matrices. Thus, suppose all
ak are real and ak = a−k for all k. We will show that then {u1(λ), . . . , ur−1(λ)} =
{u1(λ), . . . , ur−1(λ)}. Put

Qν(λ) =
|hλ(eiϕ(λ))| sinϕ(λ)

(uν(λ)− eiϕ(λ))(uν(λ)− e−iϕ(λ))h′λ(uν(λ))

and let y(n)j (λ) = (y(n)j,m(λ))nm=1 be given by

y
(n)
j,m(λ) = sin

(
mϕ(λ) +

θ(λ)
2

)
−

r−1∑
ν=1

Qν(λ)
(

1
uν(λ)m

+
(−1)j+1

uν(λ)n+1−m

)
. (1.6)

Theorem 1.3. Let n→∞ and suppose λ(n)j ∈ (α, β). If ak = a−k for all k, then

‖y(n)j (λ(n)j )‖22 =
n

2
+O(1)

uniformly in j, and the eigenvectors v(n)j are of the form

v
(n)
j = τ

(n)
j

(
y
(n)
j (λ(n)j )

‖y(n)j (λ(n)j )‖2
+O∞(e−δn)

)

where τ (n)j ∈ T and O∞(e−δn) is as in the previous theorem.

Let J be the n× n matrix with ones on the counterdiagonal and zeros else-
where. Thus, (Jv)m = vn+1−m. A vector v is called symmetric if Jv = v and
skew-symmetric if Jv = −v. Trench [17] showed that the eigenvectors v(n)1 , v

(n)
3 , . . .

are all symmetric and that the eigenvectors v(n)2 , v
(n)
4 , . . . are all skew-symmetric.

From (1.5) we infer that

sin

(
(n+ 1−m)ϕ(λ(n)j ) +

θ(λ(n)j )
2

)

= (−1)j+1 sin

(
mϕ(λ(n)j ) +

θ(λ(n)j )
2

)
+O(e−δn)

and hence (1.6) implies that

(Jy(n)j (λ(n)j ))m = (−1)j+1y
(n)
j,m(λ(n)j ) +O(e−δn).

Consequently, apart from the term O(e−δn), the vectors y(n)j (λ(n)j ) are symmetric
for j = 1, 3, . . . and skew-symmetric for j = 2, 4, . . .. This is in complete accordance
with Trench’s result.

Due to (1.5), we also have

sin

(
mϕ(λ(n)j ) +

θ(λ(n)j )
2

)
= sin

((
m− n+ 1

2

)
ϕ(λ(n)j )

)
+O(e−δn).
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Thus, Theorem 1.3 remains valid with (1.6) replaced by

y
(n)
j,m(λ) = sin

((
m− n+ 1

2

)
ϕ(λ) +

πj

2

)
−

r−1∑
ν=1

Qν(λ)
(

1
uν(λ)m

+
(−1)j+1

uν(λ)n+1−m

)
. (1.7)

In this expression, the function θ has disappeared.

Define y(n)j again by (1.6). The following theorem in conjunction with Theo-
rem 1.3 proves (1.3).

Theorem 1.4. Let n→∞ and suppose λ(n)j ∈ (α, β). If ak = a−k for all k, then∥∥∥∥∥ y
(n)
j (λ(n)j )

‖y(n)j (λ(n)j )‖2
− x(n)j

∥∥∥∥∥
2

= O

(
j

n

)
.

The rest of the paper is as follows. We approach eigenvectors by using the
elementary observation that if λ is an eigenvalue of Tn(a), then every nonzero
column of the adjugate matrix of Tn(a)− λI = Tn(a− λ) is an eigenvector for λ.
In Section 2 we employ “exact” formulas by Trench and Widom for the inverse and
the determinant of a banded Toeplitz matrix to get a representation of the first
column of the adjugate matrix of Tn(a−λ) that will be convenient for asymptotic
analysis. This analysis is carried out in Section 3. On the basis of these results,
Theorems 1.1 and 1.2 are proved in Section 4, while the proofs of Theorems 1.3
and 1.4 are given in Section 4. Section 6 contains numerical results.

2. The first column of the adjugate matrix

The adjugate matrix adjB of an n× n matrix B = (bjk)nj,k=1 is defined by

(adjB)jk = (−1)j+k detMkj

where Mkj is the (n− 1)× (n− 1) matrix that results from B by deleting the kth
row and the jth column. We have

(A− λI) adj (A− λI) = (det(A− λI))I.
Thus, if λ is an eigenvalue of A, then each nonzero column of adj (A − λI) is an
eigenvector. For an invertible matrix B,

adjB = (detB)B−1. (2.1)

Formulas for detTn(b) and T−1n (b) were established by Widom [18] and Trench
[16], respectively. The purpose of this section is to transform Trench’s formula for
the first column of T−1n (b) into a form that will be convenient for further analysis.
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Theorem 2.1. Let

b(t) =
q∑

k=−p

bkt
k = bpt

−q

p+q∏
j=1

(t− zj) (t ∈ T)

where p ≥ 1, q ≥ 1, bp �= 0, and z1, . . . , zp+q are pairwise distinct nonzero complex
numbers. If n > p + q and 1 ≤ m ≤ n, then the mth entry of the first column of
adjTn(b) is

[adjTn(b)]m,1 =
∑

J⊂Z,|J|=p

CJW
n
J

∑
z∈J

Sm,J,z (2.2)

where Z = {z1, . . . , zp+q}, the sum is over all sets J ⊂ Z of cardinality p, and,
with J := Z \ J ,

CJ =
∏
z∈J

zq
∏

z∈J,w∈J

1
z − w , WJ = (−1)pbp

∏
z∈J

z,

Sm,J,z = − 1
bp

1
zm

∏
w∈J\{z}

1
z − w.

Proof. It suffices to prove (2.2) under the assumption that detTn(b) �= 0 because
both sides of (2.2) are continuous functions of z1, . . . , zp+q. Thus, let det Tn(b) �= 0.
We will employ (2.1) with B = Tn(b).

Trench [16] proved that [T−1n (b)]m,1 equals

− 1
bp

D{1,...,p+q}(0, . . . , q − 1, q + n, . . . , q + n+ p− 2, q + n−m)
D{1,...,p+q}(0, . . . , q − 1, q + n, . . . , q + n+ p− 1)

(2.3)

where D{j1,...,jk}(s1, . . . , sk) denotes the determinant

det

⎛⎜⎜⎜⎝
zs1j1 zs2j1 . . . zsk

j1

zs1j2 zs2j2 . . . zsk
j2

...
...

...
zs1jk

zs2jk
. . . zsk

jk

⎞⎟⎟⎟⎠ .
Note that

DJ(s1 + ξ, . . . , sk + ξ) =

⎛⎝∏
j∈J

zξj

⎞⎠DJ(s1, . . . , sk),

D{1,2,...,k}(0, 1, . . . , k − 1) =
∏
j,�∈J
�>j

(z� − zj).
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We first consider the denominator of (2.3). Put Z = {1, . . . , p+ q}. Laplace
expansion along the last p columns gives

DZ(0, . . . , q − 1, q + n, . . . , q + n+ p− 1)

=
∑

J⊂Z,|J|=p

(−1)inv(J,J)DJ(q + n, . . . , q + n+ p− 1)DJ(0, . . . , q − 1)

=
∑

J⊂Z,|J|=p

(−1)inv(J,J)
∏
k∈J

zq+n
k

∏
k,�∈J
�>k

(z� − zk)
∏

k,�∈J
�>k

(z� − zk),

where inv(J, J) is the number of inversions in the permutation of length p + q
whose first q elements are the elements of the set J in increasing order and whose
last p elements are the elements of the set J in increasing order. A little thought
reveals that inv(J, J) is just the number of pairs (k, �) with k ∈ J , � ∈ J , k < �.
We have ∏

j∈J,s∈J
(zj − zs) =

∏
�∈J,k∈J

�>k

(z� − zk)
∏

k∈J,�∈J
�>k

(zk − z�)

= (−1)inv(J,J)
∏

�∈J,k∈J
�>k

(z� − zk)
∏

�∈J,k∈J
�>k

(z� − zk) (2.4)

and hence the denominator is equal to

Rn

∑
J⊂Z,|J|=p

CJW
n
J with Rn :=

(−1)pn

bnp

∏
�>k

(z� − zk).

A formula by Widom [18], which can also be found in [1], says that

detTn(b) =
∑

J⊂Z,|J|=p

CJW
n
J .

Consequently, the denominator of (2.3) is nothing but Rn detTn(b).
Let us now turn to the numerator of (2.3). This time Laplace expansion along

the last p columns yields

DZ(0, . . . , q − 1, q + n, . . . , q + n+ p− 2, q + n−m)

=
∑

J⊂Z,|J|=p

(−1)inv(J,J)DJ(q + n, . . . , q + n+ p− 1, q + n−m)DJ(0, . . . , q − 1)

=
∑

J⊂Z,|J|=p

(−1)inv(J,J)DJ(0, . . . , q − 1)

⎛⎝∏
j∈J

zq+n
j

⎞⎠DJ(0, . . . , p− 2,−m).

Expanding DJ(0, . . . , p− 2,−m) by its last column we get

DJ(0, . . . , p− 2,−m) =
∑
j∈J

(−1)inv(J\{j},j)z−m
j DJ\{j}(0, . . . , p− 2) (2.5)
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with inv(J \ {j}, j) being the number of s ∈ J \ {j} such that s > j. Thus, (2.5) is∑
j∈J

(−1)inv(J\{j},j)z−m
j

∏
k,�∈J\{j}

�>k

(z� − zk)

=
∑
j∈J

z−m
j

∏
k,�∈J
�>k

(z� − zk)
∏

s∈J\{j}

1
zj − zs

.

This in conjunction with (2.4) shows that the numerator of (2.2) equals

−bpRn

∑
J⊂Z,|J|=p

CJW
n
J

∑
z∈J

Sm,J,z.

In summary, from (2.3) we obtain that

[T−1n (b)]m,1 =
1

detTn(b)

∑
J⊂Z,|J|=p

CJW
n
J

∑
z∈J

Sm,J,z,

which after multiplication by detTn(b) becomes (2.2). �

3. The main terms of the first column

We now apply Theorem 2.1 to

b(t) = a(t)− λ = art
−r

2r∏
k=1

(t− zk(λ)) (3.1)

where λ ∈ (α, β). The set Z = Z(λ) is given by (1.4). Let

d0(λ) = (−1)rareiσ(λ)
r−1∏
k=1

uk(λ). (3.2)

In [2], we showed that d0(λ) > 0 for all λ ∈ (0,M). The dependence on λ will
henceforth frequently be suppressed in notation. Let

J1 = {u1, . . . , ur−1, eiϕ1}, J2 = {u1, . . . , ur−1, eiϕ2}
and for ν ∈ {1, . . . , r − 1}, put

J0ν = {u1, . . . , ur−1, 1/uν}.

Lemma 3.1. If J ⊂ Z, |J | = r, J /∈ {J1, J2, J01 , . . . , J0r−1}, then

|CJW
n
j Sm,J,z| ≤ K

dn0
sinϕ

e−δn

for all z ∈ J , n ≥ 1, 1 ≤ m ≤ n, λ ∈ (α, β) with some finite constant K that does
not depend on z, n,m, λ.
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Proof. If both eiϕ1 and eiϕ2 belong to J , then

J = {uν1 , . . . , uνk
, eiϕ1 , eiϕ2 , 1/us1 , . . . , 1/us�

}
with k + � = r − 2. Since

min
λ∈[α,β]

min
j1 �=j2

|uj1(λ)− uj2(λ)| > 0,

we conclude that |CJ | ≤ K1. Here and in the followingKi denotes a finite constant
that is independent of λ ∈ [α, β]. We have k ≤ r − 2 and thus

|WJ | = |ar|
|uν1 . . . uνk

|
|us1 . . . us�

| ≤
d0e

−δ

|us1 . . . us�
| . (3.3)

If z ∈ {uν1 , . . . , uνk
, eiϕ1 , eiϕ2}, then obviously |Sm,J,z| ≤ K2/ sinϕ and hence

|CJW
n
J Sm,J,z| ≤ K1K2

dn0 e
−δn

sinϕ
.

In case z ∈ {1/us1 , . . . , 1/us�
}, say z = 1/us1 , we have |Sm,J,z| ≤ K3|uν1 |m, which

gives

|CJW
n
J Sm,J,z| ≤ K1K3d

n
0 e
−δn |uν1 |m
|uν1 |n

≤ K1K3d
n
0 e
−δn ≤ K1K3

dn0 e
−δn

sinϕ
.

The only other possibility for J is to be of the type

J = {uν1 , . . . , uνk
, eiϕ1 , 1/us1 , . . . , 1/us�

}
with k + � ≤ r − 1, k ≤ r − 2, � ≥ 1. (The case where eiϕ1 is replaced by
eiϕ2 is completely analogous.) This time, |CJ | ≤ K4/ sinϕ and (3.3) holds again.
For z ∈ {uν1 , . . . , uνk

, eiϕ1} we have |Sm,J,z| ≤ K5 and thus get the assertion. If
z = 1/us for some s ∈ {s1, . . . , s�}, say s = s1, then |Sm,J,z| ≤ K6|us1 |m, and the
assertion follows as above, too. �

Let

d1(λ) =
1

|hλ(eiϕ1(λ))hλ(eiϕ2(λ))|

r−1∏
k,s=1

(
1− 1

uk(λ)us(λ)

)−1
.

It is easily seen that d1(λ) > 0 for all λ ∈ [0,M ].

Lemma 3.2. If λ = λ
(n)
j ∈ (0,M), then

CJ1W
n
J1
Sm,J1,eiϕ1 =

d1d
n−1
0

sinϕ
[
(−1)jAe−imϕ1 +O(e−δn)

]
,

CJ2W
n
J2
Sm,J2,eiϕ2 =

d1d
n−1
0

sinϕ
[
(−1)j+1Be−imϕ2 +O(e−δn)

]
uniformly in m and λ.
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Proof. We abbreviate
∏r−1

k=1 to
∏

k. Clearly,

Wj1 = (−1)rar

(∏
k

uk

)
eiϕ1 = (−1)rar

(∏
k

uk

)
eiσeiϕ = d0e

iϕ.

We have

CJ1 =
(
∏

k u
r
k) e

irϕ1

(eiϕ1 − eiϕ2)
∏

k,s

(
uk − 1

us

)∏
k (uk − eiϕ2)

∏
k

(
eiϕ1 − 1

uk

)
=

eirϕ1

eiσ(eiϕ − e−iϕ)
∏

k,s

(
1− 1

ukus

)∏
k

(
1− eiϕ2

uk

)
ei(r−1)ϕ1

∏
k

(
1− e−iϕ1

uk

)
=

eiϕ

2i sinϕ
∏

k,s

(
1− 1

ukus

)
h(eiϕ2)h(eiϕ1)

and because
h(eiϕ2)h(eiϕ1) = |h(eiϕ1)h(eiϕ2)|e−iθ, (3.4)

it follows that

CJ1 =
d1e

i(ϕ+θ)

2i sinϕ
.

Furthermore,

Sm,J1,eiϕ1 = − 1
ar

1
eimϕ1

∏
k(eiϕ1 − uk)

= − 1
ar

e−imϕ1

(−1)r−1 (
∏

k uk)
∏

k(1− eiϕ1/uk)

=
e−im(σ+ϕ)

(−1)rar (
∏

k uk)h(eiϕ1)
=
e−im(σ+ϕ)eiσ

d0h(eiϕ1)
.

Putting things together we arrive at the formula

CJ1W
n
J1
Sm,J1,eiϕ1 =

d1d
n−1
0

sinϕ
Ae−im(σ+ϕ)ei((n+1)ϕ+θ).

Obviously, σ + ϕ = ϕ1. By virtue of (1.5),

ei((n+1)ϕ+θ) = eiπj(1 +O(e−δn)) = (−1)j(1 +O(e−δn)).

This proves the first of the asserted formulas. Analogously,

WJ2 = d0e
−iϕ, CJ2 = −d1e

−i(ϕ+θ)

2i sinϕ
, Sm,J2,eiϕ2 =

e−im(σ−ϕ)eiσ

d0h(eiϕ2)
,

which gives the second formula. �

Lemma 3.3. If 1 ≤ ν ≤ r − 1 and λ = λ
(n)
j ∈ (α, β), then, uniformly in m and λ,

CJ1W
n
J1
Sm,J1,uν + CJ2W

n
J2
Sm,J2,uν =

d1d
n−1
0

sinϕ

[
(−1)jDν

1
umν

+O(e−δn)
]
.
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Proof. By definition,

Sm,J1,uν = − 1
ar

1
umν (uν − eiϕ1)

∏
s�=ν(uν − us)

=
u−m
ν

(−1)r−1 (
∏

k uk) ar(uν − eiϕ1)h′(uν))

Since −h′(z) equals

1
u1

(
1− z

u2

)
. . .

(
1− z

ur−1

)
+ · · ·+ 1

ur−1

(
1− z

u1

)
. . .

(
1− z

ur−2

)
,

we obtain that

h′(uν) = − 1
uν

∏
s�=ν

(
1− uν

us

)
.

Thus,

Sm,J1,uν =
u−m
ν

(−1)rar (
∏

k uk) (uν − eiϕ1)h′(uν)
=

u−m
ν eiσ

d0(uν − eiϕ1)h′(uν)
.

Changing ϕ1 to ϕ2 we get

Sm,J2,uν =
u−m
ν eiσ

d0(uν − eiϕ2)h′(uν)
.

These two expressions along with the expressions for CJ1 ,WJ1 , CJ2 ,WJ2 derived
in the proof of Lemma 3.2 show that the sum under consideration is

d1d
n−1
0

2i sinϕ
u−m
ν eiσ

h′(uν)

[
ei((n+1)ϕ+θ)

uν − eiϕ1
− e

−i((n+1)ϕ+θ)

uν − eiϕ2

]
.

Because of (1.5), the term in brackets equals

(−1)j
[

1
uν − eiϕ1

− 1
uν − eiϕ2

+O(e−δn)
]

= (−1)j
eiσ2i sinϕ

(uν − eiϕ1)(uν − eiϕ2)
+O(e−δn). �

Lemma 3.4. For 1 ≤ ν ≤ r − 1 and λ ∈ (α, β),

CJ0
ν
Wn

J0
ν
Sm,J0

ν ,1/uν
= −d1d

n−1
0

sinϕ
Fν
e−i(n+1)σ

un+1−m
ν

.
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Proof. We have CJ0
ν

= (
∏

k u
r
k) /(u

r
νP1P2P3) with

P1 =
(

1
uν
− eiϕ1

)(
1
uν
− eiϕ2

)
=

(uν − e−iϕ1)(uν − e−iϕ2)
u2νe

−2iσ ,

P2 =
∏
k

(uk − eiϕ1)
∏
k

(uk − eiϕ2) =

(∏
k

u2k

)
h(eiϕ1)h(eiϕ2),

P3 =
∏
s�=ν

(
1
uν
− 1
us

)∏
k

∏
s�=ν

(
uk −

1
us

)

=
1

u r−2
ν

∏
s�=ν

(
1− uν

us

)(∏
k

ur−2k

)∏
k

∏
s�=ν

(
1− 1

ukus

)

= − 1
u r−3
ν

h′(uν)

(∏
k

ur−2k

)
1

d1|h(eiϕ1)h(eiϕ2)|
1∏

k(1− 1/(ukuν))
.

Thus, CJ0
ν

equals

− d1e
−2iσ|h(eiϕ1)h(eiϕ2)|

uν(uν − e−iϕ1)(uν − e−iϕ2)h′(uν)h(eiϕ1)h(eiϕ2)

∏
k

(
1− 1

ukuν

)
.

Since WJ0
ν

= d0e
−iσ/uν and

Sm,J0
ν ,1/uν

= − 1
ar
umν

1∏
k(1/uν − uk)

=
umν

(−1)rar (
∏

k uk)
∏

k

(
1− 1

ukuν

)
=

umν e
iσ

d0
∏

k

(
1− 1

ukuν

) ,
we obtain that CJ0

ν
Wn

J0
ν
Sm,J0

ν ,1/uν
is equal to

− d1d
n−1
0

un+1−m

e−iσe−inσ|h(eiϕ1)h(eiϕ2)|
(uν − e−iϕ1)(uν − e−iϕ2)h′(uν)h(eiϕ1)h(eiϕ2)

. �

Lemma 3.5. If 1 ≤ k ≤ r − 1 and λ ∈ (α, β),

CJ0
ν
Wn

J0
ν
Sm,J0

ν ,uk
=
d1d

n−1
0

sinϕ
O(e−δn)

uniformly in m and λ.
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Proof. This time

Sm,J0
ν ,uk

= − 1
ar

1
umk

1
(uk − 1/uν)

∏
s�=k(uk − us)

=
u−m
k

(−1)r−1aruk
(
1− 1

ukuν

)(∏
s�=k us

)∏
s�=k

(
1− uk

us

)
= − 1

d0umk

1(
1− 1

ukuν

)∏
s�=k

(
1− uk

us

) .
Expressions for CJ0

ν
and WJ0

ν
were given in the proof of Lemma 3.4. It follows that

CJ0
ν
Wn

J0
ν
Sm,J0

ν ,uk
= Gν,k

d1d
n−1
0

sinϕ
1

un+1
ν umk

where Gν,k equals

e2iσe−inσ|h(eiϕ1)h(eiϕ2)| sinϕ
(uν − e−iϕ1)(uν − e−iϕ2)h′(uν)h(eiϕ1)h(eiϕ2)

∏
s�=k

(
1− 1

usuν

)
∏

s�=k

(
1− uk

us

) .
Since

h′(uν) = − 1
uν

∏
s�=ν

(
1− uν

us

)
,

we see that Gν,k remains bounded on [α, β]. Finally,

1
|un+1

ν umk |
≤ 1
|uν |n

≤ e−δn. �

Corollary 3.6. If λ = λ
(n)
j ∈ (α, β), then

[adjTn(a− λ)]m,1 = (−1)j
d1(λ)dn−10 (λ)

sinϕ(λ)
[wj,m(λ) +O(e−δn)]

uniformly in m and λ.

Proof. This follows from Theorem 2.1 and Lemmas 3.1 to 3.5 along with the fact
that d1 is bounded and bounded away from zero on [α, β]. �

4. The asymptotics of the eigenvectors

We now prove Theorem 1.1. There is a finite constant K1 such that |Dν | ≤ K1

and |Fν | ≤ K1 for all ν and all λ ∈ (α, β). Thus, summing up two finite geometric
series, we get

n∑
m=1

∣∣∣∣Dν
1
umν

+ Fν
(−1)j+1e−i(n+1)σ

un+1−m
ν

∣∣∣∣2 ≤ 2K2
1

1
|uν |2

1− 1/|uν|2(n+1)

1− 1/|uν|2
≤ K2
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for all ν, n, λ. We further have
n∑

m=1

∣∣Ae−imϕ1 −Be−imϕ2
∣∣2 =

n∑
m=1

∣∣∣∣ e−imϕ1

2h(eiϕ1)
− e−imϕ2

2h(eiϕ2)

∣∣∣∣2
=

n∑
m=1

(
1

4|h(eiϕ1)|2 +
1

4|h(eiϕ1)|2
)

−
n∑

m=1

(
e−2imϕ

4h(eiϕ1)h(eiϕ2)
+

e2imϕ

4h(eiϕ1)h(eiϕ2)

)
.

The first sum is of the form
∑n

m=1(γ/4) and therefore equals (n/4)γ. Hence,
because of (3.4) we are left to prove that∣∣∣∣∣

n∑
m=1

eiθ(λ
(n)
j )e2imϕ(λ

(n)
j )

∣∣∣∣∣ ≤ K3 (4.1)

for all n and j such that λ(n)j ∈ (α, β). The sum in (4.1) is

ei[(n+1)ϕ(λ
(n)
j )+θ(λ

(n)
j )]

sinnϕ(λ(n)j )

sinϕ(λ(n)j )
.

Thus, (4.1) will follow as soon as we have shown that∣∣∣∣∣sinnϕ(λ(n)j )

sinϕ(λ(n)j )

∣∣∣∣∣ ≤ K3

for all n and j in question. From (1.5) we infer that

nϕ(λ(n)j ) = πj − ϕ(λ(n)j )− θ(λ(n)j ) +O(e−δn),

which implies that

sinnϕ(λ(n)j ) = (−1)j+1 sin
(
ϕ(λ(n)j ) + θ(λ(n)j )

)
+O(e−δn).

Suppose first that 0 < ϕ(λ(n)j ) ≤ π/2. Then∣∣∣∣∣∣
sin
(
ϕ(λ(n)j ) + θ(λ(n)j )

)
sinϕ(λ(n)j )

∣∣∣∣∣∣ ≤ π2 |ϕ(λ(n)j ) + θ(λ(n)j )|
|ϕ(λ(n)j )|

≤ π
2

(
1 +
|θ(λ(n)j )|
|ϕ(λ(n)j )|

)
. (4.2)

In [2], we proved that |θ/ϕ| is bounded on (0,M). Thus, the right-hand side of
(4.2) is bounded by some K3 for all n and j. If π/2 < ϕ(λ(n)j ) < π, we may replace
(4.2) by the upper bound

π

2

(
1 +

|θ(λ(n)j )|
|π − ϕ(λ(n)j )|

)
.

We know again from [2] that |θ/(π−ϕ)| is bounded on (0,M). This completes the
proof of Theorem 1.1.
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Here is the proof of Theorem 1.2. By virtue of Theorem 1.1, ‖wj(λ
(n)
j )‖2 > 1

whenever n is sufficiently large. Corollary 3.6 therefore implies that the first column
of adjTn(a − λ(n)j ) is nonzero and thus an eigenvector for λ(n)j for all n ≥ n0 and

all 1 ≤ j ≤ n such that λ(n)j ∈ (α, β). Again by Corollary 3.6, the mth entry of
this column is

d1(λ)dn−10 (λ)
sinϕ(λ)

[wj,m(λ) + ξ(n)j,m]
∣∣∣∣
λ=λ

(n)
j

where |ξ(n)j,m| ≤ Ke−δn for all n and j under consideration and K does not depend
on m,n, j. It follows that

wj(λ
(n)
j ) +

(
ξ
(n)
j,m

)n
m=1

= wj(λ
(n)
j ) +O∞(e−δn)

is also an eigenvector for λ(n)j . Consequently,

wj(λ
(n)
j ) +O∞(e−δn)

‖wj(λ
(n)
j ) +O∞(e−δn)‖2

=
wj(λ

(n)
j )

‖wj(λ
(n)
j )‖2

+O∞(e−δn) (4.3)

is a normalized eigenvector for λ(n)j . From (1.5) we deduce that all eigenvalues

of Tn(a) are simple. Thus, v(n)j is a scalar multiple of modulus 1 of (4.3). This
completes the proof of Theorem 1.2.

5. Symmetric matrices

The matrices Tn(a) are all symmetric if and only if all ak are real and ak = a−k for
all k. Obviously, this is equivalent to the requirement that the real-valued function
g(x) := a(eix) be even, that is, g(x) = g(−x) for all x. Thus, suppose g is even. In
that case

ϕ0 = π, ϕ1(λ) = −ϕ2(λ) = ϕ(λ), σ(λ) = 0.

Moreover, for t ∈ T we have

art
−r

2r∏
k=1

(t− zk(λ)) = a(t)− λ = a(1/t)− λ

= art
r

2r∏
k=1

(1/t− zk(λ)) = ar

(
2r∏
k=1

zk(λ)

)
t−r

2r∏
k=1

(t− 1/zk(λ)),

which in conjunction with (1.4) implies that

{u1(λ), . . . , ur−1(λ)} = {u1(λ), . . . , ur−1(λ)}. (5.1)

The coefficients of the polynomial hλ(t) are symmetric functions of

1/u1(λ), . . . , 1/ur−1(λ).
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From (5.1) we therefore see that these coefficients are real. It follows in particular
that hλ(e−iϕ(λ)) = hλ(eiϕ(λ)), which gives θ(λ) = 2 arghλ(eiϕ(λ)) and thus

hλ(eiϕ(λ)) = |hλ(eiϕ(λ))|eiθ(λ)/2, hλ(e−iϕ(λ)) = |hλ(eiϕ(λ))|e−iθ(λ)/2.

We are now in a position to prove Theorem 1.3. To do so, we use Theorem 1.2.
Consider the vector wj(λ

(n)
j ). We now have

Ae−imϕ1 −Be−imϕ2 =
e−imϕ

2ih(eiϕ)
− eimϕ

2ih(e−iϕ)

=
1

2i|h(eiϕ)|

(
e−imϕ

eiθ/2
− eimϕ

e−iθ/2

)
= − 1
|h(eiϕ)| sin

(
mϕ+

θ

2

)
.

Furthermore,

Dν =
sinϕ

(uν − eiϕ)(uν − e−iϕ)h′(uν)
=

Qν

|h(eiϕ)| ,

Fν =
sinϕ

(uν − eiϕ)(uν − e−iϕ)h′(uν)
|h(eiϕ)h(e−iϕ)|
h(eiϕ)h(e−iϕ)

=
sinϕ

(uν − eiϕ)(uν − e−iϕ)h′(uν)
.

Consequently, from (5.1) we infer that
r−1∑
ν=1

Fν

un+1−m
ν

=
r−1∑
ν=1

Dν

un+1−m
ν

=
r−1∑
ν=1

Qν

|h(eiϕ)|un+1−m
ν

.

In summary, it follows that

wj(λ
(n)
j ) = − 1

|h(eiϕ(λ
(n)
j ))|

yj(λ
(n)
j ). (5.2)

Thus, the representation

v
(n)
j = τ

(n)
j

[
yj(λ

(n)
j )

‖yj(λ(n)j )‖2
+O∞(e−δn)

]

is immediate from Theorem 1.2. Finally, put hj,n = |h(eiϕ(λ
(n)
j ))| = |h(e−iϕ(λ

(n)
j ))|.

Theorem 1.1 shows that

‖wj(λ
(n)
j )‖22 =

n

4

(
1

|h(eiϕ)|2 +
1

|h(e−iϕ)|2
)∣∣∣∣

λ=λ
(n)
j

+O(1) =
n

2h2j,n
+O(1),

whence, by (5.2), ‖yj(λ(n)j )‖22 = h2j,n‖wj(λ
(n)
j )‖22 = n/2 +O(1). The proof of The-

orem 1.3 is complete.

Here is the proof of Theorem 1.4. We first estimate the “small terms” in
y
(n)
j . Summing up finite geometric series and using the assumption that |uν(λ)|
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are separated from 1 we come to

n∑
m=1

∣∣∣∣∣
r−1∑
ν=1

Qν(λ)
(

1
uν(λ)m

+
(−1)j+1

uν(λ)n+1−m

)∣∣∣∣∣
2

≤
r−1∑
ν=1

4(r − 1)|Qν(λ)|2
1− |uν(λ)|2

≤ K sin2 ϕ(λ)

where K is some positive number depending only on a. since ϕ(λ(n)j ) = O (j/n),
it follows that∥∥∥∥∥

(
r−1∑
ν=1

Qν(λ)
(

1
uν(λ)m

+
(−1)j+1

uν(λ)n+1−m

))n

m=1

∥∥∥∥∥
2

= O

(
j

n

)
. (5.3)

We next consider the difference between the “main term” of y(n)j and sin mjπ
n+1 .

Using the elementary estimate

| sinA− sinB|2 = 4 sin2
A−B

2
cos2

A+B
2

≤ 4 sin2
A−B

2
= 2− 2 cos(A−B),

we get
n∑

m=1

∣∣∣∣sin(mϕ(λ(n)j ) + θ(λ(n)j )
)
− sin

mjπ

n+ 1

∣∣∣∣2
≤ 2n− 2

n∑
m=1

cos
(
m

(
ϕ(λ(n)j )− πj

n+ 1

)
+ θ(λ(n)j )

)
.

To simplify the last sum, we use that

n∑
m=1

cos(mξ + ω) =
sin nξ

2 cos
(
(n+1)ξ

2 + ω
)

sin ξ
2

= n
(
1 +O(n2ξ2)

)(
1 +O

(
(n+ 1)ξ

2
+ ω
)2)

.

In our case

ω = θ(λ(n)j ) = O

(√
λ
(n)
j

)
= O

(
j

n

)
,

ξ = ϕ(λ(n)j )− πj

n+ 1
= −

θ(λ(n)j )
n+ 1

+O(e−nδ) = O

(
j

n2

)
.

Consequently,
n∑

m=1

∣∣∣∣sin(mϕ(λ(n)j ) + θ(λ(n)j )
)
− sin

mjπ

n+ 1

∣∣∣∣2 = O

(
j2

n

)
,
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that is, ∥∥∥∥(sin
(
mϕ(λ(n)j ) + θ(λ(n)j )

)
− sin

mjπ

n+ 1

)n

m=1

∥∥∥∥
2

= O

(
j√
n

)
. (5.4)

Combining (5.3) and (5.4)we obtain that∥∥∥∥∥y(n)j −
√
n+ 1

2
x
(n)
j

∥∥∥∥∥
2

= O

(
j

n

)
+O
(
j√
n

)
= O

(
j√
n

)
, (5.5)

which implies in particular that

‖y(n)j ‖2 =

√
n+ 1

2

(
1 +O

(
j

n

))
. (5.6)

Clearly, estimates (5.5) and (5.6) yield the asserted estimate. This completes the
proof of Theorem 1.4.

6. Numerical results

Given Tn(a), determine the approximate eigenvalue λ(n)j,∗ from the equation

(n+ 1)ϕ(λ(n)j,∗ ) + θ(λ(n)j,∗ ) = πj.

In [2], we proposed an exponentially fast iteration method for solving this equation.
Let w(n)

j (λ) ∈ Cn be as in Section 1 and put

w
(n)
j,∗ =

w
(n)
j (λ(n)j,∗ )

‖w(n)
j (λ(n)j,∗ )‖2

.

We define the distance between the normalized eigenvector v(n)j and the normalized

vector w(n)
j,∗ by

�(v(n)j , w
(n)
j,∗ ) := min

τ∈T
‖τv(n)j − w(n)

j,∗ ‖2 =
√

2− 2〈v(n)j , w
(n)
j,∗ 〉

and put

Δ(n)
∗ = max

1≤j≤n
|λ(n)j − λ(n)j,∗ |,

Δ(n)
v,w = max

1≤j≤n
�(v(n)j , w

(n)
j,∗ ),

Δ(n)
r = max

1≤j≤n
‖Tn(a)w(n)

j,∗ )− λ(n)j,∗w
(n)
j,∗ ‖2.

The tables following below show these errors for three concrete choices of the
generating function a.
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For a(t) = 8− 5t− 5t−1 + t2 + t−2 we have

n = 10 n = 20 n = 50 n = 100 n = 150
Δ(n)
∗ 5.4 · 10−7 1.1 · 10−11 5.2 · 10−25 1.7 · 10−46 9.6 · 10−68

Δ(n)
v,w 2.0 · 10−6 1.1 · 10−10 2.0 · 10−23 1.9 · 10−44 2.0 · 10−65

Δ(n)
r 8.0 · 10−6 2.7 · 10−10 3.4 · 10−23 2.2 · 10−44 1.9 · 10−65

If a(t) = 8 + (−4− 2i)t+ (−4− 2i)t−1 + it− it−1 then

n = 10 n = 20 n = 50 n = 100 n = 150
Δ(n)
∗ 3.8 · 10−8 2.8 · 10−13 2.9 · 10−30 5.9 · 10−58 1.6 · 10−85

Δ(n)
v,w 1.8 · 10−7 4.7 · 10−13 2.0 · 10−29 7.0 · 10−57 2.4 · 10−84

Δ(n)
r 5.4 · 10−7 1.3 · 10−12 2.7 · 10−29 6.7 · 10−57 1.9 · 10−84

In the case where a(t) = 24 + (−12− 3i)t+ (−12 + 3i)t−1 + it3 − it−3 we get

n = 10 n = 20 n = 50 n = 100 n = 150
Δ(n)
∗ 6.6 · 10−6 1.2 · 10−10 7.6 · 10−24 1.4 · 10−45 3.3 · 10−67

Δ(n)
v,w 1.9 · 10−6 1.3 · 10−10 2.0 · 10−23 7.2 · 10−45 2.8 · 10−66

Δ(n)
r 2.5 · 10−5 8.6 · 10−10 7.3 · 10−23 1.9 · 10−44 5.9 · 10−66
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[3] A. Böttcher, S.M. Grudsky, E.A. Maksimenko, and J. Unterberger, The first or-
der asymptotics of the extreme eigenvectors of certain Hermitian Toeplitz matrices.
Integral Equations and Operator Theory 63 (2009), 165–180.
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Departamento de Matemáticas, CINVESTAV del I.P.N.
Apartado Postal 14-740
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Abstract. Kernels of functional operators generated by mapping that possess
complete quasi-wandering sets are studied. It is shown that the kernels of the
operators under consideration either consist of a zero element or contain a
subset isomorphic to a space L∞(S), where S ⊂ Rn has a positive Lebesgue
measure. Consequently, such operators are Fredholm if and only if they are
invertible.
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1. Introduction

Let X be a domain in Rn provided with the Lebesgue measure μ, and let α : X 
→
X be a measurable mapping satisfying the compatibility condition. Thus if E is a
Lebesgue measurable subset of X and if μ(E) = 0, then μ(α−1(E)) = 0. Assume
that A0, A1, . . . , As : X 
→ Cd×d are matrix functions, and consider the functional
equation

A0(x)ϕ(x) +A1(x)ϕ(α(x)) + · · ·+As(x)ϕ(αs(x)) = f(x) (1.1)

where ϕ : X 
→ Cd is an unknown vector function and f : X 
→ Cd is a given
vector function. Equations of the form (1.1) arise in various fields of mathematics
and its applications, and there is vast literature where different properties of such
equations and the corresponding operators are studied. For details, the reader can
consult [1, 2, 4, 5, 9, 10, 12] and literature therein.

Let us mention a few functional operators relevant to our following discussion.
Let A = A(x), x ∈ Rn be a matrix function and M ∈ Rn×n a non-singular integer
expansive matrix – i.e., all eigenvalues λj , j = 1, 2, . . . , n of the matrix M satisfy
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the inequality |λj | > 1. Equations of the form

ϕ(x) = A(x)ϕ(Mx) (1.2)

appear in most publications concerning wavelets or their applications. In particu-
lar, equation (1.2) arises in discussions of the discrete refinement equation

ψ(x) =
∑
k∈Zn

akψ(Mx− k), x ∈ Rn , (1.3)

or the continuous refinement equation

ψ(x) =
∫

Rn

c(x−My)ψ(x) dy, x ∈ Rn. (1.4)

Note that the refinement equation (1.3) is associated with the functional equa-
tion (1.2), where the matrix A has a uniformly convergent Fourier series; whereas
equation (1.4) leads to the equation (1.2), with the matrix A that is the Fourier
image of the matrix c ∈ Ld×d

1 (Rn).
Let us also recall another class of functional equations. ConsiderX = Rn and

choose an h ∈ Rn, h �= 0. The difference equations

A0(x)ϕ(x) +A1(x)ϕ(x + h) + · · ·+As(x)ϕ(x + sh) = f(x),

that often arise in applications have been investigated by various authors.
In the present paper, the kernel spaces and the Fredholm properties of the

equations mentioned are studied from a unified point of view.
Let

Uα :=
s∑

j=0

AjT
j
α (1.5)

be the operator defined by the left-hand side of equation (1.1), where

Tαϕ(x) := ϕ(α(x)),

and Aj , j = 0, 1, . . . , s are the operators of multiplication by the matrices Aj(x).
In the present paper, the operator Uα is considered on the space Ld

2(X) of all
Lebesgue measurable square summable vector functions. We study the kernel space
of the functional operators for mappings α that possess the so-called complete
quasi-wandering set. For such mappings, the kernel space of the above-mentioned
operator Uα has a distinctive property – viz. it either consists of the single element
ϕ0 = 0 or it contains a subset isomorphic to a space L∞(S), where S is a subset of
Rn with a positive Lebesgue measure. Note that it was conjectured in [3] that the
kernel of any operator (1.5) on Lp space is either infinite-dimensional or only has
the zero element. However, an example from [11] shows that this conjecture is not
true in general. On the other hand, the problem mentioned is closely connected to
the hypothesis that any operator (1.5) is Fredholm if and only if it is invertible.
Although valid for a number of operator algebras [1, 8], this hypothesis is also not
true in general [6]. Thus, this paper presents another class of operators when both
hypotheses are true. Moreover, our approach shows that the kernel space of the
operators under consideration can include subspaces as ‘massive’ as L∞(S).



Complete Quasi-wandering Sets 39

2. The kernel space of the operator Uα

Now let us assume that the mapping α : X 
→ X is invertible, and the inverse
mapping α−1 also satisfies the compatibility condition.

Definition 2.1. A Lebesgue measurable set E ⊂ X is a quasi-wandering set for the
mapping α if, for any j, k ∈ Z, j �= k, either αj(E) ∩ αk(E) = ∅, or if αj1 (E) ∩
αk1(E) �= ∅ for some j1, k1 ∈ Z, then αj1 (x) = αk1 (x) for all x ∈ E.

If αj(E)∩αk(E) = ∅ for all j, k ∈ Z, j �= k, the set E is called the wandering
set for α.

Definition 2.2. A quasi-wandering set E is called complete if

X =
⋃
j∈Z

αj(E).

It is clear that if a mapping α : X 
→ X possesses a complete quasi-wandering
set E and for some indices j, k, j �= k, αj(x) = αk(x) for all x ∈ E, then

X =
N⋃
j=0

αj(E)

for an N ∈ N.
Let us now consider a few mappings with complete quasi-wandering sets.

Example 1. Suppose X = R and α : R 
→ R is the shift operator

α(x) := x− 1.

The mapping α satisfies all of the conditions mentioned. It is invertible and the
interval [0, 1) is a complete wandering set for α.

Example 2. Let X = R2, and let Λ be a diagonal matrix

Λ =
(
λ1 0
0 λ2

)
,

where λ1 �= 0 and λ2 > 1. Consider the mapping

αΛ(x) := Λx.

Then the set

EΛ :=
{
(x, y) ∈ R2, x ∈ R and y ∈ [−1,−1/λ2) ∪ (1/λ2, 1]

}
is a complete wandering set for the mapping αΛ.

Example 3. Let X = R3, m ∈ N, m ≥ and let

αR(x) := Rx,

where R is the rotation matrix

R =

⎛⎝ 1 0 0
0 cos(π/m) − sin(π/m)
0 sin(π/m) cos(π/m)

⎞⎠ .
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Then the set

ER :=
{
(x, y, z) ∈ R3 : x ∈ R, y > 0, z ≥ 0, and 0 ≤ arctan(z/y) < π/m

}
is a complete quasi-wandering set for the mapping αR and

R3 =
2m−1⋃
j=0

αjR(ER).

Example 4. Let X = E1∪E2, E1∩E2 = ∅ and μ(E1) �= 0 and μ(E2) �= 0. Consider
a homomorphism α : X 
→ X satisfying the compatibility condition and such that

• α(E1) = E2, α(E2) = E1.
• α2(x) = x for all x ∈ X .

Then E1 and E2 are complete quasi-wandering sets for the mapping α.

Now we can study the kernel spaces of the operators (1.1) when the corre-
sponding mapping α possesses a complete quasi-wandering set.

Theorem 2.3. Let A1, A2, . . . , As ∈ Ld×d∞ (X) and α : X 
→ X be a mapping such
that Tα : L2(X) 
→ L2(X) is a continuous operator. If the mapping α has a
complete quasi-wandering set, then either

kerUα = 0

or there is a subspace S ⊂ kerUα and a set Sα ⊂ X, the Lebesgue measure of
which is positive such that S is isomorphic to the space L∞(Sα).

Proof. Let Eα be a complete quasi-wandering set for the mapping α. Assume that
the kernel of the operator Uα contains a non-zero element ϕ0. For simplicity, also
suppose that d = 1. Thus ∫

X

|ϕ0(x)|2 dx > 0 ,

so there is at least one index j0 ∈ Z and an ε > 0 such that the set

Sα = Sε
α :=

{
x ∈ αj0(Eα) : |ϕ0(x)| ≥ ε

}
has a positive Lebesgue measure. Consider now the space L∞(αj0(Eα)). For any
m ∈ L∞(αj0 (Eα)), such that the restriction of m on the set Sε

α is a non-zero
element of L∞(Sε

α), define an extension m̃ of the element m on the whole X by

m̃(x) := m(α−j(x)) if x ∈ αj+j0 (Eα).

Note that the element m̃ is well defined and belongs to the space L∞(X). Moreover,
it satisfies the equation

m̃(x) = m̃(α(x)), x ∈ X. (2.1)

Consider now the element m̃ϕ0. Taking into account equation (2.1), one can easily
check that m̃ϕ0 ∈ kerUα. It remains to show that m̃ϕ0 �= 0. However, if the
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restriction of m̃ on the set Sα is a non-zero element of L∞(Sα), then∫
X

|m̃(x)ϕ0(x)|2 dx =
∫
∪j∈Zαj(Eα)

|m̃(x)ϕ0(x)|2 dx ≥
∫
αj0 (Eα)

|m̃(x)ϕ0(x)|2 dx

≥
∫

Sα

|m̃(x)ϕ0(x)|2 dx ≥ ε2
∫

Sα

|m̃(x)|2 dx > 0.

Thus the kernel of the operator Uα contains the subset

S := {m̃ϕ0 : m ∈ L∞(Sα)}
and the proof is complete. �

The connection between some sets related to the operators of multiplication
by expansive matrices M and the kernel spaces of the corresponding refinement
operators was first noted in [7]. It turns out that these relations have a universal
nature and can be extended to general mappings α having quasi-wandering sets.
This allows us to characterize the Fredholm properties of the functional operators.

Corollary 2.4. Let Uα : L2(X) 
→ L2(X) be a Φ+-operator. If the mapping α :
X 
→ X possesses a complete quasi-wandering set, then

kerUα = 0.

Now consider functional operators generated by diffeomorphisms.

Theorem 2.5. Let A1, A2, . . . , As ∈ Ld×d
∞ (X) and let α : X 
→ X be a differentiable

mapping such that the Jacobian Jα of α satisfies the inequality

0 < r1 ≤ Jα(x) ≤ r2, r1, r2 ∈ R (2.2)

for all x ∈ X. If the mapping α has a complete quasi-wandering set, then the
operator Uα : Ld

2(X) 
→ Ld
2(X) is Fredholm if and only if it is invertible.

Proof. If α has a complete quasi-wandering set E, then E is also a complete quasi-
wandering set for the inverse mapping α−1. The proof of Theorem 2.5 therefore
follows from Theorem 2.3 and from condition (2.2), which implies that the struc-
ture of the adjoint operator U∗α is similar to the structure of the operator Uα. �

Remark 2.6. This result is known for some classes of the functional operators [1, 8].
One way to prove it is to show that the algebra generated by the corresponding
operator Tα contains no non-trivial compact operators – see [1, Theorem 8.3].
On the other hand, the approach used here allows us to obtain certain additional
information concerning the kernels of the operators under consideration.

Remark 2.7. In theory of dynamical systems, the systems with complete wander-
ing sets are called complete dissipative systems [13]. Thus, complete dissipative
systems are Fredholm if and only if they are invertible.

Acknowledgment

The author would like to thank Alexei Karlovich for pointing out reference [6].



42 V.D. Didenko

References

[1] A. Antonevich, Linear Functional Equations. Operator Approach. Operator Theory.
Advances and Applications, Vol. 83, Birkhäuser, Basel-Boston-Berlin, 1996.
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Abstract. We investigate partial differential equations on hypersurfaces writ-
ten in the Cartesian coordinates of the ambient space. In particular, we gen-
eralize essentially Lions’ Lemma, prove Korn’s inequality and establish the
unique continuation property from the boundary for Killing’s vector fields,
which are analogues of rigid motions in the Euclidean space. The obtained
results, the Lax-Milgram lemma and some other results are applied to the
investigation of the basic Dirichlet and Neumann boundary value problems
for the Lamé equation on a hypersurface.
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Introduction

Partial differential equations (PDEs) on hypersurfaces and corresponding bound-
ary value problems (BVPs) appear rather often in applications: see [Ha1, §72]
for the heat conduction by surfaces, [Ar1, §10] for the equations of surface flow,
[Ci1], [Ci3],[Ci4], [Ko2], [Go1] for thin flexural shell problems in elasticity, [AC1]
for the vacuum Einstein equations describing gravitational fields, [TZ1, TW1] for
the Navier-Stokes equations on spherical domains and spheres, [MM1] for minimal
surfaces, [AMM1] for diffusion by surfaces, as well as the references therein. Fur-
thermore, such equations arise naturally while studying the asymptotic behavior of
solutions to elliptic boundary value problems in a neighborhood of conical points
(see the classical reference [Ko1]).

The investigation was supported by the grant of the Georgian National Science Foundation
GNSF/ST07/3-175.
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By a classical approach differential equations on surfaces are written with the
help of covariant and contravariant frames, metric tensors and Christoffel symbols.
To demonstrate a difference between a classical and the present approaches, let us
consider an example. A surface S can be given by a local immersion

Θ : ω → S , ω ⊂ Rn−1 , (0.1)

which means that the derivatives
{
gk := ∂kΘ

}n−1
k=1

, constituting the covariant
frame in the space of tangent vector fields to the surface V (S ), are linearly in-
dependent. In equivalent formulation that means the Gram matrix GS (X ) =
[gjk(X )]n−1×n−1, gjk := 〈gj , gk〉 has the inverse G−1S (X ) = [gjk(X )]n−1×n−1,
gjk := 〈gj , gk〉, where {gk}n−1k=1 is the contravariant frame and is biorthogonal to
the covariant frame 〈gj , gk〉 = δjk, j, k = 1, . . . , n− 1. Hereafter

f〈U ,V 〉 :=
n∑

j=1

U0
j V

0
j , U = (U0

1 , . . . , U
0
n)
 ∈ Rn, V = (V 0

1 , . . . , V
0
n )
 ∈ Rn

denotes the scalar product. The Gram matrix GS (X ) is also called covariant
metric tensor and is responsible for the Riemannian metric on S .

The surface divergence and gradients in classical differential geometry (in
intrinsic parameters of the surface S ) read as follows:

divS U :=
[
detGS

]−1/2 n∑
j=1

∂j

{[
detGS

]1/2
U j
}
,

∇S f =
n−1∑
j,k=1

(gjk∂jf) ∂k, U =
n−1∑
j=1

U jgj

(0.2)

(see [Ta2, Ch. 2, § 3]). The intrinsic parameters enable generalization to arbitrary
manifolds, not necessarily immersed in the Euclidean space Rn.

A derivative ∂S
U : C1(S ) → C1(S ) along some tangential vector field

U ∈ V (S ) is called covariant if it is a linear automorphism of the space of
tangential vector fields

∂S
U : V (S ) −→ V (S ). (0.3)

The covariant derivative of a tangential vector field V =
∑n−1

j=1 V
jgj ∈ V (S )

along a tangential vector field U =
∑n−1

j=1 U
jgj ∈ V (S ) is defined by the formula

∂S
U V := πS ∂UV :=

n−1∑
j,k,m=1

[
U jV kΓm

jk + δjkU j∂jV
m
]
gm, (0.4)

where Γm
jk(x) are the Christoffel symbols

Γm
jk(x) := 〈∂kgj(x), g

m(x)〉 =
n−1∑
q=1

gmq

2
[
∂kgjq(x) + ∂jgkq(x)− ∂qgjk(x)

]
:= Γm

kj(x) . (0.5)
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The calculus of differential operators on hypersurfaces presented here is based
on Günter’s derivatives. The definition applies the natural basis

e1 = (1, 0, . . . , 0)
 , . . . ,en = (0, . . . , 0, 1)
 (0.6)

in the ambient Euclidean space Rn and the field of unit normal vectors to the
surface S

ν(X ) := −+
g1(Θ

−1(X )) ∧ · · · ∧ gn−1(Θ
−1(X ))∣∣g1(Θ−1(X )) ∧ · · · ∧ gn−1(Θ−1(X ))

∣∣ , X ∈ S , (0.7)

where U (1)∧· · ·∧U (n−1) (or also U (1)×· · ·×U (n−1)) denotes the vector product
of vectors U (1), . . . ,U (n−1) ∈ Rn. If a hypersurface S in Rn is defined implicitly

S =
{

X ∈ ω : ΨS (X ) = 0
}
, (0.8)

where ΨS : ω → R is a Ck-mapping (or is a Lipschitz mapping) which is regular
∇Ψ(X ) �= 0, then the normalized gradient

ν(X ) := −+
∇ΨS (X )∣∣∇ΨS (X )

∣∣ , X ∈ S (0.9)

coincides with the outer unit normal vector provided the sign −+ is chosen appro-
priately.

The collection of the tangential Günter’s derivatives are defined as follows
(cf. [Gu1], [KGBB1], [Du1]);

Dj := ∂j − νj(X )∂ν = ∂dj . (0.10)

Here ∂ν :=
∑n

j=1 νj∂j denotes the normal derivative. For each 1 ≤ j ≤ n, the
first-order differential operator Dj = ∂dj is the directional derivative along the
tangential vector dj := πS ej , the projection of ej on the space of tangent vector
fields to S . Here

πS : Rn → V (S ), πS (t) = I − ν(t)ν
(t) =
[
δjk − νj(t)νk(t)

]
n×n

, t ∈ S

(0.11)
defines the canonical orthogonal projection π2S = πS onto the space of tangent
vector fields V (S ) and (ν, πS v) = 0 for all v ∈ Rn.

For tangential vector fields V ∈ V (S ) and U ∈ V (S ) we have representa-
tions

V =
n∑

j=1

V 0
j e

j =
n∑

j=1

V 0
j d

j , U =
n∑

j=1

U0
j e

j =
n∑

j=1

U0
j d

j . (0.12)

The surface gradient ∇Sϕ and the surface divergence divSU are defined as follows

∇Sϕ := (D1ϕ, . . . ,Dnϕ)
 , divSU ; =
n∑

j=1

DjU
0
j (0.13)
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(cf. (0.2)) while for the derivative of a vector field V along U and the corresponding
covariant derivative we have the formulae

∂UV =
n∑

j=1

U0
j DjV , ∂S

U V =
n∑

j=1

U0
j DS

j V (0.14)

(cf. (0.4)). Here DS
j : V (S )→ V (S ) is the covariant Günter’s derivative

DS
j V := πS DjV = DjV − 〈ν,DjV 〉ν, j = 1, . . . , n. (0.15)

The Lamé operator LS on S is the natural operator associated with the
Euler-Lagrange equations for a variational integral. The starting point is the total
free (elastic) energy

E [U ] :=
∫

S

E(y,DSU(y)) dS, DSU :=
[
(DS

j U)0k
]
n×n

, U ∈ V (S ),

(0.16)
ignoring at the moment the displacement boundary conditions (Koiter’s model).
Equilibria states correspond to minimizers of the above variational integral (see
[NH1, § 5.2]). The kernel E = (SS ,DefS ) depends bi-linearly on the stress SS =[
Sjk
]
n×n

and the deformation DS tensors. The following form of the important
deformation (strain) tensor was identified in [DMM1]

DefS (U) =
[
Djk(U)

]
n×n

, U =
n∑

j=1

U0
j d

j ∈ V (S ), j, k = 1, . . . , n, (0.17)

Djk(U) :=
1
2
[
(DS

j U)0k + (DS
k U)0j

]
=

1
2

[
DkU

0
j + DjU

0
k +

n∑
m=1

U0
mDm

(
νjνk
)]
,

where (DS
j U)0k := 〈DS

j U , ek〉. Hooke’s law states that SS = T DefS for some
linear fourth-order tensor T :=

[
cjk�m

]
n×n×n×n

, which is positive definite:

〈Tζ, ζ〉 :=
n∑

i,j,k,�=1

cijk�ζijζk� ≥ C0

n∑
i,j=1

|ζi,j |2 := C0|ζ|2 (0.18)

for all symmetric tensors ζij = ζji ∈ C, ζ :=
[
ζij
]
n×n

. Moreover, T has the
following symmetry properties:

cijk� = cij�k = ck�ij ∀ i, j, k, � . (0.19)

The following form of the Lamé operator for a linear anisotropic elastic medium
was identified in [DMM1]:

LS = Def∗S T DefS =
[ n∑
�m=1

cjk�mDS
j DS

�

]
n×n

, U ∈ V (S ) , (0.20)
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The adjoint operator to the deformation tensor

Def∗S U :=
1
2

n∑
j=1

{
(DS

j )∗
[
Ujk + Ukj

]}n
k=1

for U = ‖Ujk‖n×n (0.21)

maps tensor functions to vector functions.
For an isotropic medium

cjklm = λδjkδlm + μ
[
δjlδkm + δjmδkl

]
(0.22)

and the Lamé operator acquires a simpler form

LSU =−λ∇S divSU + 2μDef∗S DefSU

=−μπS ΔS U − (λ+ μ)∇S divSU − μH 0
S WSU , U ∈ V (S ) (0.23)

(cf. (0.11) for the projection πS ). λ, μ ∈ R are the Lamé moduli, whereas

H 0
S = −divS ν := −

n∑
j=1

Djνj = TrWS , WS = −
[
Djνk

]
n×n

. (0.24)

Note, that HS := (n − 1)−1H 0
S represents the mean curvature of the surface

S ; WS is the Weingarten curvature tensor of S ; Eigenvalues of WS , except one
which is 0, represent all principal curvatures of the surface S .

Note, that Günter’s derivatives were already applied in [MM1] to minimal
surfaces and in [Gu1], [KGBB1] to the problems of 3D elasticity.

We believe that our results should be useful in numerical and engineering
applications (cf. [AN1], [Be1], [Ce1], [Co1], [DaL1], [BGS1], [Sm1]). Having in mind
applications, equations in Cartesian coordinates are simpler for approximation and
numerical treatment.

The paper is organized as follows. § 1 is auxiliary. In § 2 we prove generalized
Lions’ Lemma for the Bessel potential spaces Hs

p(S ) on a hypersurface with and
without boundary. The result is applied to the proof of important Korn’s inequality
for Killing’s vector fields.

In § 3 we investigate Killing’s vector fields, which constitute the kernel of
the Lamé operator and represent analogues of rigid motions in Rn. The most
important result there states that the class of Killing’s vector fields has the unique
continuation property from the boundary: if such a field vanishes on a set of
positive measure on the boundary of a hypersurface with boundary, it vanishes
on this hypersurface identically. The result is applied to prove further Korn’s
inequality “without boundary condition” and to the investigation of basic BVPs
for the Lamé equation.

In § 4 we prove the ellipticity of the Lamé operator, which follows also from
the G̊arding’s inequality

(LSU ,U)S ≥ C1‖U |H1(S )‖2 − C0‖U |L2(S )‖2.
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For a hypersurface without boundary S the kernel KerLS coincides with the
space of Killing’s vector fields. Moreover, the operator LS + BI : Hs

p(S ) →
Hs−2

p (S ) is invertible if S has no boundary and is smooth, 1 < p < ∞, s ∈ R
and B �= 0 is a non-negative function.

In §§ 5–7 we investigate the Dirichlet and the Neumann boundary value prob-
lems for the Lamé operator on a hypersurface with boundary C under a minimal
requirements on the surface. Namely, we require that the immersion Θ in (0.1) (or
the implicit function ΨS in (0.8)), representing the surface C , has the bounded
second derivative Θ ∈ (H2∞)n (ΨS ∈ H2∞, respectively). The Dirichlet problem{

LS U = F in C ,

U
∣∣
Γ

= G on Γ := ∂S ,
F ∈ H̃−1(C ), G ∈ H1/2(Γ), (0.25)

where U =
∑n

j=1 U
0
j d

j ∈ V (C ) ∩ H1(C )n is the (tangential) generalized dis-
placement vector field of the elastic hypersurface S , is reduced to an equivalent
Dirichlet BVP with vanishing boundary data G = 0, which, in its turn, is equiva-
lent to the invertibility of the operator

LC : H̃−1(C )→ H−1(C ).

The invertibility is derived from G̊arding’s inequality proved there. For the inves-
tigation of the Neumann BVP we apply the Lax-Milgramm Lemma, based on the
coerciveness of the corresponding sesquilinear form.

1. Sobolev spaces and Bessel potential operators

Proposition 1.1. (cf. [DMM1]). The surface divergence divS and the surface gra-
dient ∇S (cf. (0.13)) are dual operators (∇S ϕ,U )S := −(ϕ, divS U)S with
respect to the usual scalar product of (square integrable) vector functions on the
surface S

(U ,V )S =
∫

S

〈U(t),V (t)〉 dS ∀U ,V ∈ V (S ). (1.1)

The Laplace-Beltrami operator ΔS := divS∇S on S writes

ΔS ψ = divS ∇Sψ =
n∑

j=1

D2
j ψ ∀ψ ∈ C2(S ) . (1.2)

We remind that the surface gradient ∇S maps scalar functions to the tan-
gential vector fields

∇S : C1(S )→ V (S ) ⊂ C(S ,Cn) (1.3)

and the scalar product with the normal vector vanishes 〈ν(X ),∇Sϕ(X )〉 ≡ 0 for
all ϕ ∈ C1(S ) and all X ∈ S .
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Tangential derivatives can be applied to a definition of Sobolev spaces
Hm

p (S ), m ∈ N0, 1 ≤ p <∞ on an �-smooth surface S if m ≤ �:
Hm

p (S ) := {ϕ ∈ D′(S ) : Dα
Sϕ ∈ Lp(S ) , ∀α ∈ Nn

0 , |α| ≤ m} , (1.4)

Dα
S := Dα1

1 · · ·Dαn
n .

The derivative of ϕ ∈ D′(S ) in (1.4) is understood, as usual, in the distributional
sense

(Djϕ, ψ)S := (ϕ,D∗
j ψ)S ,

where D∗
j is the formal dual operator to Dj (cf. [DMM1]):

D∗
j ϕ = −Djϕ− νjH 0

Sϕ , ϕ ∈ C1(S ) . (1.5)

The space H1
p(S ) is well defined if S is a Lipschitz hypersurface.

Equivalently, Hm
p (S ) is the closure of the space C�(S ) (or of C∞(S ) if S

is infinitely smooth � =∞) with respect to the norm

‖ϕ
∣∣Hm

p (S ) ‖ :=

⎡⎣ ∑
|α|≤m

‖Dα
Sϕ
∣∣Lp(S )‖p

⎤⎦1/p . (1.6)

Moreover, Hm
2 (S ) is a Hilbert space with the scalar product

(ϕ, ψ)
(m)
S :=

∑
|α|≤m

∮
S

Dα
Sϕ)(X )Dα

Sψ(X )dS . (1.7)

As usual, H−m
2 (S ) with an integer m ∈ N denotes the space of distributions

of the negative order −m which is dual to the Sobolev space Hm
2 (S ).

We write, as customary, Hm(S ) instead of Hm
2 (S ).

To accomplish the definition of the Banach spaces Hm
p (S ) we need to prove

the following.

Lemma 1.2. For ϕ ∈ C1(S ) the surface gradient vanishes ∇Sϕ ≡ 0 if and only
if ϕ(X ) ≡ const.

Proof. We only have to show that ∇S ϕ ≡ 0 implies ϕ(X ) ≡ const. The inverse
implication is trivial. Let

Ωε
S := S × [−ε, ε] := {X + tν : X ∈ S , −ε < t < ε}

be the tubular neighborhood of the surface of the thickness 2ε, with the middle
surface S . Taking ε sufficiently small, we can assume that the domain Ωε

S has
no self-intersections. Any function ϕ ∈ C1(S ) is extended as a constant along
the normal vector: ϕ̃(x, t) := ϕ(x), x, t ∈ Ωε

S . Then the normal derivatives are
applicable and vanish: ∂ν ϕ̃ = 0. Therefore the coordinate derivatives also are
applicable and ∂jϕ̃(X , t) = Djϕ(X ) ≡ 0 for all j = 1, . . . , n and all (X , t) ∈ Ωε

S .
But this implies ϕ̃(X ) ≡ const and, restricted to the surface, ϕ(X ) = γS ϕ̃(X ) =
const. �
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To the equivalence of the norm in (1.6) with the usual one defined by a parti-
tion of unity we only remark that among the “pull back” operators of n covariant
derivatives there always can be selected locally n − 1 linearly independent linear
differential operators of order 1 of the variable x ∈ Rn−1, which can equivalently
be replaced by the coordinate derivatives ∂1, . . . , ∂n−1.

Lemma 1.3. Let ϕ ∈ H2(Ωε
S ) ∩ C1(S ) and γS∇ϕ, γS ∂ν ϕ denote the traces on

S of the spatial gradient and of the normal derivative, while ∇S ϕ denote the
surface gradient. Then

‖γS∇ϕ
∣∣L2(S )‖22 = ‖∇S ϕ

∣∣L2(S )‖22 + ‖γS ∂ν ϕ
∣∣L2(S )‖22 . (1.8)

Proof. Indeed,

‖∇S ϕ
∣∣L2(S )‖2 =

n∑
j=1

∮
S

Djϕ(X )Djϕ(X ) dS

=
n∑

j=1

∮
S

(∂jϕ(X )− νj(X )∂ν(x)ϕ(X ))(∂jϕ(X )− νj(X )∂ν(x)ϕ(X )) dS

=
n∑

j=1

[∮
S

(∂jϕ(X )∂jϕ(X ) dS −
∮

S

νj(X )∂jϕ(X )∂ν(x)ϕ(X ) dS

−
∮

S

∂ν(x)ϕ(X )νj(X )∂jϕ(X ) dS + ν2j (X )
∮

S

∂ν(x)ϕ(X )∂ν(x)ϕ(X ) dS
]

= ‖γS∇ϕ
∣∣L2(S )‖2 − ‖γS ∂νϕ

∣∣L2(S )‖2

and (1.8) follows. �

Lemma 1.4. The operator

ΔS ,μ := μI −ΔS : H1(S )→ H−1(S ) , μ = const > 0 (1.9)

is positive definite, elliptic and invertible. For arbitrary s ∈ R the power Δs
S ,μ

is a self-adjoint positive definite pseudodifferential operator with a trivial kernel
KerΔr

S ,μ = {0} in the Sobolev space Wm
p (S ) = Hm

p (S ) for all m = 1, . . . ,m and
all 1 < p <∞.

Proof. The positive definiteness (also implying self-adjointness, ellipticity and in-
vertibility) of ΔS ,μ follows from Proposition 1.1

((μI −ΔS )ϕ, ϕ)S = μ‖ϕ
∣∣L2(S )‖2 + ‖∇Sϕ

∣∣L2(S )‖ ≥ C‖ϕ
∣∣H1(S )‖2

with C := min{1, μ} > 0. Then the powers Δs
S ,μ, s ∈ R exist and are pseudo-

differential operators (cf., e.g., [Sh1]). We quote [DNS1] (also see [Ag1, Du2, Ka1]
and [DNS2] for a most general result) that an elliptic pseudodifferential operators
on a manifold without boundary has the same kernel and cokernel in the spaces
Hm

p (S ) for all m = 1, . . . , � and all 1 < p <∞. �
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Now we are able to define the Bessel potential space Hs
p(S ) for arbitrary

s ∈ R and 1 < p <∞:

Hs
p(S ) :=

{
ϕ : ‖ϕ

∣∣Hs
p(S ) ‖ := ‖Δs/2

S ,1ϕ
∣∣Lp(S ) ‖ <∞

}
. (1.10)

The Sobolev spaces with negative indices H−s
p (S ), s < 0, 1 < p <∞ are dual

to Hs
p′(S ), p′ :=

p

p− 1
, with respect to the sesquilinear form (ϕ, ψ)S (cf. (1.1))

extended by continuity to duality between pairs ϕ ∈ Hs
p′(S ) and ψ ∈ H−s

p (S ).
The embeddings Hs

p(S ) ⊂ Lp(S ) ⊂ H−s
p (S ), for s > 0, are continuous,

even compact, and for integer-valued parameter s = m the space H−m
p (S ) is the

convex linear hull of distributional derivatives of Lp(S )-functions:

H−m
p (S ) := L {Dαϕ : ϕ ∈ Lp(S ) for all Dα = Dα1

1 · · ·Dαn
n , |α| ≤ m} .

If C is a subsurface with Lipschitz boundary Γ = ∂C �= ∅, H̃s
p(C ) denotes

the space of functions ϕ ∈ Hs
p(S ), supported in C , C ⊂ S , where S is a smooth

surface without boundary which extends the surface C . Let C+ := C and C− :=
C c = S \C denote the complemented subsurface with boundary S = C+ ∪ C−;
the notation Hs

p(C ) is used for the factor space Hs
p(S )/H̃s

p(C
−); the space Hs

p(C )
can also be viewed as the space of restrictions rCϕ := ϕ

∣∣
C

of all functions ϕ ∈
Hs

p(S ) to the subsurface C = C+.
We refer to [Tr1] and [DS1] for details about similar spaces.

2. Lions’ Lemma and Korn’s inequalities

The following generalizes essentially J.L. Lions’ Lemma (cf. [DaL1, p.111], [Ta1],
[AG1, Proposition 2.10], [Ci3, § 1.7], [Mc1]).

Lemma 2.1. Let S be a 2-smooth hypersurface without boundary in Rn. Then the
inclusions ϕ ∈ H−1p (S ), Djϕ ∈ H−1p (S ), for all j = 1, . . . , n imply ϕ ∈ Lp(S ).

Moreover, the assertion remains valid for a hypersurface C with the Lipschitz
boundary Γ := ∂C and the spaces H−1p (C ) and H̃−1p (C ).

Proof. First we assume that S is a hypersurface without boundary. The proof is
based on the following facts (cf. [Hr1, Sh1, Ta2, Tr1]):

A. The “lifting operators” (the Bessel potential operator) Λ−+1

S (X , D) := Δ−+1/2

S ,1

(cf. Lemma 1.4 and (1.10)), are invertible Λ−+1

S (X , D)Λ
−+1
S (X , D) = I, map-

ping isometrically the spaces

Λ−1S (X , D) : Hm−1
p (S )→ Hm

p (S ),

ΛS (X , D) : Hm
p (S )→ Hm−1

p (S )
(2.1)

for arbitrarym = 0, −+1, . . . and are pseudodifferential operators of order −+1,
respectively.
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B. The commutant

[Dj ,Λ−1S (X , D)] := DjΛ−1S (X , D)− Λ−1S (X , D)Dj (2.2)

with the pseudodifferential operator Dj has order −1 and maps continuously
the spaces

[Dj ,Λ−1S (X , D)] : H−1p (S )→ Lp(S ).
The assertion (B) is a well-known property of pseudodifferential operators

and can be found in many sources [Hr1, Sh1, Ta1, Tr1].
Let ϕ ∈ H−1p (S ), Djϕ ∈ H−1p (S ), for all j = 1, . . . , n. Then, due to

(2.1), ψ := Λ−1S (X , D)ϕ ∈ Lp(S ) and, due to (2.2), Djψ = [Dj ,Λ−1S (X , D)]ϕ +
Λ−1S (X , D)Djϕ ∈ Lp(S ) for all j = 1, . . . , n. By the definition of the space
H1

p(S ) = H1
p(S ) in (1.6) we conclude that ψ ∈ H1

p(S ). Due to (2.1) we get
finally ϕ = ΛS (X , D)ψ ∈ Lp(S ).

If C has non-empty Lipschitz boundary Γ �= ∅, there exist pseudodifferential
operators

Λ−1− (X , D) : H−1p (C )→ Lp(C ) ,

Λ−1+ (X , D) : H̃−1p (C )→ L̃p(C ) ,
(2.3)

of order −1, arranging isomorphisms between the indicated spaces, and their in-
verses are Λ−+ (X , D), respectively (cf. [DS1]).

Moreover, the commutants [Dj ,Λ−1−+ (X , D)] := DjΛ−1−+ (X , D)−Λ−1
−+

(X , D)Dj

have order −1, i.e., map continuously the spaces [Dj ,Λ−1− (X , D)] : H−1p (C ) →
Lp(C ) and [Dj ,Λ−1+ (X , D)] : H̃−1p (C )→ Lp(C ).

By using the formulated assertions the proof is completed as in the case of a
hypersurface without boundary S . �

The foregoing Lemma 2.1 has the following generalization for the Bessel po-
tential spaces H̃s

p(S ).

Lemma 2.2. If S has no boundary, is sufficiently smooth, 1 < p < ∞, s ∈ R,
m = 1, 2, . . . and

ϕ ∈ Hs−m
p (S ) , Dαϕ = Dα1

1 · · ·Dαn
n ϕ ∈ Hs−m

p (S ) for all |α| ≤ m,
then ϕ ∈ Hs

p(S ).
Moreover, the assertion remains valid for a hypersurface C with the Lipschitz

boundary Γ := ∂C and the spaces Hs
p(C ) and H̃s

p(C ).

Proof. Assume first S has no boundary. The proof is based on similar facts as in
the foregoing case:

A. The “lifting operator” (the Bessel potential operator) Λr
S (X , D) := Δr/2

S ,1

(cf. Lemma 1.4 and (1.10)) maps isometrically the spaces

Λr
S (X , D) : Hs

p(S )→ Hs−r
p (S ) , r ∈ R (2.4)

has the inverse Λ−r
S (X , D) and is a pseudodifferential operator of order r.
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B. The commutant

[Dα,Λr
S (X , D)] := DαΛr

S (X , D)− Λr
S (X , D)Dα (2.5)

is a pseudodifferential operator of order |α| + r − 1 and maps continuously
the spaces

[Dα,Λr
S (X , D)] : Hγ

p(S )→ Hγ−|α|−r+1
p (S ), ∀ γ ∈ R.

Assume that m = 1. Then ϕ ∈ Hs−1
p (S ) and, due to (2.4), (2.5), it follows

that ψ := Λs−1
S (X , D)ϕ ∈ Lp(S ), Djψ = [Dj ,Λs−1

S (X , D)]ϕ + Λs−1
S (X , D)Djϕ ∈

Lp(S ) for all j = 1, . . . , n. By the definition of the space H1
p(S ) = H1

p(S ) in (1.6)
the inclusion ψ ∈ H1

p(S ) follows. Due to (2.4) we get finally ϕ = Λ1−s
S (X , D)ψ ∈

Hs
p(S ).

Now assume: m = 2, 3, . . . and the assertion is valid for m − 1. Then, due
to the hypothesis, ψj := Djϕ ∈ Hs−m

p (S ) for j = 1, . . . , n. Moreover, due to the
same hypothesis,

Dαψj := DαDjϕ ∈ Hs−m
p (S ) for all |α| ≤ m− 1 and all j = 1, . . . , n.

Hence, the induction hypothesis implies that ψj := Djϕ ∈ Hs−1
p (S ) for j =

1, . . . , n. Now it follows from the already considered case m = 1 that ϕ ∈ Hs
p(S ).

If C has the non-empty Lipschitz boundary Γ �= ∅, there exist pseudodiffer-
ential operators

Λr
−(X , D) : Hs

p(C )→ Hs−r
p (C ) , Λr

+(X , D) : H̃s
p(C )→ H̃s−r

p (C ) , (2.6)

arranging isomorphisms between the indicated spaces, and their inverses are
Λ−r
− (X , D), Λ−r

+ (X , D) (cf. [DS1]).
Moreover, the pseudodifferential operators Λ−r

−+
(X , D) have order −r and

the commutants [Dα,Λ−r

−+
(X , D)] := DαΛ−1

−+
(X , D) − Λ−r

−+
(X , D)Dα have order

|α| − r − 1, i.e., mapping continuously the spaces [Dα,Λ−r
− (X , D)] : Hγ

p(C ) →
H

γ+r+1−|α|
p (C ) and [Dα,Λ−r

+ (X , D)] : H̃γ
p(C )→ H̃

γ+r+1−|α|
p (C ).

By using the formulated assertions the proof is completed as in the foregoing
cases. �

Theorem 2.3. (Korn’s I inequality “without boundary condition”). Let S ⊂ Rn

be a Lipshitz hypersurface without boundary, DefS (U) := [Djk(U )]n×n be the
deformation tensor (cf. (0.17)) and

∥∥DefS (U )
∣∣Lp(S )

∥∥ :=

⎡⎣ n∑
j,k=1

∥∥DjkU
∣∣Lp(S )

∥∥p⎤⎦1/p , U ∈ H1
p(S ) (2.7)

for 1 < p <∞. Then∥∥U ∣∣H1
p(S )

∥∥ ≤M [∥∥U ∣∣Lp(S )
∥∥p +

∥∥DefS (U )
∣∣Lp(S )

∥∥p]1/p (2.8)
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for some constant M > 0 or, equivalently, the mapping

U 
→
[∥∥U ∣∣Lp(S )

∥∥p +
∥∥DefS (U )

∣∣Lp(S )
∥∥p]1/p

is an equivalent norm on the space H1
p(S ).

Proof. Consider the space

Ĥ1
p(S ) :=

{
U =

(
U1, . . . , Un

)
 : Uj , Djk(U) ∈ Lp(S ) for all j, k = 1, . . . , n
}

(2.9)
endowed with the norm (cf. (2.8)):∥∥U ∣∣Ĥ1

p(S )
∥∥ :=

[∥∥U ∣∣Lp(S )
∥∥p +

∥∥DefS (U)
∣∣Lp(S )

∥∥p]1/p . (2.10)

The derivatives here are understood in the distributional sense

(Djk(U), ψ)S :=
1
2
(Uk,D

∗
j ψ)S +

1
2
(Uj ,D

∗
kψ)S ∀ψ ∈ C1(S )

(cf. (1.5) for the formal dual operator D∗
j ).

It is sufficient to prove that the spaces H1
p(S ) and Ĥ1

p(S ) are identical.
The inclusion H1

p(S ) ⊂ Ĥ1
p(S ) is trivial and we only check the inverse inclusion

Ĥ1
p(S ) ⊂ H1

p(S ).
To this end take U ∈ Ĥ1

p(S ) and note that the inclusions U ∈ Lp(S ),
DefS (U) ∈ Lp(S ) (i.e., DjkU ∈ Lp(S ) for all j, k = 1, . . . , n) imply

D̃jk(U ) =
1
2

[
DkUj + DjUk

]
= Djk(U)− 1

2

n∑
r=1

∂r
(
νjνk
)
Ur ∈ Lp(S ) (2.11)

for all j, k = 1, . . . , n. Then (cf. [DMM1, Proposition 4.4.iv] for the commutator
[Dj ,Dk]):

DjUk ∈ H−1p (S ),
[
Dj ,Dk

]
Um =

n∑
r=1

[
νjDkνr − νkDjνr

]
DrUm ∈ H−1p (S ),

DkDjUm = DjD̃km(U) + DkD̃jm(U)−DmD̃jk(U)− 1
2
[
Dj ,Dk

]
Um

−1
2
[
Dj ,Dm

]
Uk −

1
2
[
Dk,Dm

]
Uj ∈ H−1p (S ) for j, k,m = 1, . . . , n ,

Due to Lemma 2.1 of J.L. Lions this implies DjUm ∈ Lp(S ) for all j,m = 1, . . . , n
and the claimed result U ∈ H1

p(S ) follows. �

Remark 2.4. The foregoing Theorem 2.3 is proved by P. Ciarlet in [Ci3] for the
case p = 2, m = 1, manifold without boundary, for curvilinear coordinates and
covariant derivatives.

A remarkable consequence of Korn’s inequality (2.8) is that the space

H1
p(S ) :=

{
U =

(
U1, . . . , Un

)
 : Uj , DkUj ∈ Lp(S ) for all j, k = 1, . . . , n
}
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(cf. (1.6)) and the space Ĥ1
p(S ) (cf. (2.9)) are isomorphic (i.e., can be identified),

although only
n(n+ 1)

2
< n2 linear combinations of the n2 derivatives DjUk,

j, k = 1, . . . , n participate in the definition of the space Ĥ1
p(S ).

3. Killing’s vector fields and the unique continuation
from the boundary

Definition 3.1. Let S be a hypersurface in the Euclidean space Rn. The space
R(S ) of solutions to the deformation equations

Djk(U) :=
1
2
[
(DS

j U)0k + (DS
k U)0j

]
=

1
2

[
DkU

0
j + DjU

0
k +

n∑
m=1

U0
mDm

(
νjνk
)]

= 0 , (3.1)

U =
n∑

j=1

U0
j d

j ∈ V (S ), j, k = 1, . . . , n

(cf. (0.17)) is called the space of Killing’s vector fields.

Killing’s vector fields on a domain in the Euclidean space Ω ⊂ Rn are known
as the rigid motions and we start with this simplest class.

The space of rigid motions R(Ω) extends naturally to the entire Rn and
consists of linear vector functions

V (x) = a+ Bx , B =
[
bjk
]
n×n

, a ∈ Rn , x ∈ Rn , (3.2)

where the matrix B is skew symmetric

B :=

⎡⎢⎢⎢⎢⎣
0 b12 b13 · · · b1(n−2) b1(n−1)
−b12 0 b21 · · · b1(n−3) b2(n−2)
· · · · · · · · · · · · · · · · · ·

−b1(n−2) −b2(n−3) −b3(n−4) · · · 0 b(n−1)1
−b1(n−1) −b2(n−2) −b3(n−3) · · · −b(n−1)1 0

⎤⎥⎥⎥⎥⎦ = −B
 (3.3)

with real-valued entries bjk ∈ R. For n = 3, 4, . . . the space R(Rn) is finite-

dimensional and dimR(Rn) = n+
n(n− 1)

2
=
n(n+ 1)

2
.

Note that for n = 3 the vector field V ∈ R(Ω), Ω ⊂ R3, is the classical rigid
displacement

V (x) = a+ Bx = a+ b ∧ x ,

b := (b1, b2, b3)
 ∈ R3 , x ∈ Ω ,
B :=

⎡⎣ 0 −b3 b2
b3 0 −b1
−b2 b1 0

⎤⎦ . (3.4)

Definition 3.2. We call a subset M ⊂ Rn essentially m-dimensional and write
ess dim M = m, if there exist m + 1 points X

0,X 1, · · · ,X m ∈ M such that the
vectors

{
X

j −X
0
}m
j=1

are linearly independent.
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Note, that any m-dimensional subset M ⊂ Rm is essentially m-dimensional,
because containsm linearly independent vectors. Moreover, any collection ofm+1
points in Rm (a 0-dimensional subset!) is essentiallym-dimensional, provided these
points does not belong to any m− 1-dimensional hyperplane.

Proposition 3.3. Let

Def(U) :=
[
D0

jk(U)
]
n×n

, (3.5)

D0
jk(U) =

1
2

[
∂kU

0
j + ∂jU0

k

]
, U =

n∑
j=1

U0
j e

j

be the deformation tensor in Cartesian coordinates.
The linear space R(Rn) of rigid motions (of Killing’s vector fields) in Rn

consists of vector fields K = (K0
1 , . . . ,K

0
n)
 which are solutions to the system

2D0
jk(K)(x) = ∂kK

0
j (x) + ∂jK0

k(x) = 0 x ∈ S for all j, k = 1, . . . , n. (3.6)

If a rigid motion vanishes on an essentially (n − 1)-dimensional subset
K(X ) = 0 for all X ∈ M , ess dim M = n − 1, or at infinity K(x) = O(1)
as |x| → ∞, then K vanishes identically K(x) ≡ 0 on Rn.

Proof. The proof can be retrieved from many sources. We quote only two of them
[Ci2, KGBB1]. �
Remark 3.4. For the deformation tensor in Cartesian coordinates Def(U) (cf. (3.5))
in a domain Ω ⊂ Rn Korn’s inequality∥∥U ∣∣H1

p(Ω)
∥∥ ≤M [∥∥U ∣∣Lp(Ω)

∥∥P +
∥∥Def(U )

∣∣Lp(Ω)
∥∥p]1/p , 1 < p <∞ (3.7)

with some constant M > 0 is well known and is proved, e.g., in [Ci2] (cf. (2.7) for
a similar norm).

In contrast to the rigid motions in Rn nobody can describe Killing’s vector
fields on hypersurfaces explicitly so far. The next Theorem 3.5 underlines impor-
tance of Killing’s vector fields for the Lamé equation on hypersurfaces. Later we
investigate properties of Killing’s vector fields to prepare tools for investigations
of boundary value problems for the Lamé equation.

Theorem 3.5. Let S be an �-smooth hypersurface without boundary in Rn and
� ≥ 2. The Lamé operator LS for an isotropic media (cf. (0.23))

LS : Hs+1
p (S )→ Hs−1

p (S ) (3.8)

is self-adjoint L ∗
S = LS , elliptic, Fredholm and IndLS = 0 for all 1 < p < ∞

and all s ∈ R, provided that |s| ≤ �.
The kernel of the operator KerLS ⊂ Hs

p(S ) is independent of the parameters
p and s, coincides with the space of Killing’s vector fields

KerLS = {U ∈ V (S ) : LSU = 0} = R(S ) (3.9)

and, therefore, is finite-dimensional dimR(S ) = dimKerLS <∞.
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If S is C∞ smooth, then the Killing’s vector fields are smooth as well
R(S ) ⊂ C∞(S ).

LS is non-negative on the space H1(S ) and positive definite on the orthog-
onal complement H1

R(S ) to the kernel R(S ) = KerLS

(LSU ,U)S ≥ 0 for all U ∈ H1(S ) , (3.10)

(LSU ,U)S ≥ C
∥∥U ∣∣H1(S )

∥∥2 for all U ∈ H1
R(S ) , C > 0 . (3.11)

Moreover, the following G̊arding’s inequality

(LSU ,U)S ≥ C1‖U |H1(S )‖2 − C0‖U |H−r(S )‖2 (3.12)

holds for all U ∈ H1(S ), with arbitrary 0 < r ≤ � and some positive constants
C0 > 0, C1 > 0.

The proof will be given later, in § 4. Here we draw the following consequence.

Corollary 3.6. Let S ⊂ Rn be a Lipschitz hypersurface without boundary,

DefS (U) := [Djk(U)]n×n

be the deformation tensor (cf. (0.17)) and the norm∥∥DefS (U )
∣∣L2(S )

∥∥
be defined by (2.7).

Then the following Korn’s inequality∥∥DefS (U)
∣∣L2(S )

∥∥ ≥ c∥∥U ∣∣H1(S )
∥∥ ∀U ∈ H1

R(S ) (3.13)

holds for some constant c > 0 or, equivalently, the mapping

U 
→
∥∥DefS (U)

∣∣L2(S )
∥∥

is an equivalent norm on the orthogonal complement H1
R(S ) to the space of

Killing’s vector fields.

Proof. Due to Korn’s inequality (2.8) for p = 2∥∥U ∣∣L2(S )
∥∥2 ≥M1

[∥∥U ∣∣H1(S )
∥∥2 − ∥∥U ∣∣H1(S )

∥∥∥∥DefS (U)
∣∣L2(S )

∥∥2]
the mapping DefS : H1

R(S )→ L2(S ) is Fredholm and has index 0. The inequal-
ity (3.13) follows since the mapping is injective (has an empty kernel). �

Let us recall some results related to the uniqueness of solutions to arbitrary
elliptic equation.

Definition 3.7. Let Ω be an open subset with the Lipschitz boundary ∂Ω �= ∅ either
on a Lipschitz hypersurface S ⊂ Rn or in the Euclidean space Rn−1.

A class of functions U (Ω) defined in a domain Ω in Rn, is said to have the
strong unique continuation property, if every u ∈ U (Ω) in this class which vanishes
to infinite order at one point must vanish identically.
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If a surface S is C∞-smooth, any elliptic operator on S has the strong
unique continuation property due to Holmgren’s theorem. But we can have more.

Lemma 3.8. Let S be a C2-smooth hypersurface in Rn. The class of solutions to a
second-order elliptic equation A(X ,D)u = 0, with Lipschitz continuous top-order
coefficients on a surface S has the strong unique continuation property.

In particular, if the solution u(X ) = 0 vanishes in any open subset of S it
vanishes identically on entire S .

Proof. The result was proved in [AKS1] for a domain Ω ⊂ Rn by the method of
“Carleman estimates” (also see [Hr1, Volume 3, Theorem 17.2.6]). Another proof,
involving monotonicity of the frequency function was discovered by N. Garofalo
and F. Lin (see [GL1, GL2]). A differential equation A(X ,D)u(X ) = 0 with Lips-
chitz continuous top-order coefficients on a C2-smooth surface S is locally equiva-
lent to a differential equation with Lipschitz continuous top-order coefficients on a
domain Ω ⊂ Rn−1. Therefore a solution u(X ) has the strong unique continuation
property locally (on each coordinate chart) on S .

Since S is covered by a finite number of local coordinate charts which inter-
sect on open neighborhoods, a solution u(X ) has the strong unique continuation
property globally on S . �

Remark 3.9. If the top-order coefficients of a second-order elliptic equation
A(X ,D)u = 0 in open subsets Ω ⊂ Rn, n ≥ 3, are merely Hölder continuous,
with exponent less than 1, examples due to A. Plis [Pl1] and K. Miller [Mi1] show
that a solution u(x) does not have the strong unique continuation property.

Lemma 3.10. Let C be a C2-smooth hypersurface in Rn with the Lipschitz boundary
Γ := ∂C and γ ⊂ Γ be an open part of the boundary Γ. Let A(X ,D) be a second-
order elliptic system with Lipschitz continuous top-order matrix coefficients on a
surface S .

The Cauchy problem⎧⎪⎪⎨⎪⎪⎩
A(X ,D)u = 0 on C , u ∈ H1(Ω),

u(s) = 0 for all s ∈ γ,
(∂V u)(s) = 0 for all s ∈ γ,

(3.14)

where V is a non-tangent vector to Γ, but tangent to S , has only a trivial solution
u(X ) = 0 on entire S .

Proof. With a local diffeomorphism the Cauchy problem (3.14) is transformed into
a similar problem on a domain Ω ⊂ Rn−1 with the Cauchy data vanishing on some
open subset of the boundary γ ⊂ Γ := ∂Ω.

Let us, for simplicity, use the same notation γ ⊂ Γ = ∂Ω, the non-tangent
vector V to γ, the function u and the differential operator A(x,D) for the trans-
formed Cauchy problem in the transformed domain Ω. Moreover, we will suppose
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that γ is a part of the hypersurface x1 = 0 (otherwise we can transform the do-
main Ω again). We also use new variables t = x1 and x := (x2, . . . , xn−1). Then
(0, x) ∈ γ while (t, x) ∈ Ω for all small 0 < t < ε and some x ∈ Ω′.

Thus, the natural basis element e1 (cf. (0.6)) is orthogonal to γ and, therefore,
e1 = c1(x)V (0, x) + c2(x)gj(x) for some unit tangential vector gj(x) to γ for all
x ∈ Ω′ and some scalar functions c1(x), c2(x). Then, due to the third line in (3.14),

(∂tu)(0, x) = ∂eju(0, x) = c1(x)∂V u(0, x) + c2(x)∂gju(0, x) = 0

because any derivative along tangential vector to γ vanishes ∂gju(0, x) = 0 due to
the second line in (3.14).

The second-order equation A(t, x; D) can be written in the form

A(t, x,D)u = A(t, x; e1)∂2t u+ A1(t, x;D)∂tu+ A2(t, x;D), D := −i∂x,
where A1(t, x; e1) is the (invertible) matrix function, A1(t, x;D) and A2(t, x;D)
are differential operators of orders 1 and 2 respectively, compiled of derivatives ∂x,
x ∈ Ω′. Therefore, if A0

j (t, x;D) := A−1(t, x; e1)Aj(t, x;D), j = 1, 2, the Cauchy
problem (3.14) transforms into⎧⎪⎨⎪⎩

∂2t u(t, x) + A0
1(t, x;D)∂tu(t, x) + A0

2(t, x;D)u(t, x) = 0 on (t, x) ∈ Ωε,

u(0, x) = 0 for all x ∈ Ω′,

(∂tu)(0, x) = 0 for all x ∈ Ω′,

(3.15)

where Ωε := (0, ε)× Ω′ ⊂ Ω, u ∈ H1(Ωε) and γ :=
{
(0, x) : x ∈ Ω′

}
.

Now let us recall the inequality (see [Miz1, § 4.3, Theorem 4.3, § 6.14], [Sch1,
§ 4-7, Lemma 4-21]): There is a constant C which depends on ε and A(t, x;D) only
and such that the inequality∫

Ωε

e−λt|v(t, x)|2dt dx ≤ C
∫
Ωε

e−λt|(A(t, x;D)v)(t, x)|2dt dx, (3.16)

holds for A(t, x;D)v ∈ L2(Ωε), v ∈ C∞(Ωε); moreover, v(t, x) should vanish near
t = ε and should have vanishing Cauchy data v(0, x) = (∂tv)(0, x) = 0 for all
x ∈ Ω′.

Let ρ ∈ C2(0, ε) be a cut-off function: ρ(t) = 1 for 0 ≤ t < ε/2 and ρ(t) = 0
for 3ε/4 ≤ t < ε. Then v := ρu ∈ H1(Ωε) and since A(t, x;D)u = 0 on Ωε, we get

A(t, x;D)(ρu)=ρA(t, x;D)u + (∂2t ρ)u + (∂tρ)∂tu+ (∂tρ)A0
1(t, x;D)u

=(∂2t ρ)u+ (∂tρ)∂tu+ (∂tρ)A0
1(t, x;D)u.

We have asserted u ∈ H1(Ωε), ρ ∈ C2 and this implies (∂2t ρ)u ∈ H1(Ωε) ⊂
L2(Ωε), (∂tρ)∂tu ∈ L2(Ωε). Note, that (∂tρ(t) vanishes for 0 < t < ε/2. Therefore
(∂tρ)A0

1(t, x;D)u vanishes in a neighborhood of the boundary γ ⊂ Γ. Due to a
priori regularity result (cf. [LM1, Ch. 2, § 3.2, § 3.3]), a solution to an elliptic
equation in (3.15) has additional regularity u ∈ H2(Ω0

ε) for arbitrary Ω0
ε properly

imbedded into Ωε. This implies (∂tρ)A0
1(t, x;D)u ∈ L2(Ωε) and we conclude

A(t, x;D)(ρu) ∈ L2(Ωε). (3.17)
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Introducing v = ρu into the inequality (3.16) we get∫
Ω′

∫ ε/4

0

e−λt|ρ(t)u(t, x)|2dt dx ≤
∫
Ωε

e−λt|ρ(t)u(t, x)|2dt dx

≤ C
∫
Ω′

∫ 3ε/4

ε/2

e−λt|(A(t, x;D))ρ(t)u(t, x)|2dt dx.

This implies for λ > 0∫
Ω′

∫ ε/4

0

|ρ(t)u(t, x)|2dt dx ≤ e−λε/4

∫
Ωε

|(A(t, x;D))ρ(t)u(t, x)|2 dt dx ≤ C1e
−λε/4.

where, due to (3.14), C1 > 0 is a finite constant. By sending λ → ∞ we get the
desired result u(t, x) = 0 for all 0 ≤ t ≤ ε/4 and all x ∈ Ω′. Since u(x) vanishes
in a subset of the domain Ω, bordering γ, due to Lemma 3.8 the solution vanishes
on entire Ω (on entire C ). �

Due to our specific interest (see next Lemma 3.12) and many applications, for
example to control theory, the following boundary unique continuation property
is of special interest.

Definition 3.11. Let S be a Lipschitz hypersurface in Rn and C ⊂ S be a sub-
surface with Lipschitz boundary Γ = ∂C .

We say that a class of functions U (Ω) has the strong unique continuation
property from the boundary if a vector function U ∈ U (Ω) which vanishes U(s) =
0, ∀ s ∈ γ on an open subset of the boundary γ ⊂ Γ, vanishes on the entire C .

Lemma 3.12. Let S be a C2-smooth hypersurface in Rn and C ⊂ S be a
C2-smooth subsurface with boundary.

The set of Killing’s vector fields R(S ) on the surface C with boundary has
the strong unique continuation property from the boundary.

Proof. Let γ ⊂ Γ := ∂C , mes γ > 0 and U(s) = 0 for all s ∈ γ ⊂ Γ := ∂C . Then
(cf. (3.1))⎧⎨⎩ (DjU

0
k )(s) + (DkU

0
j )(s) = −

n∑
m=1

U0
m(s)Dm

(
νj(s)νk(s)

)
= 0,

U0
k (s) = 0 ∀ s ∈ γ, j, k = 1, . . . , n.

(3.18)

Among tangent vector fields generating the Günter’s derivatives
{
dj(s)

}n−1
j=1

only n − 1 are linearly independent. One of vectors might collapse at a point
dj(s) = 0 if the corresponding basis vector ej is orthogonal to the surface at
s ∈ S , while others might be tangential to the subsurface Γ, except at least one,
say dn(s), which is non-tangential to γ. Then from (3.18) follows

2(DnU
0
n)(s) = 0 and implies (DjU

0
n)(s) = 0 (3.19)

for all s ∈ γ and all j = 1, . . . , n.
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Indeed, the vector dj , 1 ≤ j = 1 ≤ n − 1 is a linear combination dj(s) =
c1(s)dn(s) + c2(s)τ j(s) of the non-tangential vector dn(s) and of the projection
τ j(s) := πγd

j(s) of dj(s) to the subsurface γ at the point s ∈ γ. Since U0
n vanishes

identically on γ, the derivative (∂τ jU0
n)(s) = 0 vanishes as well and (3.19) follows:

(DjU
0
n)(s) = c1(s)(∂dnU0

n)(s) + c2(s)(∂τ jU0
n)(s) = c1(s)(DnU

0
n)(s) = 0 ∀ s ∈ γ.

Equalities (3.18) and (3.19) imply

(DnU
0
j (s) = −(DjU

0
n)(s) = 0 ∀ s ∈ γ and all j = 1, . . . , n. (3.20)

Thus, we have the following Cauchy problem⎧⎪⎪⎨⎪⎪⎩
LC (X ,D)U(X ) = 0 on C ,

U(s) = 0 for all s ∈ γ,
(DnU)(s) = (∂dnU)(s) = 0 for all s ∈ γ,

(3.21)

where dn is a vector field non-tangential to Γ. Due to Lemma 3.10, U(X ) = 0 for
all X ∈ C . �

Corollary 3.13. (Korn’s I inequality “with boundary condition”). Let C ⊂ Rn be
a C�-smooth hypersurface with the Lipschitz boundary Γ := ∂C �= ∅ and � ≥ 2,
|s| ≤ �. Then∥∥U ∣∣Hs

p(C )
∥∥ ≤M∥∥DefC (U)

∣∣Hs−1
p (C )

∥∥ ∀U ∈ H̃s
p(C )

for some constant M > 0. In other words: the mapping

U 
→
∥∥DefC (U)

∣∣Hs−1
p (C )

∥∥ (3.22)

is an equivalent norm on the space H̃s
p(C ).

Proof. If the claimed inequality (3.22) is false, there exists a sequence U j ∈ H̃s
p(C ),

j = 1, 2, . . . such that∥∥U j
∣∣Hs

p(C )
∥∥ = 1 ∀j = 1, 2, . . . lim

j→∞
∥∥DefC (U j)

∣∣Hs−1
p (C )

∥∥ = 0.

Due to the compact embedding H̃s
p(C ) ⊂ Hs

p(C ) ⊂ Hs−1
p (C ), a convergent subse-

quence U j1 ,U j2 , . . . in Hs−1
p (C ) can be selected. Let U0 = limk→∞U jk . Then∥∥DefC (U0)
∣∣Hs−1

p (C )
∥∥ = lim

k→∞
∥∥DefC (U jk)

∣∣Hs−1
p (C )

∥∥ = 0

and U0 is a Killing’s vector field. Since U(x) = 0 on Γ, due to Lemma 3.12 U0(x) =
0 for all x ∈ C which contradicts to

∥∥U0
∣∣Hs

p(C )
∥∥=limk→∞

∥∥U jk
∣∣Hs

p(C )
∥∥=1. �
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4. A local fundamental solution to the Lamé equation

Proof of Theorem 3.5. Let us check the ellipticity of LS . The operator LS maps
the tangential spaces and the principal symbol is defined on the cotangent space.
The cotangent space is orthogonal to the normal vector and, therefore,

LS (X , ξ)η = μ|ξ|2(1−νν
)η+(λ+μ)ξξ
η = μ|ξ|2η+(λ+μ)ξξ
η , ∀ ξ, η ⊥ ν.

Thus, while considering the principal symbol LS (X , ξ) we can ignore the projec-
tion πS . With this assumption, the principal symbol of LS reads

LS (X , ξ) = μ|ξ|2 + (λ + μ)ξξ
 for (X , ξ) ∈ T∗(S ) . (4.1)

The matrix LS (X , ξ) has eigenvalue (λ+ 2μ)|ξ|2 (the corresponding eigenvector
is ξ) and μ|ξ|2 which has multiplicity n− 1 (the corresponding eigenvectors θj are
orthogonal to ξ: ξ
θj = 〈ξ, θj〉 = 0, j = 1, . . . , n− 1). Then

detLS (X , ξ) = (λ+ 2μ)|ξ|2
[
μ|ξ|2

]n−1 = μn−1(λ+ 2μ) > 0

for (X , ξ) ∈ T∗(S ) , |ξ| = 1

and the ellipticity is proved.
The ellipticity of the differential operator LS = LS (X ,D) in (3.8) on a

manifold without boundary S , proved above, implies Fredholm property for all
1 < p <∞ and all s ∈ R. Indeed, LS (X ,D) has a parametrix RS (X ,D), which is
a pseudodifferential operator (ΨDO) with the symbol RS (X ,ξ) :=χ(ξ)L −1

S (X ,ξ),
where L −1

S (X , ξ) is the inverse symbol and χ ∈ C∞(Rn) is a smooth function,
χ(ξ) = 1 for |ξ| > 2 and χ(ξ) = 0 for |ξ| < 1. ΨDO RS (X ,D) is a bounded
operator between the spaces

RS (X ,D) : Hs−2
p (S )→ Hs

p(S ), for all 1 < p <∞, s ∈ R,

because the symbol RS (X , ξ) = L−1
S (X , ξ) belongs to the Hörmander class

S−2(S ,Rn) ∣∣∣Dα∂βξ RS (X , ξ)
∣∣∣ ≤ Cα,β |ξ|−2−|β|

for all multi-indices α, β ∈ Zn
+ (cf. [Hr1, Sh1, Ta2] for details).

The Fredholm property for the case p = 2 and s = 1 follows from G̊arding’s
inequality (3.12) as well (cf. [HW1, Thorem 5.3.10] and [Mc1, Thorem 2.33]).

The Fredholm property implies the finite-dimensional kernel

dimKerLS (X ,D) <∞.
To prove that the index is trivial IndLS (X ,D) = 0 for all 1 < p < ∞,

s ∈ R we apply G̊arding’s inequality (3.12) and homotopy. For this purpose first
note that the symbol LS (X , ξ) is positive definite (cf. (4.1))

〈LS (X , ξ)η, η〉 = μ|ξ|2|η|2 + (λ+ μ)〈ξξ
η, η〉 = μ|ξ|2|η|2 + (λ+ μ)
∑
j=1n

(ξjηj)2

≥ μ|ξ|2|η|2 ∀X ∈ S , ∀ ξ, η ∈ Rn. (4.2)
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Further recall that the Bessel potential operator Λ2
S (X , D) : Hs

p(S ) →
Hs−2

p (S ) (cf. (2.4)) lifting the Bessel potential spaces, has positive definite symbol

〈Λ2
S (X , ξ)η, η〉 ≥ C|ξ|2|η|2 ∀X ∈ S , ∀ ξ, η ∈ Rn (4.3)

(cf. [DS1]). Now consider the symbols Bτ (X , ξ) = (1− τ)LS (X , ξ) + τΛ2
S (X , ξ)

and the corresponding ΨDO

Bτ (X ,D) = (1− τ)LS (X ,D) + τΛ2
S (X ,D) : Hs

p(S )→ Hs−2
p (S ). (4.4)

Obviously, Bτ (X ,D) is a continuous (with respect to 0 ≤ τ ≤ 1) homotopy
connecting the operator B0(X ,D) = LS (X ,D) with B1(X ,D) = Λ2

S (X ,D).
Since the symbol Bτ (X , ξ) is positive definite

〈Bτ (X , ξ)η, η〉 ≥ [(1 − τ)μ+ τC]|ξ|2|η|2 ∀ ξ, η ∈ Rn

(cf. (4.2) and (4.3)), it is elliptic and the operator Bτ (X ,D) is then Fredholm
for all 0 ≤ τ ≤ 1. Then IndLS (X ,D) = IndB0(X ,D) = IndB1(X ,D) =
Ind Λ2

S (X ,D) = 0, since the operator Λ2
S (X ,D) is invertible.

From the representation (0.23) follows that the bilinear form (LSU ,U)S is
non-negative

(LSU ,U)S =λ(div∗S divSU ,U)S + 2μ(Def∗S DefSU ,U)S

=λ
∥∥divSU

∣∣L2(S )
∥∥2 + 2μ

∥∥DefSU
∣∣L2(S )

∥∥2 ≥ 0 (4.5)

(cf. (3.10)) and only vanishes if U is a Killing’s vector field DefSU = 0. Indeed,
DjjU = (DS

j U)0j = 0, j = 1, . . . , n, if DefSU = 0 and, due to (0.13),

divSU =
n∑

j=1

DjU
0
j =

n∑
j=1

DjU
0
j +

1
2

n∑
j=1

∂U (νj)2 =
n∑

j=1

(DS
j U)0j = 0 (4.6)

∀U ∈ R(S )

since |ν(X )| ≡ 1. Thence, due to (4.5), R(S ) ⊂ KerLS . The inverse inclusion
follows also from (4.5) because DefS (U ) = 0 if LS (X ,D)U = 0. This accom-
plishes the proof of (3.9).

The estimate (3.11) is a direct consequence of (3.10) and of (3.9): Since
the operator LS is Fredholm, self-adjoint and KerLS = R(S ), then also
CokerLS = R(S ) and, therefore, the mapping

LS : H1
R(S ) −→ H−1R (S )

is one-to-one, i.e., is invertible. The established invertibility implies the claimed
inequality (3.11).

A priori regularity property of solutions to partial differential equations (cf.
[Ta2, Hr1]) states that the ellipticity of LS (X ,D) provides C�(S )-smoothness of
any solution K to the homogeneous equation LS (X ,D)K = 0 (the hypersurface
S is C�-smooth). Due to the embeddings Hr

q(S ) ⊂ Hs
p(S ), s ≤ r, p ≤ q, then

the kernel KerLS (X ,D) is independent of the space Hs
p(S ) provided that the
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spaces are well defined, which is the case if |s| ≤ � (cf. [Ag1, Du2, DNS2, Ka1] for
similar assertions).

In particular, the Killing’s vector fields R(S ) = KerLS (X ,D) are smooth
R(S ) ⊂ C∞(S ) provided that the hypersurface S is C∞-smooth.

Let
{
Kj

}m
j=1

be an orthogonal basis (Kj ,Kk)S = δjk in the finite-dimen-
sional space of Killing’s vector fields R(S ). Let

TU(X ) :=
m∑
j=1

(Kj ,U)S Kj(X ), X ∈ S . (4.7)

Due to the proved part
{
Kj

}m
j=1
⊂ C�(S ) and the operator T is smoothing

T : H−r(S )→ Hr(S ) (is infinitely smoothing if � =∞). Then, the operator

LS + T : H1(S )→ H−1(S )

is invertible and non-negative

(LS + T )U ,U)S = (LSU ,U)S +
m∑
j=1

(Kj ,U)
2
S ≥ 0

(cf. (4.5)). This implies that LS + T is positive definite

(LSU ,U)S + T )U ,U)Γ ≥ C1

∥∥U ∣∣H1(S )
∥∥2

and we write

(LSU ,U)S := ((LS + T )U ,U)S + (TU ,U)S

≥ C1

∥∥U ∣∣H1(S )
∥∥2 + (TU ,U)S

≥ C1

∥∥U ∣∣H1(S )
∥∥2 − C2‖U

∣∣H−r(S )
∥∥2,

which proves (3.12). �
Remark 4.1. G̊arding’s inequality (3.12), but in a weaker form r = 0, is a direct
consequence of the inequality (4.5) and Korn’s inequality (2.8) for p = 2.

Theorem 4.2. Let S be a �-smooth hypersurface without boundary, � ≥ 2 and
B ∈ C�(Rn) be a real-valued and non-negative B ≥ 0 function with non-trivial
support mes suppB �= 0.

The perturbed operator

LS (X ,D) + BI : Hθ+1
p (S )→ Hθ−1

p (S ) (4.8)

is invertible for all |θ| ≤ �− 1 and all 1 < p <∞.

Proof. The principal symbol of the operator LS (X ,D) + BI in (4.8) ignores
lower-order terms and coincides with LS (X , ξ) and is elliptic (cf. Theorem 3.5).
Therefore on the hypersurface without boundary S the operator LS (X ,D)+BI
in (4.8) is Fredholm for all θ = 0, 1, . . . (cf. Theorem 3.5). On the other hand, if
(LS (X ,D) + BI)U = 0, then

0 = ((LS (X ,D) + B)U ,U)S = (LS (X ,D)U ,U)S + (BU ,U)S
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and (3.10) implies that (BU ,U)S = 0. Since B ≥ 0, the obtained equality implies
U = 0 for all X ∈ suppB and, due to the strong unique continuation property
U = 0 (cf. Lemma 3.8).

Thus, the operator

LS (X ,D) + BI : H1(S )→ H−1(S ) (4.9)

has the trivial kernel Ker (LS (X ,D) + BI) = {0}. Since LS (X ,D) + BI is
formally self-adjoint (cf. Theorem 3.5), the same is true for the dual operator
and Coker (LS (X ,D) + BI) = {0}. The invertibility of the Fredholm operator
LS (X ,D) + BI in (4.9) for p = 2 and θ = 0 follows.

The invertibility of LS (X ,D)+BI in (4.9) for arbitrary p and θ is a conse-
quence of the ellipticity of LS (X ,D) + BI (cf. a similar arguments in the proof
of Theorem 3.5). �

Corollary 4.3. Let S be a C∞-smooth hypersurface in Rn and C ⊂ S be a proper
subsurface S \ C �= ∅. Then LS (X ,D) has a fundamental solution on S , which
we call a local fundamental solution on C , viewed as the Schwartz kernel of the
inverse operator to LS (X ,D) + BI, where suppB ⊂ S \ C .

Proof. The Schwartz kernel KS (X , τ) of the inverse operator to LS (X ,D)+BI,
satisfies the equality

LS (X ,D)KS = δ(X )I, X ∈ C

since B(X ) = 0 for X ∈ C , and can be viewed as a local fundamental solution of
LS (X ,D) on C . �

Remark 4.4. The operator LS (X ,D) itself has a fundamental solution on the
entire hypersurface S if and only if the space of Killing’s vector fields on S is
trivial R(S ) =

{
0
}
. The situation is essentially different from the case of the

Euclidean space Rn, where the condition at infinity

U(X ) = O(1) as |X | → ∞
eliminates the kernel of any linear partial differential operator with constant coef-
ficients and the fundamental solution (the inverse operator) exists.

A compact hypersurface with certain symmetry might possess non-trivial
Killing’s vector fields.

5. BVPs for the Lamé equation and Green’s formulae

Throughout the present section, if not stated otherwise, S is a C2-smooth surface,
C ⊂ S denotes a C2-smooth subsurface with the Lipschitz boundary ∂C = Γ �= ∅
and rC is the restriction to the surface C . Under the operation rC LC (X ,D)U
on a function (distribution) U ∈ Hs

p(C ) is meant that the operator rC LC (X ,D)
acts on a vector function U extended to a function Ũ ∈ Hs

p(S ) on the entire
surface, rC Ũ = U . Since LC (X ,D) is a local (differential) operator, the result
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is, after restriction, independent of the extension. Moreover, LC (X ,D) does not
extends supports of vector functions: if suppU ⊂ C then suppLC (X ,D)U ⊂ C .
Therefore we will drop the restriction operator rC and write (LC (X ,D)U)(X )
for all X ∈ C .

We can not relax the constraint on a surface C (we remind that the underlying
surface is C2-smooth), because in the definition of equation

LC (X ,D)U = F , U ∈ H1(C ), F ∈ H̃−1(C ), (5.1)

is participating the gradient ∇S ν = [Djνk]n×n of the unit normal vector field ν

(see (0.20)–(0.24)). ν(X ) is defined almost everywhere on C is just C1-smooth.
We can actually require that S is H2

∞ (i.e., corresponding parameterizations of
the surface have, instead of continuous, bounded second derivatives).

Equation (5.1) is actually understood in a weak sense:

(LC (X ,D)U ,V )C := (T DefCU ,DefCV )C = (F ,V )C , (5.2)

∀U ∈ H1(C ),V ∈ H̃1(C ) .

In particular, for the Lamé operator in isotropic media we have

(LC (X ,D)U ,V )C := λ(∇CU ,∇CV )C + μ(DefCU ,DefCV )C = (F ,V )C , (5.3)

∀V ∈ H̃1
2(S )

(cf. (0.23)).
Let νΓ =

(
ν1Γ, . . . , ν

n
Γ

)
 be the tangential to C and outer unit normal vector
field to Γ.

If a tangential vector field U ∈ H1
p(C )∩V (C ) denotes the displacement, the

natural boundary value problems for LC are the following:
I. The Dirichlet problem when the displacement is prescribed on the boundary{

(LC (X ,D)U)(X ) = F (X ), X ∈ C ,

U+(τ) = G(τ), τ ∈ Γ,
(5.4)

F ∈ H̃−1(C ) , G ∈ H1/2(Γ) , U ∈ H1(C );

the first (basic) equation in the domain is understood in a weak sense (see
(5.2), (5.3)) and

γ+DU := U+ (5.5)

is the Dirichlet trace operator on the boundary.
II. The Neumann problem when the traction is prescribed on the boundary:{

(LC (X ,D)U)(X ) = F (X ), X ∈ C ,

(TC (νΓ,D) U)+(τ) = H(τ), τ ∈ Γ ,
(5.6)

F ∈ H̃−1(C ) , H ∈ H−1/2(Γ), U ∈ H1(C );
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here

γ+NU := (TC (νΓ,D) U)+, (5.7)

TC (νΓ,D)U :=−λ(divCU)νΓ − 2μ
n∑

j=1

{
(νjΓ + H 0

C νj)Djk(U)
}n
k=1

(5.8)

= −μDνΓU − (λ+ μ)(divCU)νΓ (5.9)

is the Neumann trace operator on the boundary (the traction) with

DνΓϕ :=
n∑

j=1

νjΓDjϕ. ϕ ∈ H1(C ). (5.10)

In Lemma 7.3 below it will be shown that the trace γ+NU exists provided
that U is a solution to the basic (first) equation in (5.6).
A crucial role in the investigation of BVPs (5.4)–(5.10) belongs to the Green

formula.

Theorem 5.1. Let B ∈ C1(S ) and C+ := C , C− := C c = S \ C denote the
complemented surfaces with boundary S = C+ ∪ C−.

For a solution to the equation

LCU + BU = F , F ∈ H̃−1(C −+ ), U ∈ H1(C −+ ) (5.11)

(for B = 0 cf. (5.1) and the basic equations in (5.4)–(5.10)) the following Green
formula are valid

((LC + BI)U ,V )
C −+ =
∫

C −+
〈(LC + BI)U (X ),V (X )〉 dS

= −+
∮
Γ

〈γ−
+

NU(τ), γ−
+

DV (τ)〉 ds + E−+ (U ,V ) ,
(5.12)

E−+ (U ,V )

:=
∫

C −+

[
λ〈divC U , divC V 〉+ 2μ 〈DefC U ,DefC V 〉+ B〈U ,V 〉

]
dS ,

DνΓ :=
n∑

m=1

νjΓDj , U =
n∑

j=1

U0
j d

j , V =
n∑

j=1

V 0
j d

j ∈ H1(C ) ∩ V (C ) ,

(5.13)

Here the index −+ denotes the traces on Γ from the surfaces C −+ and the scalar
product of matrices is defined as follows:

〈M,N〉 := Tr
[
MN


]
, M = [Mjk]n×n, N = [Njk]n×n. (5.14)

Proof. We apply the integration by parts formula∫
C −+
〈(DjU),V 〉 dS = −+

∮
Γ

νjΓ〈U −+ ,V −+ 〉 ds +
∫

C −+
〈U ,
(
D∗

j V
)
〉 dS , (5.15)

U , V ∈ H1(C −+ ) j = 1, . . . , n,
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proved in [DMM1] (cf. (1.5) for the formal adjoint D∗
j ), and proceed as follows

((LC +BI)U ,V )
C −+ =

∫
C −+
〈λ∇C divCU + 2μDef∗C DefCU + BU ,V 〉 dS

=
∫

C −+
〈λ∇C divCU + 2μ

n∑
j=1

{
D∗

j Djk(U)
}n
k=1

+ BU ,V 〉 dS

=
∫

C −+
〈λ∇C divCU − 2μ

n∑
j=1

{
(Dj + νjΓH 0

C )Djk(U )
}n
k=1

+ BU ,V 〉 dS

= −+
∮
Γ

〈γ−
+

NU(τ), γ−
+

DV (τ)〉 ds + E−+ (U ,V ) ,

where TC (νΓ,D) is gives by formula (5.8). We have applied formulae (1.5), (0.21),
(0.15) and the equalities

〈πSU ,V 〉 = 〈U ,V 〉, 〈(DC
j )∗U ,V 〉 = 〈πS D∗

j U ,V 〉 = 〈D∗
j U ,V 〉 ∀V ∈ V .

To obtain another representation (5.9) of TC (νΓ,D) we start by second rep-
resentation of LC in (0.23) and proceed similarly. �

6. The Dirichlet BVP for the Lamé equation

Throughout this section C is a C2-smooth hypersurface with the Lipschitz bound-
ary Γ = ∂C .

Theorem 6.1. The Dirichlet problem (5.4) has a unique solution U ∈ H1(C ) for
arbitrary data F ∈ H̃−1(C ) and G ∈ H1/2(Γ).

The proof will be exposed at the end of the section after we prove some
auxiliary results.

Lemma 6.2. (G̊arding’s inequality “with boundary condition”). The Lamé opera-
tor

LC (X ,D) : H̃1(C )→ H−1(C ) (6.1)

is positive definite: there exists some constant C > 0 such that

(LC (X ,D)U ,U)C ≥ C
∥∥U ∣∣H1(C )

∥∥2 ∀U ∈ H̃1(C ). (6.2)

Proof. Due to (3.11) inequality (6.1) holds for all U ∈ H1
R(S ), i.e., for U ∈ H1(S )

and U �∈ R(S ). Since U ∈ H̃1(C ) due to the strong unique continuation from the
boundary (cf. Lemma 3.12), all Killing’s vector fields K ∈ H̃1(C ) are identically
0. Therefore, (3.11) holds for all U ∈ H̃1(C ). �

Corollary 6.3. The Lamé operator LC (X ,D) in (6.1) is invertible.



Lions’ Lemma, Korn’s Inequalities and the Lamé Operator 69

Proof. From the inequality (6.2) follows that LC (X ,D) is normally solvable (has
the closed range) and the trivial kernel KerLC (X ,D) = {0}. Since LC (X ,D)
is self-adjoint, the co-kernel (the kernel of the adjoint operator) is trivial as well
KerL ∗

C (X ,D) = KerLC (X ,D) = {0}. Therefore LC (X ,D) is invertible. �

Definition 6.4. (see [LM1, Ch.2, § 1.4]). A partial differential operator

A(x,D) :=
∑
|α|≤m

aα(x)∇α
C , ∇α

Cu = Dα1
1 · · ·Dαn

n , aα ∈ C(C , CN×N ) (6.3)

is called normal on Γ if

inf |detA0(X ,ν(X ))| �= 0, X ∈ Γ , |ξ| = 1 , (6.4)

where A0(x, ξ) is the homogeneous principal symbol of A

A0(x, ξ) :=
∑
|α|=m

aα(x)(−iξ)α, x ∈ C , ξ ∈ Rn. (6.5)

Definition 6.5. A system {Bj(X , D)}k−1j=0 of differential operators with matrix N×
N coefficients is called a Dirichlet system of order k if all participating operators
are normal on Γ (see Definition 6.4) and ordBj = j, j = 0, 1, . . . , k − 1.

Let us assume C is k-smooth and m ≤ k (m, k = 1, 2, . . .) and define the
trace operator (cf. (5.10)):

Rmu := {γΓB1u, . . . , γΓBmu}
 , u ∈ Ck
0(C ) . (6.6)

Proposition 6.6. Let C be k-smooth, 1 ≤ p ≤ ∞, m = 1, 2, . . ., m ≤ k and
m < s− 1/p �∈ N0. The trace operator

Rm : Hs
p(C )→ m⊗

j=0
Ws−1/p−j

p (Γ) , (6.7)

where Wr
p(C ) = Br

p,p(C ) is the Sobolev-Slobodecki-Besov space (cf. [Tr1] for details)
is a retraction, i.e., is continuous and has a continuous right inverse, called a core-
traction

(Rm)−1 :
m⊗
j=0

Ws−1/p−j
p (S )→ Hs

p(Ω)

Rm(Rm)−1Φ = Φ , ∀Φ ∈ m⊗
j=0

W
s−1/p−j
p (S ) .

(6.8)

Proof. The result was proved in [Tr1, Theorem 2.7.2, Theorem 3.3.3] for a domain
Ω ⊂ Rn−1 and the classical Dirichlet trace operator Rmu := {γΓ∂νu, . . . , γΓ∂mν u}
.
In [Du3] the theorem was proved for a domain Ω ⊂ Rn−1 and for arbitrary trace
operator Rmu.

A surface C = ∪Nj=1Cj is covered by a finite number of local coordinate charts
κj : Ωj → Cj , Ωj ⊂ Rn−1. After transformation, the Dirichlet trace operator
Rmu on a portion Cj of the surface transform into another Dirichlet trace operator
on the coordinate domains Ωj . Therefore, we prove the assertion locally on each
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coordinate chart Cj ⊂ C and, by applying a partition of unity, extend it to the
entire surface C . �
Proof of Theorem 6.1. Let G̃ = (R0)−1G ∈ H1(C ) be the continuation of the
Dirichlet boundary data G ∈ H1/2(Γ) from BVP (5.4) into the surface C from the
boundary Γ, found with the help of a coretraction from Proposition 6.6. Then the
Dirichlet BVP⎧⎨⎩ (LC (X ,D)Ũ)(X ) = F 0(X ), X ∈ C ,

Ũ
+
(τ) = 0, τ ∈ Γ,

(6.9)

F 0 := F −LC (X ,D)G̃ ∈ H̃−1(C ) ,

is an equivalent reformulation of BVP (5.4) and the solutions are related by the
equality Ũ := U − G̃. On the other hand, since

H̃−1(C ) :=
{
U ∈ H−1(C ) : U+ = 0

}
,

the solvability of BVP (6.9) is equivalent to the invertibility of the operator
LC (X ,D) in (6.1). Now the unique solvability of BVP (6.9) (and of the equivalent
BVP (5.4)) follows from Corollary 6.3. �

7. The Neumann BVP for the Lamé equation

Throughout this section C is a C2-smooth hypersurface with the Lipschitz bound-
ary Γ = ∂C .

Theorem 7.1. The Neumann problem (5.6) has a solution U ∈ H1(C ) only for
those right-hand sides F ∈ H̃−1(Γ) and H ∈ H−1/2(Γ) which satisfy the equality∫

C

F (X )K(X )dS =
∮
Γ

H(τ)γ+DK(τ)ds ∀K ∈ R(C ). (7.1)

If the condition (7.1) holds, the Neumann problem has a general solution U =
U0 + K ∈ H1(C ), where U0 ∈ H1(C ) is a particular solution and K ∈ R(C ) is
a Killing’s vector field.

The proof will be exposed at the end of the section after we prove some
auxiliary results. The proof is based on the celebrated Lax-Milgram lemma.

Lemma 7.2. (Lax-Milgram). Let B be a Banach space and A(ϕ, ψ) be a bilinear
A(·, ·) : B×B→ R, positive definite form: the inequality

A(ϕ, ϕ) ≥ C‖ϕ
∣∣B‖2 (7.2)

holds for some constant C > 0 and all ϕ ∈ B. Further let L(·) : B → R be a
continuous linear form (a functional).

A linear equation
A(ϕ, ψ) = L(ψ) (7.3)

has a unique solution ϕ ∈ B for arbitrary ψ ∈ B.



Lions’ Lemma, Korn’s Inequalities and the Lamé Operator 71

Proof. The proof can be retrieved from many sources (cf., e.g., [Ci3, § 6.3]), mostly
for symmetric forms (we have dropped this requirement). For a non-symmetric
form the proof can be found in the original paper [LaM1]. �

Lemma 7.3. If U ∈ H1
p(C ), 1 < p <∞, is a solution to the first equations in (5.6),

then the Neumann trace on the boundary exists and γ+NU = (TC (νΓ,D) U)+ ∈
H
−1/p
p (Γ).

Proof. For B = 0, C+ = C the Green’s formulae (5.12), (5.13) become:

(LCU ,V )C = (γ+NU , γ+DV )Γ + E (U ,V ) , (7.4)

E (U ,V )=λ(divC U , divC V )C + 2μ (DefC U ,DefC V )C (7.5)

Introducing the value LC (X ,D) U = F into the Green formula (7.4) we
rewrite it

(γ+NU , γ+DV )Γ = (F ,V )C − E (U ,V ),

where V ∈ H1
p(C ) is arbitrary. The bilinear forms (F ,V )C and E (U ,V ) are

continuous for F ∈ H̃−1p (C ) and U ∈ H1
p(C ), V ∈ H1

p′(C ), p′ := p/(p − 1); the

bilinear form (
(
TC (νΓ,D)U

)+
,V +)Γ is well defined and, by a duality argument,(

TC (νΓ,D)U
)+ ∈ H

−1/p
p (Γ) since V + ∈ H

1−1/p′
p′ (C ) = H

1/p
p′ (C ) is arbitrary. �

Lemma 7.4. The condition (7.1) is necessary for the Neumann problem (5.6) to
have a solution U ∈ H1(C ).

Proof. First note that for a Killing’s vector field K ∈ R(C ),

LC (X ,D)K = 0 and γ+NK =
(
TC (νΓ,D)K

)+ = 0. (7.6)

Indeed, if K ∈ R(C ) is naturally extended to K̃ ∈ R(S ), then LC (X ,D)K(X ) =
LC (X ,D)K̃(X ) = 0 for X ∈ C (cf. (3.9)) and the first equality follows.

The second equality in (7.6) follows from (5.8) if we recall that DefC (U) = 0
(cf. Definition 3.1) and this also implies divCU = 0 (cf. (4.6)).

Since divSK = DefSK = 0 for K ∈ R(C ), we get

E (K,U) = E (U ,K) (7.7)

=
∫

C

[
λ〈divC U , divC K〉+ 2μ 〈DefC U ,DefC K〉

]
dS = 0

for all U ∈ H1(C ) and all K ∈ R(C ).

Introducing into the Green formula (5.12) B = 0, F = LC (X ,D)U , V = K ∈
R(C ) and the obtained equality, we get the claimed orthogonality condition (7.1).

�

Lemma 7.5. The bilinear form (cf. (7.4) and (7.5))

AN (U ,V ) := (LC (X ,D)U ,V )C − (γ+NU , γ+DV )Γ = E (U ,V ) (7.8)
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is well defined, symmetric AN (U ,V ) = AN (V ,U) for all U , V ∈ H1(C ) and
non-negative AN(U ,U) ≥ 0 for U ∈ H1(S ) (cf. (5.13)). Moreover, the form is
positive definite

AN (U ,U) ≥M3

∥∥U ∣∣H1(S )
∥∥2 ∀U ∈ H1

R(S ) (7.9)

on the orthogonal complement H1
R(S ) to the finite-dimensional subspace of

Killing’s vector fields R(C ) in the Hilbert-Sobolev space H1(C ).

Proof. The estimate∣∣AN (U ,V )
∣∣ = ∣∣E (U ,V )

∣∣ ≤ ∥∥U ∣∣H1(S )
∥∥ ∥∥V ∣∣H1(S )

∥∥
follows from the definition of the form E (U ,V ) in (5.13) and proves that AN (U ,V )
is well defined. Moreover, the equality proves that the form is symmetric and non-
negative

AN (U ,V ) = E (U ,V ) = E (V ,U) = AN (V ,U),

AN (U ,U) = E (U ,U) ≥ 0.

From (5.12) and (5.13) follows

AN (U ,U)=E (U ,U) = λ
∥∥divCU

∣∣L2(S )
∥∥2 + 2μ

∥∥DefC U
∣∣L2(S )

∥∥2
≥2μ

∥∥DefC U
∣∣L2(S )

∥∥2 ≥ 2μ c2
∥∥U ∣∣H1(S )

∥∥2 ∀U ∈ H1
R(S ) (7.10)

and accomplishes the proof. �

Proof of Theorem 7.1. The space of Killing’s vector fields R(S ) is finite-dimen-
sional and consists of continuous vector-fields with bounded second derivatives
(these fields are actually as smooth as the surface C , i.e., are infinitely smooth if S
is infinitely smooth; see Theorem 3.5). Let K1, . . . ,Km be the finite-dimensional
orthonormal basis in R(C ), (Kj ,Kr)C = δjr , j, r = 1, . . . ,m. Consider the finite
rank smoothing operator TU introduced in (4.7). As we already know the operator
T is symmetric and non-negative:

(TU ,V )C = (TV ,U)C . (TU ,U)C =
m∑
j=1

(U ,Kj)
2
C ≥ 0 (7.11)

∀U , V ∈ H1(C ).

Consider the modified bilinear form

A#
N(U ,V ) := ((LC (t,D) + T )U ,V )C − (γ+NU , γ+DV )Γ

= E (U ,V ) + (TU ,V )C U , V ∈ H1(C ) (7.12)

(cf. (7.4)). The form is symmetric because both summands are

A#
N (U ,V ) = E (U ,V ) + (TU ,V )C = E (V ,U) + (TV ,U)C = A#

N (V ,U)

(cf. Lemma 7.5 and the first equality in (7.11)).
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Moreover, the corresponding quadratic form is strongly positive

A#
N (U ,U) = E (U ,U) + (TU ,U)C ≥ C

∥∥U ∣∣H1(C )
∣∣‖ (7.13)

for some C > 0. Indeed, A#
N (U ,U) = 0 due to the positivity of the summands

implies: E (U ,U) = 0, and further U ∈ R(C ) (cf. Lemma 7.5), (TU ,U)C = 0
and further (U ,Kj) = 0 for all j = 1, . . . ,m. Then U =

∑m
j=1 (U ,Kj)Kj = 0.

A non-negative symmetric form with the property A#
N (U ,U) = 0 if and only if

U = 0 is positive definite.
According to Lax-Milgram’s Lemma 7.2 the equation

A#
N (U ,V ) = (F ,V )C − (H,V +)Γ (7.14)

has a unique solution U ∈ H1(C ) for all V ∈ H1(C ). This solves the problem{
(LC (t,D)U)(t) + TU(t) = F (t), t ∈ C ,

(TC (νΓ,D) U)+(τ) = H(τ), τ ∈ Γ ,
(7.15)

which is a modified Neumann’s problem (5.6).
Now assume that the vector functions F ∈ H̃−1(C ) and H ∈ H−1/2(Γ)

satisfy the orthogonality condition (7.1) from Theorem 7.1 and U0 ∈ H1(C ) be a
solution of (7.15). Since

(TU0,Kk)C = (U0,Kk)C , AN (U0,Kk) = E (U0,Kk) = 0 k = 1, 2, . . . ,m

(cf. (7.5)) from (7.14) we get

0 = (F ,Kk)C − (H ,Kk)Γ = A#
N (U0,Kk) = AN (U0,Kk) + (TU0,Kk)C

= (U0,Kk)C k = 1, 2, . . . ,m.

Therefore, TU0 =
∑m

k=1 (U
0,Kk)CKk = 0 and BVP (7.15), which is uniquely

solvable, coincides with BVP (5.6) provided that the right-hand sides satisfy the
orthogonality condition (7.1). Since the kernel of BVP (5.6) coincides with the
space of Killing’s vector fields R(C ), a general solution of BVP (5.6) has the form
U = U0 + K with arbitrary K ∈ R(C ). �

Remark 7.6. If the surface is smooth, by invoking a local fundamental solution to
the Lamé equation (cf. Corollary 4.3) and the potential method, it is possible to
prove that BVPs (5.4), (5.6) and (7.17) have the same solvability properties if the
constraints (5.4) and (5.6) are replaced by the following non-classical constraints

F ∈ H̃s−2
p (C ) , G ∈ Hs−1/p

p (Γ) , H ∈ Hs−1/p−1
p (Γ) , (7.16)

1 < p <∞, s ≥ 1

and U ∈ Hs
p(C ) is unknown.

Moreover, by the potential method we can investigate the mixed problem: find
the tangential displacement vector field U ∈ Hs

p(C ), prescribed on the part ΓD of
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the boundary, while on the remainder part ΓN := Γ\ΓD is prescribed the traction:⎧⎪⎪⎨⎪⎪⎩
(LC (X ,D) U)(X ) = F (X ), X ∈ C ,

U+(τ) = G0(τ), τ ∈ ΓD,

(TC (νΓ,D) U)+(τ) = H0(τ), τ ∈ ΓN .

(7.17)

The unique solvability of the mixed problem follows under the following conditions

F ∈ H̃s−2
p (C ) , G0 ∈ Hs−1/p

p (ΓD) , H0 ∈ Hs−1/p−1
p (ΓN ), (7.18)

1 < p <∞, s ≥ 1,
1
p
− 1

2
< s <

1
p

+
1
2
.
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Birkhäuser Verlag, VIII, 1955.



76 R. Duduchava
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Abstract. For solenoidal and irrotational vector fields as well as for quater-
nionic analysis of the Moisil-Théodoresco operator we introduce the notions
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1. Introduction

1.1. The Bergman spaces and Bergman operators were first introduced for holo-
morphic functions of one complex variable where they proved to be of interest and
importance both for the theory itself and for numerous applications. Of course,
this has led to developments in different directions, in particular, for other classes
of functions: for harmonic functions, for holomorphic functions of several complex
variables, etc.

The present work deals with solenoidal and irrotational, or Laplacian, vector
fields in R3. Although it is known that such vector fields generalize holomorphic
functions in one complex variable, but the generalization is rather formal in the
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The second and the third author were partially supported by CONACYT projects as well
as by Instituto Politécnico Nacional in the framework of COFAA and SIP programs.
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sense that any holomorphic function can be considered as a solenoidal and irrota-
tional vector field, and at same time the corresponding theories are quite different
and many properties of holomorphic functions do not have their direct analogs for
vector fields. So instead of working with the whole class of solenoidal and irrota-
tional vector fields we have chosen a subclass of them for which it has proved to
be possible to construct a theory preserving the main structural peculiarities of its
antecedent in one complex variable. How to make the choice was suggested by the
fact that solenoidal and irrotational vector fields can be identified with a subset
of the set of null-solutions of the Moisil-Théodoresco operator which are called
here hyperholomorphic quaternion-valued functions. The matter is that quater-
nionic analysis for the Moisil-Théodoresco operator does preserve a deep analogy
with one-dimensional complex analysis and thus, the latter allows us to conjecture
reasonably for the former.

Thus, as a matter of fact, we have developed the two Bergman-type theories:
the one for the Laplacian vector fields which we consider as our primary goal, and
the other for quaternionic analysis of the Moisil-Théodoresco operator which is a
kind of an auxiliary tool here although of course it has its own undoubted interest
and importance.

1.2. We preferred to divide the whole work in two parts, and this is the first
of them. When talking about Bergman theory for a class of functions we are
interested in finding out, first of all, what are the proper notions of the Bergman
space and the Bergman reproducing kernel for the class of functions as well as
which are their main properties. The other objects of our interest are: what is the
Bergman projection of an L2-space onto the corresponding Bergman space; what
is the behavior of the Bergman theory for a given domain whenever the domain
is transformed by a conformal map? Section 2 describes the answers to all these
questions for solenoidal and irrotational vector fields, but this is being done on the
level of statements and explanations, without proofs which are postponed until
the last section. The answers for the Moisil-Théodoresco quaternionic analysis
the reader can find in Section 3 which contains both the statements and their
complete proofs. The proofs of the vectorial statements of Section 2 are presented
in Section 4 in the form of direct corollaries of the corresponding facts obtained
for hyperholomorphic function theory which is being developed in Section 3.

1.3. As we mentioned already, the solenoidal and irrotational vector fields (the ex-
act definitions are given in Subsection 2.1 below) describe many important physical
phenomena. Besides, they are a particular case, for R3, of a more general notion
of a system of conjugate harmonic functions, see, e.g., [18] but [14] as well, which
is one of the main tools of harmonic analysis. What is more, as one may read
in [18, p. 229], “Equations (1.6) [which define a system of conjugate harmonic
functions – the authors] represent perhaps the most direct generalization of the
Cauchy-Riemann equations”. In spite of all this we are not aware of any work
on the Bergman theory in this context which was one of the motivations for us.
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Perhaps the most direct predecessors of the actual work are our papers [4] and [5]
which deal with other classes of functions but employ again the relations with a
version of quaternionic analysis, now for the Fueter operator.

2. Solenoidal and irrotational vector fields: main results

2.1. Vector fields are widely used in physics to model numerous phenomena. Given
a domain Ω ⊂ R3, we shall work with solenoidal and irrotational vector fields
defined on Ω.

Recall that:

• A vector field �f ∈ C1(Ω,R3) is called solenoidal if div �f = 0. Some examples of
solenoidal vector fields are: magnetic vector fields, the vector field of velocities
of an incompressible fluid flow, etc.
• A vector field �f ∈ C1(Ω,R3) is called irrotational if rot �f = �0. An example of

irrotational vector fields is every conservative vector field; in particular the
vector field associated to the force of gravity is a conservative vector field,
therefore it is also an irrotational vector field.

The R-linear space of solenoidal and irrotational vector fields, or the SI-
vector fields, in Ω is defined by

�M(Ω) := {�f ∈ C1(Ω,R3) | div �f = 0, rot �f = �0 in Ω}.
In this section we present the main results of the Bergman theory for SI-

vector fields without proofs; the proofs will be presented in Section 4. We shall use
the commonly accepted notations 〈·, ·〉

R3 and [·, ·]R3 for the scalar (inner) and the
vectorial (cross) products respectively.

2.2. The SI-Bergman space and the SI-Bergman kernel

Following the idea of S. Bergman himself one is tempted to use the whole space L2
in the definition of the Bergman space of solenoidal and irrotational vector fields
associated to Ω. But it turns out that such a set is too large and loses its relations
with the Bergman space in contrast to the situation of the usual complex Bergman
space, see [3]. We are interested in obtaining the results which preserve not only
the formal similarity with the complex analysis case but, which is most important
for us, the underlying structures. In order to achieve this objective we “diminish”,
first of all, the space L2(Ω,R3), which is based on the following

Theorem. 2.2.1. Let Ω ⊂ R3 be a domain, there exist a unique scalar field BΩ,0 ∈
C1(Ω× Ω,R) and a unique vector field �BΩ ∈ C1(Ω× Ω,R3), such that

• BΩ,0(�x,�v) = BΩ,0(�v, �x), �BΩ(�x,�v) = − �BΩ(�v, �x), (�x,�v) ∈ Ω× Ω,
• div�x �BΩ(·, �v) = 0, for a.e. �v ∈ Ω,
• grad�x BΩ,0(·, �v) = − rot�x �BΩ(·, �v), for a.e. �v ∈ Ω,
• BΩ,0(·, �v) ∈ L2(Ω,R), �BΩ(·, �v) ∈ L2(Ω,R3), �v ∈ Ω.
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• The space

L̂2(Ω,R3) := {�f ∈ L2(Ω,R3) |
∫
Ω

〈
�BM,Ω(�x,�v), �f(�v)

〉
R3
dμ�v = 0, for a.e. �x ∈ Ω},

equipped with the norm inherited from L2(Ω,R3), is a real Banach space and

�M(Ω) ∩ L̂2(Ω,R3) = �M(Ω) ∩ L2(Ω,R3).

Recall that the norm of �f ∈ L2(Ω,R3) is
(∫

Ω

‖�f‖2
R3dμ

) 1
2

, where dμ is the

three-dimensional volume measure, and ‖ · ‖R3 is the Euclidean norm of R3.

We will see that the “appropriate” L2-space will be the space L̂2(Ω,R3).

Definition. 2.2.2. The pair of fields
(
BΩ,0, �BΩ

)
is called the SI-Bergman kernel

associated to Ω.

Definition. 2.2.3. We define the solenoidal and irrotational Bergman space, or the
SI-Bergman space associated to Ω by

�A(Ω) := �M(Ω) ∩ L̂2(Ω,R3).

Proposition. 2.2.4. The space �A(Ω), equipped with the norm inherited from
L̂2(Ω,R3) is a real Banach space. This norm will be denoted by ‖ · ‖ �A(Ω). Besides,∫

Ω

(
BΩ,0(�x,�v)�f(�v) +

[
�BΩ(�x,�v), �f(�v)

]
R3

)
dμ�v = �f(�x), �x ∈ Ω, (1)

for all �f ∈ �A(Ω).
What is more, given �f ∈ L̂2(Ω,R3) there holds:

�f(�x) =
∫
Ω

(
BΩ,0(�x,�v)�f(�v) +

[
�BΩ(�x,�v), �f(�v)

]
R3

)
dμ�v ⇐⇒ �f ∈ �A(Ω). (2)

2.2.4.1 Noticethat if we introduce the operation � : R3 ×
(
R× R3

)
−→ R3 as

�a� (r,�b) := �ar +
[
�a,�b
]

R3
, ∀�a ∈ R3 and ∀(r,�b) ∈

(
R× R3

)
, (3)

then (1) and (2) respectively become∫
Ω

�f(�v)�
(
BΩ,0(�x,�v),− �BΩ(�x,�v)

)
dμ�v = �f(�x), ∀�f ∈ �A(Ω), (4)

and given �f ∈ L̂2(Ω,R3) then

�f(�x) =
∫
Ω

�f(�v)�
(
BΩ,0(�x,�v),− �BΩ(�x,�v)

)
dμ�v ⇐⇒ �f ∈ �A(Ω). (5)

The reason for this will be clear from Section 3.
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Note one more property of the SI-Bergman space.

Proposition. 2.2.5. Let �u ∈ Ω and let ı̂ ∈ R3 be a unit vector, define �F�u,ı̂ := {�f ∈
�A(Ω) | �f(�u) = ı̂}. Then there exists a unique vector field �f∗ ∈ �F�u,ı̂, which is a
solution of the variational problem of finding inf{‖�f‖ �A(Ω) | �f ∈ �F�u,ı̂}; i.e.,

‖�f∗‖ �A(Ω) = σ := inf{‖�f‖ �A(Ω) | �f ∈ �F�u,ı̂}.

Moreover,

‖�f∗‖2�A(Ω) >

∫
Ω

|BΩ,0(�v, �u)|2dμ�v + ‖ �BΩ(·, �u)‖2L2(Ω,R3)

(BΩ,0(�u, �u))
2 . (6)

A variational problem similar to the previous one has its antecedents in the
theory of the classical complex Bergman spaces and in the theory of the quater-
nionic Bergman spaces where it has a unique solution which is the normalization
of the corresponding Bergman kernel, see respectively [3] and [5]. In our case, the
solution is quite different from the normalization of the SI-Bergman kernel.

2.3. SI-Bergman projection

Going along a deep analogy with the classical structure of the Bergman theory we
introduce the operator BΩ defined on L̂2(Ω,R3) by

BΩ[�f ](�x) :=
∫
Ω

�f(�v)�
(
BΩ,0(�x,�v),− �BΩ(�x,�v)

)
dμ�v, (7)

for all �f ∈ L̂2(Ω,R3). It satisfies the following

Proposition. 2.3.1. The operator BΩ is continuous, BΩ(L̂2(Ω,R3)) = �A(Ω) and
B2

Ω = BΩ.

The operator BΩ is called the SI-Bergman projection associated to Ω, and
the above facts are quite analogous to properties of its counterparts in the theory
of one complex variable and in the quaternionic theory which is owing to the “right
choice” of the space L̂2.

2.4. Decomposition of L̂2
There is another advantage of working with L̂2(Ω,R3) instead of L2(Ω,H), namely,
this space has a decomposition into a direct sum of the two summands one of them
being the SI-Bergman space and the other admits an explicit description. In order
to show this fact, we denote by Ẇ 1

2 (Ω,R3) the R-linear space of vector fields whose
components belong to Sobolev space Ẇ 1

2 (Ω,R).

Proposition. 2.4.1. The following decomposition holds:

L̂2(Ω,R3) = �A(Ω)⊕
(
∇�

(
Ẇ 1

2 (Ω,R)× Ẇ 1
2 (Ω,R3)

))
,
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i.e., for any �f ∈ L̂2(Ω,R3) there exist unique elements �g ∈ �A(Ω) and

�h ∈ ∇�
(
Ẇ 1

2 (Ω,R)× Ẇ 1
2 (Ω,R3)

)
,

such that �f = �g + �h, or equivalently, there exists (�0, ��) ∈ Ẇ 1
2 (Ω,R) × Ẇ 1

2 (Ω,R3)
such that

�f = BΩ[�f ] + (grad �0 + rot ��).

In the theory of one complex variable the decomposition of L2 as a direct
sum of two spaces, where one of them is the complex Bergman space is well known.
One can see its quaternionic and Cliffordian counterparts respectively in [5] and
[7]. Now, Proposition 2.4.1 is a purely vectorial fact deeply similar to this decom-
position.

2.5. Möbius transformations in R3 in vectorial language

Liouville’s theorem, see [2], establishes that in spaces of dimension greater than or
equal to three, the only conformal mappings are: translations, rotations, inversions
and dilations, as well as finite compositions of these. For this reason, the only
conformal mappings in Rn, n > 2, also bear historically the name of Möbius
transformations.

The basic Möbius transformations in R3 and their explicit representations
are the following:

Translation: T1(�x) = �x+ �a, ∀�x ∈ R3, with �a ∈ R3.

Rotation: T2(�x) = r2�x+ 2r [�a, �x]
R3 + 〈�a, �x〉

R3 �a+ [�a, [�a, �x]
R3 ]R3 , ∀�x ∈ R3,

with r ∈ R, �a ∈ R3 such that r2 + ‖�a‖2
R3 = 1.

Inversion: T3(�x) = − �x

‖�x‖2
R3

, ∀�x ∈ R3 \ {�0}, and T3(�0) :=∞.

Dilation: T4(�x) = λ�x, ∀�x ∈ R3, with a positive real number λ.

The formulas for translations, dilations, and the inversion are obviously clear;
the formula for rotations will be explained below, see equation (20).

Note that any Möbius transformations T , which is a finite composition of
translations, dilations and rotations, can be represented by

T ∗(�x) = r2�x+ 2r [�a, �x]
R3 + 〈�x,�a〉

R3 �a+ [�a, [�a, �x]
R3 ]R3 +�b, (8)

and if T has at least one inversion as a composition factor, then its representation is

T ∗∗(�x) = − r2�x+ 2r [�a, �x]
R3 + 〈�x,�a〉

R3 �a+ [�a, [�a, �x]
R3 ]R3 + �c

‖r2�x+ 2r [�a, �x]
R3 + 〈�x,�a〉

R3 �a+ [�a, [�a, �x]
R3 ]R3 + �c‖2 +�b; (9)

for both cases r ∈ R and �a,�b,�c ∈ R3 are such that r2 + ‖�a‖2
R3 �= 0. In order to

simplify the notation set γr,�a := r2 + ‖�a‖2
R3 .
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2.6. R-linear spaces of vector fields and Möbius transformations on R3

The aim of this subsection is to realize what happens with SI-vector fields whenever
their domains are transformed by a Möbius transformation. In order to abbreviate
some formulations we introduce the denotation: let r ∈ R, �a ∈ R3 and let �g be
any vector field, then

Pr,�a[�g] := r2�g + 2r [�g,�a]
R3 + 〈�a,�g〉

R3 �a+ [[�a,�g]
R3 ,�a]R3 .

The following proposition establishes how the operators div and rot interact with
the Möbius transformations in R3.

Proposition. 2.6.1. Let Ω,Ξ ⊂ R3 be domains such that there exists a Möbius
transformation T satisfying T (Ξ) = Ω. Denote �y = T (�x).

The divergence operator has the following properties:

• If T = T ∗, then

div�x Pr,�a[�f ◦ T ] = (γr,�a)2 (div�y �f) ◦ T, ∀�f ∈ C1(Ω,R3). (10)

• If T = T ∗∗, then

div�x

[
− Pr,−�a[�x] + �c
‖Pr,−�a[�x] + �c‖3

R3

, Pr,�a[�f ◦ T ]
]

R3

= γr,�a‖T −�b‖R3

〈
T −�b, Pr,�a[(rot�y �f) ◦ T ]

〉
R3
,

(11)

for all �f ∈ C1(Ω,R3).

The rotation operator satisfies:

• If T = T ∗, then

rot�x Pr,�a[�f ◦ T ] = γr,�a Pr,�a[(rot�y �f) ◦ T ], ∀�f ∈ C1(Ω,R3). (12)

• If T = T ∗∗, then

− grad�x

〈
− Pr,−�a[�x] + �c
‖Pr,−�a[�x] + �c‖3R3

, Pr,�a[�f ◦ T ]
〉

R3

+ rot�x

[
− Pr,−�a[�x] + �c
‖Pr,−�a[�x] + �c‖3R3

, Pr,�a[�f ◦ T ]
]

R3

= −(γr,�a)2‖T −�b‖R3(T −�b)(div�y
�f) ◦ T

− γr,�a‖T −�b‖R3

[
T −�b, Pr,�a[(rot�y �f) ◦ T ]

]
R3
,

(13)

for all �f ∈ C1(Ω,R3).

The formulas (10)–(13) can be seen as analogs, in various directions, of the
usual chain rule. Besides they allow already some conclusions about SI-vector
fields.
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Corollary. 2.6.2. Under the same conditions, let �f be a vector field defined on Ω.
If T = T ∗, then there holds:

1. The vector field �f is solenoidal on Ω if and only if Pr,�a[�f ◦ T ] is solenoidal
on Ξ.

2. The vector field �f is irrotational on Ω if and only if Pr,�a[�f ◦ T ] is also irro-
tational on Ξ.

3. The vector field �f ∈ �M(Ω) if and only if Pr,�a[�f ◦ T ] ∈ �M(Ω).

On the other hand, for T = T ∗∗ we have:

4. If �f is an irrotational vector field in Ω then[
− Pr,−�a[�x] + �c
‖Pr,−�a[�x] + �c‖3R3

, Pr,�a[�f ◦ T ]
]

R3

is a solenoidal vector field in Ξ.
5. If �f ∈ �M(Ω) then [

− Pr,−�a[�x] + �c
‖Pr,−�a[�x] + �c‖3R3

, Pr,�a[�f ◦ T ]
]

R3

is a solenoidal vector field in Ξ and satisfies

rot�x

[
− Pr,−�a[�x] + �c
‖Pr,−�a[�x] + �c‖3R3

, Pr,�a[�f ◦ T ]
]

R3

= grad�x

〈
− Pr,−�a[�x] + �c
‖Pr,−�a[�x] + �c‖3

R3

, Pr,�a[�f ◦ T ]
〉

R3

.

Observation. 2.6.3. Although the composition of solenoidal and irrotational vector
fields with Möbius transformations does not act, in general, invariantly, neverthe-
less the facts 1.–3. of the previous corollary say that combining the composition
and some additional operation generated by it we arrive again at a solenoidal
and irrotational vector field. In other words, composing a SI-vector field �f with
a Möbius transformation T ∗, we get an “almost” SI-vector field, which requires
additionally the operation Pr,�a that depends on T ∗ only.

2.6.4. Among the works related to the previous corollary there are [9], [20] and
references therein. The first paper deals with the analytic vector fields, while the
second with harmonic vector fields.

Corollary. 2.6.5. Given a Möbius transformation T = T ∗ and let

VT [�f ] := Pr,�a[�f ◦ T ], ∀�f ∈ C1(Ω,R3). (14)

Then the operator VT is an invertible real-linear operator, and its restriction
VT | �M(Ω): �M(Ω)→ �M(Ξ) is an isomorphism of R-linear spaces.
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A similar construction for the space L̂2 requires some adjustment of the
operator VT .

Proposition. 2.6.6. Let Ω,Ξ ⊂ R3 be domains such that there exists a Möbius trans-
formation T = T ∗ and T (Ξ) = Ω. Let the operator VT : L̂2(Ω,R3)→ L̂2(Ξ,R3) be
defined by

VT [�f ] := (γr,�a)
1
2Pr,�a[�f ◦ T ], ∀�f ∈ L̂2(Ω,R3), (15)

then ∫
Ω

〈
�f,�g
〉

R3
dμ =

∫
Ξ

〈
VT [�f ],VT [�g]

〉
R3
dμ,

(γr,�a)−1Pr,�a

[∫
Ω

[
�f,�g
]

R3
dμ

]
=
∫
Ξ

[
VT [�f ],VT [�g]

]
R3
dμ,

(16)

for all �f,�g ∈ L̂2(Ω,R3).

Corollary. 2.6.7. The operator VT | �A(Ω): �A(Ω) −→ �A(Ξ) is an isometric isomor-
phism of real Banach spaces, which relates the SI-Bergman kernels of the spaces
�A(Ω) and �A(Ξ) as follows:

BM,Ξ,0(�x, �u) = (γr,�a)3BM,Ω,0(T (�x), T (�u)),

�BM,Ξ(�x, �u) = (γr,�a)2Pr,�a[ �BM,Ω(T (�x), T (�u))],

for all (�x, �u) ∈ Ξ× Ξ.

Proposition 2.6.6 and its corollary tell us that the isometric isomorphism VT
between the spaces L̂2 restricted onto the SI-Bergman spaces preserves the SI-
vector fields, and in this way, it allows us to establish an isometric isomorphism
between these SI-Bergman spaces which relates also their Bergman kernels.

Given a function space H , we denote by L(H) the space of real-linear con-
tinuous operators from H to H .

Corollary. 2.6.8. Let Ω,Ξ ⊂ R3 be domains such that there exists a Möbius trans-
formation T = T ∗ and T (Ξ) = Ω. Define the operator JT on L( �A(Ω)) as follows:

JT (Q)[�f ] := (γr,�a)−1Pr,�a[ Q[ Pr,−�a[�f ] ◦ T−1] ◦ T ], ∀�f ∈ �A(Ξ),

for all Q ∈ L( �A(Ω)). Moreover, the operator JT : L( �A(Ω)) −→ L( �A(Ξ)) is an
isomorphism of R-linear algebras, which relates the SI-Bergman projections by
BΞ = JT [BΩ].

Note that the operator JT was deduced from the construction of the opera-
tor VT . Note also that Proposition 2.6.6 and its corollaries are generalizations of
important facts in complex and quaternionic analysis, see respectively [21] and [4].
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3. The Bergman theory for Moisil-Théodoresco hyperholomorphy

3.1. Preliminaries

The skew-field of quaternions is denoted by H, any quaternion can be represented
by a = a0 + a1i+ a2j + a3k, where an ∈ R for n = 0, 1, 2, 3. The imaginary units
i, j, k, satisfy i2 = j2 = k2 = −1 and ij = k, jk = i, ki = j.

The quaternionic conjugation and the norm of any quaternion a are defined,
respectively, by ā := a0 − a1i− a2j − a3k and |a| :=

√
a20 + a21 + a22 + a23.

For any quaternion a = a0 + a1i+ a2j + a3k the real number a0 is called its
scalar part, and a1i+ a2j + a3k is called its vectorial part.

The real subspace of H formed by quaternions whose scalar parts are zero is
isometric and isomorphic to the usual three-dimensional Euclidean space R3, thus
they are denoted by the same symbol.

The Moisil-Théodoresco operator DMT and the right-Moisil-Théodoresco op-
erator DMT,r act on functions of class C1 with quaternionic values and defined on
domains in R3 as follows:

DMT [f ] := i
∂f

∂x1
+ j

∂f

∂x2
+ k

∂f

∂x3
, DMT,r [f ] :=

∂f

∂x1
i+

∂f

∂x2
j +

∂f

∂x3
k.

They have the fundamental property: −D2
MT = −D2

MT,r = �R3 , the Laplace
operator.

Definition. 3.1.1. The right-H-linear space of hyperholomorphic functions on Ω
is defined by MMT (Ω) := kerDMT , and the space of right-hyperholomorphic
functions on Ω is defined by MMT,r(Ω) := kerDMT,r .

Notation. 3.1.2.

• In order to simplify the notation, we will omit the prefix and the subindexMT
in future notations, when there is no ambiguity; therefore, MMT (Ω) = M(Ω)
and MMT,r(Ω) = Mr(Ω).

• Also sometimes we denote e0 = 1, e1 = i, e2 = j, e3 = k.

Note that Mr(Ω) is a left-H-linear space.

The reader can find much more helpful information in, e.g., [15]; we give
below a few facts only which will be used immediately.

Let Ω ⊂ R3 be a domain with smooth boundary. Let f ∈ M(Ω) be a con-
tinuous function up to ∂Ω, then the hyperholomorphic Cauchy integral formula
for f is ∫

∂Ω

K(ζ − x)σ(2)ζ f(ζ) =

{
f(x), if x ∈ Ω,

0, if x /∈ Ω,
(17)

where the function

K(ζ − x) := − ζ − x
4π|ζ − x|2
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is called the hyperholomorphic Cauchy kernel, and the differential form

σ(2)x =
3∑

n=1

(−1)n+1endx̂
n

is such that its restriction onto ∂Ω coincides with �n ds, where �n is the unit normal
vector to ∂Ω. Each term dx̂n is the wedge product dx1 ∧ dx2 ∧ dx3 with the
factor dxn omitted for 1 ≤ n ≤ 3.

Moreover, the operator Tr is defined on Lebesgue integrable functions on Ω by

Tr[f ](x) :=
∫
Ω

f(ζ)K(ζ − x)dμζ . (18)

where dμ is the differential form of the volume. Among its properties the identity

Dr ◦ Tr = I (19)

on the spaces L2(Ω,H) and C(Ω,H), see [15], means that Tr is a right-inverse to
Dr on these spaces.

3.2. Möbius transformations in R3 in quaternionic terms

It was discovered by K.Th. Vahlen in 1902 and recently rediscovered by L.V.
Ahlfors, that, like in the complex analysis case, the Möbius transformations in R4

can be represented by quaternionic fractional-linear transformations:

F (x) = (ax+ b)(cx + d)−1, with a, b, c, d ∈ H.

In our case we are interested in the Möbius transformations in R3. Their
analytic description is obtained by restricting some of the above quaternionic
fractional-linear transformations onto R3 which leads to the representations of
the basic Möbius transformations:

Translation: T1(x) = x+ q, ∀x ∈ R3, with q ∈ R3.

Rotation: T2(x) = cxc̄, ∀x ∈ R3, with c ∈ H and |c| = 1.

Inversion: T3(x) = x−1 = − x

|x|2 , ∀x ∈ R3 \ {0}, 0−1 :=∞, (20)

∞−1 := 0.

Dilation: T4(x) = λx, ∀x ∈ R3, with λ a positive real number.

What is more, working with these four transformations we obtain that any
Möbius transformation in R3 is expressed as follows:

T (x) = (ax+ b)(cx+ d)−1, x ∈ R3, (21)

with a, b, c, d ∈ H such that

a) bd−1 ∈ R3, d−1 = ā if c = 0,
b) d(b− ac−1d)−1, ac−1 ∈ R3, (b− ac−1d)−1 = c̄ if c �= 0.
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3.3. Möbius transformations and hyperholomorphy

According to the chain rule, the composition of two holomorphic functions is again
a holomorphic function. In our case, the composition of two hyperholomorphic
functions not always is defined but even if it is, it is not in general hyperholomor-
phic.

Example. 3.3.1. Any function given by fi,j(x) = fi,j(x1, x2, x3) := xiej + xjei,
i, j ∈ {1, 2, 3} with i < j, is hyperholomorphic in the whole R3; however, the
composition of any pair of these functions is not hyperholomorphic. For instance,
the functions

f1,2 ◦ f2,3(x) = x2e1, f1,2 ◦ f1,3(x) = x1e2, f1,2 ◦ f1,2(x) = x1e1 + x2e2

are not hyperholomorphic in R3 because

D[f1,2 ◦ f2,3](x) = −e3, D[f1,2 ◦ f1,3](x) = e3, D[f1,2 ◦ f1,2](x) = −2.

There exists a “weakened analogue” of the possibility to compose hyper-
holomorphic functions, namely, composing a hyperholomorphic function with a
Möbius transformation in R3 we get an “almost” hyperholomorphic function, it
lacks a special coefficient only that depends on the Möbius transformation in R3.

Theorem. 3.3.2. Let Ξ,Ω ⊂ R3 be domains such that there exists a Möbius trans-
formation in R3, T , given by (21) with Ω = T (Ξ). Denote y := T (x) and define

α
T
(x) :=

⎧⎨⎩
ā, if c = 0;

−c̄ cxc̄+ dc̄
|cxc̄+ dc̄|3 , if c �= 0,

∀x ∈ Ξ,

(22)

β
T
(y) :=

{
|a|2ā, if c = 0;

|c|2|y − ac−1|3(y − ac−1)c̄, if c �= 0,
∀y ∈ Ω.

Then

Dx [αT f ◦ T ] = (βT ◦ T ) Dy [f ] ◦ T, ∀f ∈ C1(Ω,H). (23)

Proof. It is enough to consider the Möbius transformations given by (20).
Let x∗ be an arbitrary point of Ξ.

1. Translation: y = T (x) = x+ u, where u ∈ R3. By direct calculation

D
x
[f ◦ T ](x∗) = D

y
[f ](T (x∗)).

2. Dilation: y = T (x) = λx, with λ > 0; we have that

Dx [f ◦ T ](x∗) = λDy [f ](T (x∗)).
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3. Rotation. Firstly, for quaternionic rotations of the kind y = T (x) = axa
where a is a unitary vector one obtains:

Dx[af ◦ T ] =
3∑

i=1

ei
∂

∂xi
af ◦ T =

3∑
i=1

eia
3∑

j=1

∂f

∂yj

∂yj
∂xi

=
3∑

i=1

3∑
j=1

(−2)aiajeia
∂f

∂yj
◦ T +

3∑
i=1

eia
∂f

∂yj
◦ T = āDy[f ] ◦ T.

Furthermore, for any quaternion c there exist vectors a, b ∈ R3 such that
c = ab, see [10], and using the above formula two times we obtain: if y =
T (x) = cxc̄, with c a unitary quaternion, then

Dx [c̄f ◦ T ](x∗) = c̄ Dy [f ](T (x∗)).

4. Inversion: y = T (x) = x−1; we have that

D
x
[
x

|x|3 f ◦ T ](x∗) =
3∑

i=0

ei
∂

∂xi

x

|x|3 f ◦ T (x∗)

= −
3∑

i=1

ei
x

|x|5
∂f

∂yi
(T (x∗)) + 2

3∑
j=1

3∑
i=1

xjxi
|x|7 ejx

∂f

∂yi
(T (x∗))

= −|T (x∗)|3T (x∗)D
y
[f ] ◦ T (x∗).

These four formulas are particular cases of (23) and the general case reduces to a
combination of them. �

Notation. 3.3.3.

• Given two domains Ξ,Ω ⊂ R3, let α : Ξ→ Ω be a one-to-one correspondence;
if f belongs to a function space on Ω then α generates the operator of the
change of variable denoted as Wα : f 
→ f ◦ α.

• For the same function space, if α and β are H-valued functions then αM ,
Mβ and αMβ denote, respectively, the operators of the multiplication on the
left, on the right, and on both sides:

βM : f 
→ βf, Mβ : f 
→ fβ, αMβ : f 
→ αfβ.

• For a fixed x ∈ Ω, denote by Φx the evaluation functional defined on a
function space as Φx[f ] := f(x).

Theorem 3.3.2, in terms of the last notation, means that

D
x
◦ α

T M ◦WT = WT ◦ β
T M ◦ D

y
on the space C1(Ω,H). (24)

The above fact complements a series of results, see, e.g., [7], [12], [13], and
references therein meaning that the operator D is conformally covariant.

Corollary. 3.3.4. Let f ∈ C1(Ω,H), then f ∈M(Ω) if and only if α
T
·f ◦T ∈M(Ξ);

here α
T

is defined by (22).
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Proposition. 3.3.5 (Isomorphism between right-linear spaces of hyperholomorphic
functions emerging under Möbius transformations). Under conditions of Theorem
3.3.2 the operator αTM ·WT : M(Ω) −→M(Ξ) is an isomorphism of quaternionic
right-linear spaces.

3.4. Some properties of quaternionic Hilbert spaces

The concept of a quaternionic Hilbert space is well known and can be found in
many sources. In this subsection we give the quaternionic generalizations of the
two facts of the theory of complex Hilbert spaces which can be found in [11].

Denote by E a quaternionic Hilbert space, and recall that a subset F of a
real linear space is called convex if for any a, b ∈ F there holds bt + a(1 − t) ∈
F, ∀t ∈ [0, 1].

Proposition. 3.4.1. Let F ⊂ E be a closed and convex set. Then given g ∈ E there
exists a unique element f ∈ F such that

‖g − f‖E = dist(g, F ) := inf{‖g − h‖E | h ∈ F}.
Proof. Let {hn} ⊂ F be a sequence such that lim

n→∞ ‖g − hn‖E = dist(g, F ). From
the parallelogram identity we obtain:

1
2
‖hm − hn‖2E = ‖g − hn‖2E + ‖g − hm‖2E − ‖g −

1
2
(hn + hm)‖2E ,

which implies that there exists f ∈ F such that lim
n→∞ ‖f −hn‖E = 0 and also from

the parallelogram identity one obtains that f is the unique element of F satisfying:

‖g − f‖E = dist(g, F ). �

Proposition. 3.4.2. If F is a closed subspace of E, then for a pair g and f from
the above proposition there holds: g − f ∈ F⊥.

Proof. Given h ∈ F and q ∈ H, we have that

0 ≤ ‖g − (f + hq)‖2E − ‖g − f‖2E = −〈g − f, h〉E q − q̄ 〈h, g − f〉E + |q|2‖h‖2E.
Let q = r 〈h, g − f〉E , with r an arbitrary positive real number , then

0 ≤ −2r‖ 〈h, g − f〉E ‖2E + r2‖ 〈h, g − f〉E ‖2E‖h‖2E.

If we suppose that 〈h, g − f〉E �= 0 then
1
2r
≤ ‖h‖2E, which is not possible. There-

fore 〈h, g − f〉E = 0. �

Note. 3.4.3. We shall work mostly with particular quaternionic Hilbert spaces,
namely, with the Hilbert space of the Lebesgue-measurable functions f : Ω ⊂
R3 −→ H such that

∫
Ω

|f |2dμ < +∞. It forms a quaternionic bi-linear space. We’ll

use the same notation L2(Ω,H) for both the left-linear and the right-linear cases. If
L2(Ω,H) is seen as a right-linear space then it becomes a quaternionic right Hilbert
space endowed with the inner product 〈f, g〉L2(Ω,H) :=

∫
Ω
f̄ gdμ, f, g ∈ L2(Ω,H),

and with the norm denoted by ‖ · ‖L2(Ω,H).
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A more general example is a weighted L2-space with weight ρ : Ω −→ R+,

it is denoted by L2,ρ(Ω,H), meaning that
∫
Ω

|f |2ρdμ < +∞ for f ∈ L2,ρ(Ω,H).

Now, the inner product is

〈f, g〉L2,ρ(Ω,H) :=
∫
Ω

f̄gρdμ, f, g ∈ L2,ρ(Ω,H),

and the corresponding norm is denoted by ‖ · ‖L2,ρ(Ω,H).

3.5. The hyperholomorphic Bergman space

Let Ω ⊂ R3 be a domain.

Definition. 3.5.1. By weighted hyperholomorphic Bergman space, with weight
ρ : Ω → R+, associated to Ω we will understand the space Aρ(Ω) := M(Ω) ∩
L2,ρ(Ω,H), equipped with the inner product and the norm inherited from
L2,ρ(Ω,H), denoted, respectively, by 〈·, ·〉Aρ(Ω)

and ‖ · ‖Aρ(Ω).
The weighted right-hyperholomorphic Bergman space associated to Ω is de-

fined by Aρ,r(Ω) := Mr(Ω) ∩ L2,ρ(Ω,H), with the inner product and the norm
inherited from L2,ρ(Ω,H), and denoted respectively by 〈·, ·〉Aρ,r(Ω)

and ‖·‖Aρ,r(Ω).
In case, ρ ≡ 1 the space Aρ(Ω) will be denoted as A(Ω) and it will be called

hyperholomorphic Bergman space. In the same way, the space Aρ,r(Ω) = Ar(Ω)
will be called right-hyperholomorphic Bergman space.

Proposition. 3.5.2. Let C ⊂ Ω be a compact set, then

sup{|f(x)| | x ∈ C} ≤ kC‖f‖A(Ω), ∀f ∈ A(Ω), (25)

where kC > 0 depends on C.
Proof. Let rC > 0 be such that B(x, rC ) ⊂ C, and let f ∈ A(Ω), then the hyper-
holomorphic Cauchy integral formula implies that

f(x) =
1

4πr2C

∫
S(x,rC )

(ζ − x)σ(2)ζ f(ζ).

Applying Stokes’ Theorem we obtain:

|f(x)| ≤ 3
4πr2C

∫
B(x,rC )

|f(ζ)|dμζ .

Using the Hölder inequality for f, 1 ∈ L2(B(x, rC ),H), from the last expression we
arrive at

|f(x)| ≤ mC

(∫
B(x,rC )

|f |2dμ
) 1

2

≤ mC‖f‖A(Ω),

where mC =
3

4πr2C
μ(B(x, rC ))

1
2 . Finally, as C is a compact set, one obtains that

there exists a constant kC , such that

sup{|f(x)| | x ∈ C} ≤ kC‖f‖A(Ω). �
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Corollary. 3.5.3. Given x ∈ Ω, the evaluation functional φx is bounded on A(Ω).

Proposition. 3.5.4. The space (A(Ω), ‖ · ‖A(Ω)) is a right-H-linear Banach space.

Proof. Let {fn} ⊂ A(Ω) be a Cauchy sequence, therefore there exists f ∈ L2(Ω,H)

such that fn
L2−→

n → ∞
f . By (25) we note that there exists a function f∗ defined on

Ω such that {fn} → f∗ uniformly on compact sets.
Given ε > 0 sufficiently small the Cauchy integral formula for any fn is

fn(x) =
∫
∂B(x,ε)

K(ζ − x)σ(2)ζ fn(ζ)dμζ , ∀n ∈ N.

As fn → f∗ uniformly on ∂B(x, ε), then

f∗(x) =
∫
∂B(x,ε)

K(ζ − x)σ(2)ζ f∗(ζ)dμζ,

therefore f∗ ∈M(Ω). Since(∫
C
|f∗ − f |2dμ

) 1
2

≤
(∫

C
|f∗ − fn|2dμ

) 1
2

+
(∫

C
|f − fn|2dμ

) 1
2

→ 0,

when n→∞ for any C ⊂ Ω compact, we obtain that f∗ = f ∈ A(Ω). �
Of course, the above three facts are crucial since they allow us to introduce

the hyperholomorphic Bergman kernel as follows.

By the Riesz representation theorem for quaternionic right-Hilbert spaces,
see [1], given a fixed point x ∈ Ω there exists Bx ∈ A(Ω) such that φx(f) :=
f(x) = 〈Bx, f〉A(Ω), for all f ∈ A(Ω). The function BΩ(x, ·) := Bx(·) will be called
the hyperholomorphic Bergman kernel associated to Ω, and its definition implies
that

f(x) =
∫
Ω

BΩ(x, ·)fdμ, ∀f ∈ A(Ω). (26)

Theorem. 3.5.5 (General properties of the hyperholomorphic Bergman kernel).

a) BΩ(·, ·) is quaternionic hermitian: BΩ(x, ξ) = BΩ(ξ, x), ∀x, ξ ∈ Ω.
b) BΩ(·, ·) is hyperholomorphic in the first variable and right-hyperholomorphic

in the second variable.
c) For a fixed ξ ∈ Ω, the function BΩ(·, ξ) is the unique element of A(Ω) which

is hermitian and is reproducing; i.e., it satisfies (26).

Proof. a) Directly, one has:

BΩ(ξ, x) = Bξ(x) =
∫
Ω

Bx(ς)Bξ(ς)dμ(ς) = Bx(ξ) = BΩ(x, ξ).

b) Bx ∈ A(Ω) and BΩ(·, x) = Bx(·); hence BΩ(·, x) is hyperholomorphic on
Ω in the first variable, and the identity

Dr[BΩ(x, ·)] = −D[BΩ(·, x)] = 0,

implies that BΩ(x, ·) is a right-hyperholomorphic function.



On the Bergman Theory for Vector Fields 95

c) Let H(·, ·) be a function on Ω × Ω such that given ξ ∈ Ω, the function
H(·, ξ) ∈ A(Ω) is reproducing and hermitian. Then

H(x, ξ) =
∫
Ω

BΩ(x, ζ)H(ζ, ξ)dμζ =
∫
Ω

H(ζ, ξ) BΩ(x, ζ)dμζ

=
∫
Ω

H(ξ, ζ)BΩ(ζ, x)dμζ = BΩ(ξ, x) = BΩ(x, ξ). �

The following proposition is a deep analogue to a fact known in one complex
variable theory, see [3], and in quaternionic analysis for the Fueter operator, see [5].

Proposition. 3.5.6 (The normalized MT-hyperholomorphic Bergman kernel as a
solution of a variational problem). Let ξ ∈ Ω be a fixed point, define Fξ := {f ∈
A(Ω) | f(ξ) = 1}, then the function f0 defined by

f0(x) :=
BΩ(x, ξ)
BΩ(ξ, ξ)

, x ∈ Ω,

belongs to Fξ and it is the only solution to the variational problem of finding
inf{‖f‖A(Ω) | f ∈ Fξ}:

‖f0‖A(Ω) = inf{‖f‖A(Ω) | f ∈ Fξ}.
Proof. Using (26) we arrive at the following:

BΩ(ξ, ξ) =
∫
Ω

BΩ(ξ, ζ)BΩ(ζ, ξ)dμζ = ‖BΩ(·, ξ)‖2A(Ω) <∞,

implying, in particular, that f0 =
BΩ(·, ξ)
BΩ(ξ, ξ)

∈ Fξ. Furthermore, given any f ∈ Fξ
there holds:

1 = f(ξ) =
∫
Ω

BΩ(ξ, ζ)f(ζ)dμζ .

Applying the Cauchy-Buniakovsky inequality to the latter expression we obtain:
1

‖BΩ(·, ξ)‖A(Ω)
≤ ‖f‖A(Ω)

and from the shown facts one concludes that

‖ BΩ(·, ξ)
BΩ(ξ, ξ)

‖A(Ω) ≤ ‖f‖A(Ω).

This inequality is true for any f ∈ Fξ, therefore f0 is the solution of the variational
problem; it is easy to see that f0 is unique. �

We complement the above proposition with some facts which seem to be
unknown both in one-dimensional complex analysis and in quaternionic Fueter
analysis settings.

Proposition. 3.5.7. Let g ∈ A(Ω) then there exists a unique function f ∈ Fξ such
that

‖g − f‖A(Ω) = dis(g, Fξ) := inf{‖g − h‖A(Ω) | h ∈ Fξ}.
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Proof. Since Fξ is a convex and closed set the proof is a direct application of
Proposition 3.4.1, where F = Fξ and E = A(Ω). �

3.5.8. In particular, taking g = BΩ(·, ξ) and denoting by f
 ∈ Fξ the correspon-
ding function, that is,

‖BΩ(·, ξ)− f
‖A(Ω) = dis(BΩ(·, ξ), Fξ),

we observe the following properties of f
.

Corollary. 3.5.9.

‖BΩ(·, ξ)− f
‖A(Ω) ≤ ‖f‖A(Ω)|BΩ(ξ, ξ) − 1| ∀f ∈ Fξ.

Proof. As
BΩ(·, ξ)
BΩ(ξ, ξ)

∈ Fξ, there holds:

‖BΩ(·, ξ) − f
‖A(Ω) ≤ ‖BΩ(·, ξ)− BΩ(·, ξ)
BΩ(ξ, ξ)

‖A(Ω) ≤ ‖f‖A(Ω)‖BΩ(ξ, ξ)− 1‖A(Ω),

for all f ∈ Fξ. �

What is more, one has

Corollary. 3.5.10.

1. If BΩ(ξ, ξ) > 1, then
‖BΩ(·, ξ)‖A(Ω)
BΩ(ξ, ξ)

≤ ‖f
‖A(Ω) ≤ ‖BΩ(·, ξ)‖A(Ω)BΩ(ξ, ξ).

2. If BΩ(ξ, ξ) ≤ 1, then f
 =
BΩ(·, ξ)
BΩ(ξ, ξ)

, i.e., the solution f
 is the normal-

ization of the Bergman kernel.

Definition 3.5.11 (Hyperholomorphic Bergman projection). The operator BΩ is
defined on the space L2(Ω,H) by

BΩ[f ](x) :=
∫
Ω

BΩ(x, ξ)f(ξ)dμξ .

For an arbitrary f ∈ L2(Ω,H) there holds: f = f1 + f2 with the unique
f1 ∈ A(Ω) and f2 ∈ A(Ω)⊥. Since by (26) we have that BΩ[f1] = f1, and

as BΩ[f2](x) =
∫
Ω

BΩ(ξ, x)f2(ξ)dμξ = 0, for a.e. x ∈ Ω, we conclude that

BΩ[f ] = f1 and BΩBΩ[f ] = BΩ[f ]. Then BΩ[L2(Ω,H)] = A(Ω) and B2
Ω = BΩ.

Moreover, the operator BΩ is symmetric, i.e.,

〈BΩ[f ], g〉L2(Ω,H) = 〈f,BΩ[g]〉L2(Ω,H) ∀f, g ∈ L2(Ω,H).

Then BΩ satisfies the Closed Graph Theorem therefore BΩ is a continuous oper-
ator. By previous reasonings BΩ is called hyperholomorphic Bergman projection
associated to the space A(Ω).
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Observation. 3.5.12. The space Ar(Ω) has properties similar to those of A(Ω).This
can be obtained directly or using the (R-linear) operator ZH : A(Ω) → Ar(Ω),
defined by ZH(f) := f̄ , ∀f ∈ A(Ω). For example, D = ZH ◦ Dr ◦ ZH leads to

BΩ,r(x, ζ) = BΩ(x, ζ) = BΩ(ζ, x).

3.6. Möbius transformations in R3 and function spaces

Let Ω,Ξ ⊂ R3 be domains such that there exists a Möbius transformation in R3,
satisfying T (Ξ) = Ω. We are interested in the relations between some function
spaces on Ξ and on Ω.

Definition. 3.6.1. Let T be Möbius transformations in R3 given by (21), such that
T (Ξ) = Ω. Let x ∈ Ξ, define:

CT (x) :=

⎧⎨⎩
|a|2ā if c = 0,

−|c|2c̄ cxc̄+ dc̄
|cxc̄+ dc̄|3 , if c �= 0,

ρT (x) :=

⎧⎨⎩
1, if c = 0,

1
|cxc̄+ dc̄|2 , if c �= 0.

Theorem. 3.6.2. The operator
CTM ◦WT : L2(Ω,H) −→ L2,ρT (Ξ,H) is an isome-

tric isomorphism of quaternionic Hilbert spaces and its inverse is W
T−1 ◦

C
−1
T M .

Proof. Observe that CT does not vanish in Ξ and (
CTM ◦WT )−1 = W

T−1 ◦
C
−1
T M ,

and that the function C−1T is defined at each point x ∈ Ξ by C−1T (x) := (CT (x))−1,
while the transformation T−1 is the inverse transformation of T .

For the basic Möbius transformations we have:

1. The dilatation T (x) = λx = y implies that given f, g ∈ L2(Ω,H) there holds:

〈f, g〉L2(Ω,H) =
∫
Ω

f(y)g(y)dμy =
∫
Ξ

λ
3
2 f ◦ T (x)λ

3
2 g ◦ T (x)dμx. (27)

When f = g then
∫
Ω

|f(y)|2dμy =
∫
Ξ

|f(T (x))|2λ3dμx, meaning that

CTM ◦WT : L2(Ω,H)→ L2,ρ(Ξ,H),

and it is isometric. Hence, (27) may be written now as

〈f, g〉L2(Ω,H) =
〈

λ
3
2M ◦WT [f ], λ

3
2M ◦WT [g]

〉
L2(Ξ,H)

,

and this is all.
In the other cases we give the analogues of the formula (27) only.
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2. For the inversion T (x) = x−1 = y, there holds:

〈f, g〉L2(Ω,H) =
∫
Ξ

x̄

|x|3 f ◦ T (x)
x̄

|x|3 g ◦ T (x)ρ(x)dμx,

where ρ(x) =
1
|x|2 .

3. For the translation T (x) = x+ e = y, where e ∈ R3, one has:

〈f, g〉L2(Ω,H) =
∫
Ξ

f ◦ T (x)g ◦ T (x)dμx.

4. For the rotation T (x) = cxc̄ = y, where c ∈ H, |c| = 1, we obtain:

〈f, g〉L2(Ω)
=
∫
Ξ

c̄f ◦ T (x)c̄g ◦ T (x)dμx.

Of course, the general case of an arbitrary T is just a combination of the above
four. �
Corollary. 3.6.3. The operator:

CTM ◦WT : A(Ω) −→ AρT (Ξ) is an isometric
isomorphism of quaternionic right linear Hilbert spaces.

Proof. It is due to the fact that the coefficients CT in Theorem 3.6.1 and αT in
the equation (22) differ by a positive constant factor only. �

Proposition 4 in [8] shows a fact similar to Corollary 3.6.3 for the hyperholo-
morphic Hardy space theory.

Corollary. 3.6.4. The space (AρT (Ξ), ‖ · ‖AρT
(Ξ)) is a quaternionic right-Hilbert

space and the evaluation functional is bounded on the space AρT (Ξ).

Hence one can develop now for weighted spaces the rest of the theory we have
constructed for the spaces without weight. We’ll use this freely in what follows.

Corollary. 3.6.5. The mapping J : L(A(Ω)) −→ L(AρT (Ξ)) given by

P 
−→ CT
M ◦WT ◦ P ◦WT−1 ◦

C
−1
T M, ∀P ∈ L(A(Ω)),

is an isomorphism of real algebras.

Notation. 3.6.6. For any Υ ∈ (A(Ω))∗, let g ∈ A(Ω) be the unique element which
corresponds to Υ by the Riesz theorem for quaternionic right-Hilbert space, thus
Υ is denoted by Υg, the same for (AρT (Ξ))∗.

Corollary. 3.6.7. The mapping F : (A(Ω))∗ −→ (AρT (Ξ))∗ defined by

Υg 
−→ ΥCTM◦WT [g]
, ∀Υg ∈ (A(Ω))∗,

is an isometric isomorphism of quaternionic linear spaces. What is more, there
holds:

Υ = F[Υ] ◦ CT
M ◦WT , ∀Υ ∈ (A(Ω))∗,

Υ = F−1[Υ] ◦W
T−1 ◦

C
−1
T M, ∀Υ ∈ (AρT (Ξ))∗.
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Additionally, as a consequence of Corollary 3.6.3 we obtain

Proposition. 3.6.8. The hyperholomorphic Bergman kernel of AρT (Ξ) can be ex-
pressed as BΞ,ρT (x, ξ) = CT (x)BΩ(T (x), T (ξ))CT (ξ).

Proof. Given f ∈ AρT (Ξ) then W
T−1 ◦

C
−1
T M [f ] ∈ A(Ω). Therefore

C−1T (T−1(y))f ◦ T−1(y) =
∫
Ω

BΩ(y, ξ)C−1T (T−1(ξ))f ◦ T−1(ξ)dμξ .

Applying the operator
CT
M ◦WT to the last equality we get

f(x) =
∫
Ξ

CT (x)BΩ(T (x), T (ξ))CT (ξ)f(ξ)ρ(ξ)dμξ .

It suffices now to allude to the uniqueness of the Bergman kernel. �

Corollary. 3.6.9. The hyperholomorphic Bergman projection associated to the do-
main Ξ is

BΞ,ρT =
CT
M ◦WT ◦BΩ ◦W

T−1 ◦
C
−1
T M.

Observation. 3.6.10. In analogy to the papers [5], [8], [12], [13], and others, the

property BΞ,ρT =
CTM ◦WT ◦BΩ ◦W

T−1 ◦
C
−1
T M means the hyperholomorphic

Bergman projection may be called conformally covariant. Similarly, the equal-
ity BΞ,ρT (z, ξ) = CT (z)BΩ(T (z), T (ξ))CT (ξ) means that the hyperholomorphic
Bergman kernel can be called conformally invariant.

3.7. Decomposition of the space L2(Ω,H)
Consider L2(Ω,H) as a right-linear quaternionic Hilbert space, then according to
the general theory of such spaces, A(Ω) has a right-linear orthogonal complement:

L2(Ω,H) = A(Ω)⊕A(Ω)⊥.

Of course, in such a form the statement is trivial but the next proposition gives a
description of this orthogonal complement in terms of the Bergman kernel.

Proposition. 3.7.1. Let Ω be a bounded domain with the smooth boundary. Given
f ∈ L2(Ω,H), it is in A(Ω)⊥ if and only if∫

Ω

f(x)BΩ(x, ζ)dμx = 0, ∀ζ ∈ Ω.

Proof. (=⇒) It is due to BΩ(·, ζ) ∈ A(Ω).

(⇐=) For all g ∈ A(Ω) the inner product 〈f, g〉L2(Ω,H) is equal to∫
Ω

f(x)
∫
Ω

BΩ(x, ζ)g(ζ)dμζdμx =
∫
Ω

(∫
Ω

f(x) BΩ(x, ζ)dμx

)
g(ζ)dμζ = 0. �
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What is more, using the above fact one can prove thatA(Ω)⊥=DMẆ
1

2(Ω,H),
where Ẇ

1

2(Ω,H) represents the set of H-valued functions whose components are
in the Sobolev space Ẇ

1

2(Ω,R), thus obtaining the decomposition L2(Ω,H) =
A(Ω) ⊕ DMT Ẇ

1

2(Ω,H). We do not enter into the details since the decomposition
itself, with a different proof, the reader can find in the book [6] of K. Gürlebeck
and W. Sprössig.

4. The SI- and hyperholomorphic Bergman spaces

4.1. Preliminaries

In order to emphasize the relation between the quaternions whose scalar part is
zero with the vectors, both will be denoted in the same way using arrows over the
letters.

For any pair of quaternions a = a0 +�a, b = b0 +�b ∈ H, we have the following
relations between some quaternionic and vectorial operations:

• (a0 + �a) + (b0 +�b) = (a0 + b0) + (�a+�b),
• (a0 + �a)(b0 +�b) = a0b0 + b0�a+ a0�b−

〈
�a,�b
〉

R3
+
[
�a,�b
]

R3
,

• a0 + �a = a0 − �a,
• |a|2 = |a0|2 + ‖�a‖2

R3 .

Besides, let �x, �y be vectors, their quaternionic product has a direct relation with
the scalar and the cross products:

�x�y = −〈�x, �y〉
R3 + [�x, �y]

R3 ,

which implies immediately:
• 〈�x, �y〉

R3 = − 1
2 (�x�y + �y�x),

• [�x, �y]
R3 = 1

2 (�x�y − �y�x).
Moreover, the norm of a vector is the negative of its square in the sense of quater-
nionic multiplication:

‖�x‖R3 = �̄x�x = −�x�x = −�x2.
All these properties will be widely used in the proofs of this section.

Let Ω ⊂ R3 be a domain. The application of the Moisil-Théodoresco operator
D to any function f = f0 + �f ∈ C1(Ω,H) gives us:

D[f ] = D[f0 + �f ] = grad f0 − div �f + rot �f.

Moreover,

D[f ] = 0 ⇐⇒
{

grad f0 = − rot �f,

div �f = 0,

Dr[f ] = 0 ⇐⇒
{

grad f0 = rot �f,

div �f = 0,
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which implies

R⊕ �M(Ω) = M(Ω) ∩Mr(Ω), (28)

and one notes that any SI-vector field generates a hyperholomorphic function and
a right-hyperholomorphic function.

Observation. 4.1.1. From the equality (28) we obtain that

• If Ω is a bounded domain then

R⊕ �A(Ω) = A(Ω) ∩ Ar(Ω).

• If Ω is unbounded domain then

�A(Ω) = A(Ω) ∩Ar(Ω).

Observation. 4.1.2. Note that the R-linear space �A(Ω) is a closed subset of A(Ω).
Therefore Proposition 3.4.1 implies that given �x ∈ Ω, there exists a unique function
�g�x ∈ �A(Ω) such that

dist(BΩ(·, �x), �A(Ω)) = ‖BΩ(·, �x)− �g�x‖A(Ω).

Proposition. 4.1.3. The function �g�x given in the previous observation is identically
zero.

Proof. Note that

‖BΩ(·, �x)− �g�x‖2A(Ω) ≤ ‖BΩ(·, �x)− �f‖2A(Ω) ∀�f ∈ �A(Ω).

In particular if we choose �f = �0, then there holds:

‖BΩ(·, �x)− �g�x‖2A(Ω) ≤ ‖BΩ(·, �x)‖2A(Ω).

Denoting BΩ = BΩ,0 + �BΩ, we obtain that

‖ �BΩ(·, �x)− �g�x‖2L(Ω,R3) ≤ ‖ �BΩ(·, �x)‖2L2(Ω,R3),

and applying the property∫
Ω

〈
�BΩ(�ζ, �x), �g�x(�ζ)

〉
R3
dμ�ζ = 0,

see Theorem 2.2.1, we arrive at

‖�g�x‖L2(Ω,R3) ≤ 0. �

4.1.3.1 In conclusion, the element of �A(Ω) closest to BΩ(·, �x) is the function �0,
i.e.,

dist(BΩ(·, �x), �A(Ω)) = ‖BΩ(·, �x)‖A(Ω).
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4.2. Proofs of the statements of Section 2

Proof of Theorem 2.2.1. The fields BΩ,0 and �BΩ are, respectively, the scalar part
and the vectorial part of MT-hyperholomorphic Bergman kernel BΩ given in (26).
Their uniqueness as well as their properties are consequences of Theorem 3.5.5.

On the other hand, it is easy to see that L̂2(Ω,R3) is a real-linear space and
using the inequality∣∣∣∣∫

Ω

〈
�BΩ(�x,�v), �f(�v)

〉
R3
dμ�v −

∫
Ω

〈
�BΩ(�x,�v), �g(�v)

〉
R3
dμ�v

∣∣∣∣
≤
(∫

Ω

| �BΩ(�x,�v)|2dμ�v
) 1

2

‖�f − �g‖L2(Ω,R3) ∀�f,�g ∈ L2(Ω,R3),

we obtain that L̂2(Ω,R3) is a complete space.
Besides, due to �M(Ω)∩L2(Ω,H) ⊂ A(Ω) we see that any element �g ∈ �M(Ω)∩

L2(Ω,H) satisfies (26), which implies that∫
Ω

〈
�BΩ(�x,�v), �g(�v)

〉
R3
dμ�v = 0, for a.e. �x ∈ Ω.

Moreover �M(Ω)∩L2(Ω,H) �= L̂2(Ω,R3), since the elements ofA(Ω)⊥ with vectorial
values also belong to L̂2(Ω,R3). �

Proof of Proposition 2.2.4. Let {�fn} ⊂ �A(Ω) be a Cauchy sequence, then there
exists f ∈ A(Ω) such that �fn → f = f0+ �f in the norm ‖ ·‖A(Ω). Proposition 3.5.2
implies that fn → f uniformly on compact subsets of Ω, then for any compact set
C ⊂ Ω there holds:∫

C

|f0|2dμ+
∫
C

|�f − �fn|2dμ =
∫
C

|f − �fn|2dμ→ 0, when n→∞.

Therefore f0 = 0 and f = �f ∈ �A(Ω).
Note that equation (1) is a direct consequence of the equation (26).

Finally, we will prove the equation (5) which is equivalent to (2). Thus for
any �f ∈ L̂2(Ω,R3) there holds∫

Ω

�f(�v)�
(
BΩ,0(�x,�v),− �BΩ(�x,�v)

)
dμ�v =

1
2
(BΩ + BΩ,r)[�f ].

Then
(⇐=) It is due to the fact that �A(Ω) ⊆ A(Ω) ∩ Ar(Ω).

(=⇒) If �f = 1
2 (BΩ + BΩ,r)[�f ], then

BΩ[�f ](�x)− �f(�x) = −
∫
Ω

〈
�B(�x,�v), �f(�v)

〉
R3
dμ�v

and

BΩ,r[�f ]− �f(�x) =
∫
Ω

〈
�B(�x,�v), �f(�v)

〉
R3
dμ�v.
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Therefore ∫
Ω

〈
�B(�x,�v), �f(�v)

〉
R3
dμ�v ∈ AΩ(Ω)⊥ ∩ AΩ,r(Ω)⊥

and

BΩ[�f ](�x)−BΩ,r [�f ](�x) = −2
∫
Ω

〈
�B(�x,�v), �f(�v)

〉
R3
dμ�v.

Thus BΩ[�f ]−Br[�f ] ∈ AΩ(Ω)⊥ ∩ AΩ,r(Ω)⊥ implies:〈
BΩ[�f ]−BΩ,r [�f ],BΩ[�f ]

〉
AΩ(Ω)

= 0,〈
BΩ[�f ]−BΩ,r[�f ],BΩ,r[�f ]

〉
AΩ,r(Ω)

= 0,

and using these equations we have that BΩ[�f ](�x)= �f(�x)=BΩ,r [�f ], i.e., �f ∈ �A(Ω).
�

Proof of Proposition 2.2.5. Let {�fn}n ⊂ �F�u,ı̂ be a sequence such that

lim
n→∞ ‖

�fn‖ �A(Ω) = σ.

As 1
2 (�fk + �fm) ∈ �F�u,ı̂ for all k, m and using the parallelogram inequality one

obtains the following:

‖�fk − �fm‖2�A(Ω) ≤ 2‖�fk‖2�A(Ω) + 2‖�fm‖2�A(Ω) − 4σ2,

which implies that {�fn}n is a Cauchy sequence, hence there exists �f∗ ∈ �A(Ω) such
that {�fn}n → �f∗. As ‖�fn‖ �A(Ω) → ‖�f∗‖ �A(Ω) then ‖�f∗‖ �A(Ω) = σ.

Proposition 3.5.2 implies that fn → f uniformly on compact subsets of Ω
and using the MT-hyperholomorphic Cauchy formula we arrive at the fact that
�f∗(�u) = ı̂, then �f∗ ∈ �F�u,ı̂.

The uniqueness of �f∗ is obtained applying the parallelogram inequality as
above, and the inequality

‖�f∗‖2�A(Ω) >

∫
Ω

|BΩ,0(�v, �u)|2dμ�v + ‖ �BΩ(·, �u)‖L2(Ω,R3)

(BΩ,0(�u, �u))
2 ,

which is a direct consequence of Proposition 3.5.6. �

Proof of Proposition 2.3.1. It is a direct consequence of the properties of the MT-
hyperholomorphic Bergman projection BΩ, see Definition 3.5.11. �

Proof of Proposition 2.4.1. Given any element �f ∈ L̂2(Ω,R3), then what the the-
ory presented in Subsection 3.7 says is that there exist unique functions g ∈ A(Ω)
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and f ∈ D(Ẇ 1
2 (Ω,H)), such that �f = g + h; but the condition∫

Ω

〈
�BΩ(�x,�v), �f(�v)

〉
R3
dμ�v = 0, for a.e. �x ∈ Ω,

implies that g = �g ∈ �A(Ω) and h = ∇�0 +∇× ��, with

(�0, ��) ∈ Ẇ 1
2 (Ω,R)× Ẇ 1

2 (Ω,R3). �

Proof of Proposition 2.6.1. Firstly, note that formulas (8) and (9) are the vectorial
versions of the quaternionic representation of the Möbius transformations in R3

given in (21).

Equations (10) and (12) are obtained from Theorem 3.3.2 as follows: the case
c = 0 implies that

D
�x
[ā(f ◦ T )a] = |a|2ā(D

�y
[f ] ◦ T )a, ∀f ∈ C1(Ω,H),

and applying Notation 3.3.3 we have that

D
�x
[āMa ◦WT [f ]] = |a|2 āMa ◦WT [D

�y
[f ]], ∀f ∈ C1(Ω,H).

Now, using the identity

Pr,�a[�f ◦ T ] = āMa ◦WT [�f ], ∀�f ∈ C1(Ω,R3), (29)

in the previous equation and separating the scalar and vectorial parts we arrive at
the expressions (10) and (12).

Working similarly with the case c �= 0 and with the same theorem we obtain
the equations (11) and (13). �

Proof of Corollary 2.6.2. It is due to the fact that equations (10), (11), (12) and
(13) relate the zeros of the operators div and rot. �

Proof of Corollary 2.6.5. It is a consequence of the steps 1) and 2) of Corollary
2.6.2. �

Proof of Proposition 2.6.6. Using the identity (29) one notes that the proof is a
consequence of Theorem 3.6.2. �

Proof of Corollary 2.6.7. It is a direct consequence of Corollary 3.6.9 and (29).
�

Proof of Corollary 2.6.8. It is a consequence of Corollaries 3.6.5, 3.6.9, and of the
identity (29). �
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Av. Instituto Politécnico Nacional, S/N
U.P. Adolfo López Mateos
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To Nikolai Vasilevski on the occasion of his 60th birthday

Abstract. For generalized potential operators with the kernel a[�(x,y)]

[�(x,y)]N
on

bounded measure metric space (X, μ, �) with doubling measure μ satisfying
the upper growth condition μB(x, r) ≤ CrN , N ∈ (0,∞), we prove weighted
estimates in the case of radial type power weight w = [�(x, x0)]

ν . Under some
natural assumptions on a(r) in terms of almost monotonicity we prove that
such potential operators are bounded from the weighted variable exponent
Lebesgue space Lp(·)(X, w, μ) into a certain weighted Musielak-Orlicz space

LΦ(X, w
1

p(x0) , μ) with the N-function Φ(x, r) defined by the exponent p(x)
and the function a(r).

Mathematics Subject Classification (2000). Primary 43A85, 46E30; Secondary
47B38.

Keywords. Weighted estimates, generalized potential, variable exponent, vari-
able Lebesgue space, metric measure space, space of homogeneous type,
Musielak-Orlicz space, Matuszewska-Orlicz indices.

1. Introduction

The Lebesgue spaces Lp(·) with variable exponent were intensively investigated
during the last years, we refer to the papers [35], [23] for the basic properties of
these spaces. The growing interest to such spaces is caused by applications to var-
ious problems, for instance, in image restoration, fluid dynamics, elasticity theory
and differential equations with non-standard growth conditions (see, e.g., [2], [28],

The first author partially supported by the INTAS grant Ref. Nr 06-1000015-5777. The second
author supported by INTAS grant Ref. Nr 06-1000017-8792.
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[36]). The spaces Lp(·) with variable exponent are special cases of Orlicz-Musielak
spaces, see [24] for these spaces. We refer to [3], where the maximal operator was
studied in the context of Orlicz-Musielak spaces. A significant progress has already
been made been made in the study of classical integral operators in the context of
the Lp(·) spaces, see for instance the surveying papers [4], [18] and[34].

The spaces Lp(·) on measure quasimetric spaces and maximal and potential
operators in such spaces were studied in [1], [6], [15], [16], [14], [17], [21].

We study the generalized Riesz potential operators

Iaf (x) : =
∫
X

K(x, y)f(y)dμ(y), K(x, y) =
a (� (x, y))
[� (x, y)]N

(1.1)

over a bounded measure space X with quasimetric �, where N is the upper
Ahlfors dimension of X . In [13], under some assumptions on the function a(�)
there was proved a Sobolev-type theorem on the boundedness of the operator Ia
from Lp(·)(X) into a certain Orlicz-Musielak space. In this paper we extend this
result to the weighted case. We deal with the case of power weights

w(x) = [�(x, x0)]ν , x0 ∈ X.

Note that the interest to the case of power weights is caused not only by the fact
that such weights are first of all important in various applications, but also because
in the case of variable exponents it is a problem to derive the result for concrete
weights from the existing forms of general conditions on weights. (Recall that even
in the case of constant exponents the belongness of these or other special weights
to the Muckenhoupt type classes was first not checked directly, but obtained from
the necessity of the Muckenhoupt condition.)

An extension to the weighted case proved to be a non-easy task within the
frameworks of variable exponents even for power weights, the difficulties being
caused both by the variability of the exponent and non-homogeneity of the kernel.
This extension is based on the technique of weighted norm estimation of kernels of
truncated potentials given and applied in [29], [32], [31], [33], which is developed
in this paper for non-homogeneous kernels.

The generalized Riesz potential operators Ia attracted attention last years,
we refer in particular to [12], [25], where such potentials were studied in Orlicz
spaces in the case X = Rn and Euclidean metric, and to [26], where homogeneous
spaces with constant dimension were admitted. We refer also to [27] for the study
of the similar generalized potentials in the Euclidean setting in rearrangement
invariant spaces. For “standard” potentials (that is, potentials with the kernel of
the form 1

d(x,y)N−α or d(x,y)α

B(x,d(x,y))) on metric measure spaces, we refer to [5], [7], [8],
[9], [10], [11], [19], [20] and references therein.

The main results are formulated in Section 2 and proved in Section 5. The
main technical tool is provided by Lemma 4.1 in Section 3.



Weighted Estimates of Generalized Potentials 109

2. Formulation of the main result

In the sequel (X, �, μ) always stands for a bounded quasimetric space with qua-
sidistance �(x, y) = �(y, x):

�(x, y) ≤ k[�(x, z) + �(z, y)], k ≥ 1 (2.1)

and Borel regular measure μ. We denote d = diam X . The measure μ is supposed
to satisfy the growth condition

μ (B (x, r)) < KrN . (2.2)

Definition 2.1. A function Φ : X× [0,∞)→ [0,+∞) is said to be an N -function, if
1. for every x ∈ X the function Φ (x, t) is convex, nondecreasing and continuous

in t ∈ [0,∞),
2. Φ (x, 0) = 0, Φ (x, t) > 0 for every t > 0,
3. Φ (x, t) is a μ-measurable function of x for every t ≥ 0.

Definition 2.2. Let Φ be an N -function and w a weight. The weighted Orlicz-
Musielak space LΦ(X,w) is defined as the set of all real-valued μ-measurable
functions f on X such that∫

X

Φ

(
x,
w(x)f(x)

λ

)
dμ(x) <∞

for some λ > 0. We equip it with the norm

‖f‖Φ,w = inf

⎧⎨⎩λ > 0 :
∫
X

Φ

(
x,
w(x)f(x)

λ

)
dμ(x) ≤ 1

⎫⎬⎭ .
In particular, Φ(x, t) = tp(x), where 1 ≤ p(x) <∞, is an N -function and the

corresponding space is the variable exponent Lebesgue space Lp(·)(X,w).
Everywhere in the sequel, when dealing with the space Lp(·)(X,w), we sup-

pose that
1 < p− ≤ p(x) ≤ p+ < +∞, (2.3)

|p(x)− p(y)| ≤ A

ln 1
�(x,y)

, �(x, y) <
1
2

(2.4)

and denote
wν = [�(x, x0)]ν , x0 ∈ X.

The function a : [0, d]→ [0,∞) is assumed to satisfy the assumptions
1) a(r) is continuous, almost increasing, positive for r > 0 and a(0) = 0,

2)
d∫
0

a(r)
r dr <∞.

We denote

A(r) =

r∫
0

a(t)
t
dt.
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In the following theorem we make use of the notion of the lower dimension
of X defined by

dim(X) = sup
t>1

ln
(

lim inf
r→0

inf
x∈X

μB(x,rt)
μB(x,r)

)
ln t

.

as introduced in [30]. It is clear that dim(X) = N in the cases whereX has constant
dimension N , that is, c1rN ≤ μB(x, r) ≤ c2rN . In general, if X has the property
that

0 < dim(X) <∞,
then X satisfies the growth condition with every

0 < N < dim(X). (2.5)

This follows from the inequality

μB(x, r) ≤ Crdim(X)−ε, (2.6)

where ε > 0 is arbitrarily small and C = C(ε) > 0 does not depend on x, which is
easily derived from the results in [30], Subsection 2.1.

Theorem 2.3. Let (X, �, μ) be quasimetric space with doubling measure and positive
finite lower dimension dim(X), and let p fulfill assumptions (2.3)–(2.4) and

0 ≤ ν < dim(X)
p′(x0)

.

Suppose that there exists a β ∈
(

0,
dim(X)
p+

)
such that

a(r)
rβ

is almost decreasing. (2.7)

Then the operator Ia is bounded from the space Lp(·) (X,wν) into the weighted
Orlicz-Musielak space LΦ(X,wν1 ), where ν1 = ν

p(x0)
and the N -function Φ is de-

fined by its inverse (for every fixed x ∈ X)

Φ−1 (x, r) =

r∫
0

A
(
t−

1
N

)
t
− 1

p′(x) dt. (2.8)

The proof of Theorem 2.3 will be based on Lemma 4.1 and the following
statement proved in [21], [22].

Theorem 2.4. Let X be a bounded doubling measure quasimetric space and p(x)
satisfy assumptions (2.3)–(2.4). The maximal operator

Mf(x) = sup
r>0

1
B(x, r)

∫
B(x,r)

|f(y)|dμ(y)

is bounded in Lp(·) (X,wν), if −dim(X)
p(x0)

< ν < dim(X)
p′(x0)

.
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We will also use the following lemma proved in [13] (see Lemma 4.9 in [13]).

Lemma 2.5. Let p(x) satisfy condition (2.3) and a(r) be a non-negative almost
increasing continuous on [0, d], 0 < d < ∞ function such that the function a(t)

t
N

p+
−ε

is almost decreasing for some ε > 0. Then there exist constants C1 > 0, C2 > 0
not depending on x and r such that

C1
A(r)

r
N

p(x)
≤ Φ−1

(
x,

1
rN

)
≤ C2

A(r)

r
N

p(x)
. (2.9)

3. Auxiliary estimates

To prove our weighted generalized Sobolev-type theorem for the potential Ia via
Hedberg approach, we need to estimate the integral

J (x, r) :=
∫

X\B(x,r)

(
a (� (x, y))

� (x, y)N

)p(x)

�(y, x0)bdμ (y) , x0 ∈ X.

Lemma 3.1. Let X satisfy the growth condition (2.2), let the function a(r) be non-
negative and almost decreasing on [0, d] and γ(x) be an arbitrary bounded function
on Ω. Then the estimate∫
X\B(x,r)

(
a [�(x, y)]
�(x, y)γ(x)

)p(x)

dμ(y) ≤ C
d∫

r

tN−1
[
a(t)
tγ(x)

]p(x)
dt, 0 < r <

d

2
, (3.1)

holds, where C > 0 does not depend on x and r.

Lemma 3.1 was proved in [13] in the case γ(x) = N , the proof based on the
binary decomposition is the same for an arbitrary bounded γ(x) in view of the
monotonicity of the power function tγ(x).

Lemma 3.2. Let X satisfy the growth condition (2.2), Suppose that the function

a(r) : (0, d) → (0,+∞) is almost increasing and the function
a(r)
rN

is almost

decreasing. Then for 0 < r < d
2 the estimate

J (x, r) ≤ CG(x, r) := C

⎧⎪⎪⎨⎪⎪⎩
d∫
r

tN−1
[
a(t)
tN

]p(x)
tb dt, if �(x0, x) ≤ r

�(x0, x)b
d∫
r

tN−1
[
a(t)
tN

]p(x)
dt, if �(x0, x) > r

(3.2)
holds, where p : X → (1,+∞), 1 ≤ p(x) < p+ < +∞, b > −N and C > 0 does
not depend on x and r.
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Proof. Consider separately the cases �(x0, x) ≤ r
2k , r

2k ≤ �(x0, x) ≤ 2kr, �(x0, x) ≥
2kr, where k is the constant from the triangle inequality (2.1).
The case �(x0, x) ≤ r

2k
.

We have
�(x0, y)
�(x, y)

≤ k (�(x, y) + �(x0, x))
�(x, y)

≤ k

(
1 +

�(x0, x)
r

)
≤ 2k and

�(x0, y)
�(x, y)

≥ 1
k
− �(x0, x)

r
≥ 1

2k
. Hence

1
2k
≤ �(x0, y)
�(x, y)

≤ 2k. Consequently,

J (x, r) ≤ C
∫

X\B(x,r)

(
a (� (x, y))

� (x, y)N−
b

p(x)

)p(x)

dμ (y) .

Then by Lemma 3.1

J (x, r) ≤ C
d∫

r

tN−1
[
a(t)
tN

]p(x)
tb dt.

Therefore
J (x, r) ≤ CG(x, r), �(x0, x) ≤

r

2k
(3.3)

The case r
2k

≤ �(x0, x) ≤ 2kr.
We split the integration in J (x, r) as follows

J (x, r) :=
∫

r<�(x,y)<2k�(x0,x)

(
a (� (x, y))

� (x, y)N

)p(x)

�(x0, y)bdμ (y)

+
∫

�(x,y)>2k�(x0,x)

(
a (� (x, y))

� (x, y)N

)p(x)

�(x0, y)bdμ (y) := J1 + J2.

Since a(r)
rN is almost decreasing, we obtain

J1 ≤ C
(
a (r)
rN

)p(x) ∫
r<�(x,y)<2k�(x0,x)

�(x0, y)bdμ (y)

When �(x, y) > r and �(x0, x) < 2kr, then �(x0, y) ≤ k (�(x, y) + �(x0, x)) ≤
k (�(x, y) + 2kr) ≤ 3k2�(x, y). Consequently,

≤ C
(
a (r)
rN

)p(x) ∫
�(x,y)<2k�(x0,x)

�(x0,y)≤3k2�(x,y)

�(x0, y)bdμ (y)

≤ C
(
a (r)
rN

)p(x) ∫
�(x0,y)≤6k3�(x0,x)

�(x0, y)bdμ (y)
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We make use of the known estimate∫
�(x,y)≤R

�(x, y)bdμ(y) ≤ CRb+N , b > −N (3.4)

valid for quasimetric spaces with the growth condition (2.2), see for instance [8],
Lemma 1 (actually C = K2N

2N+b−1 in (3.4), where K is the constant from (2.2)),
which yields

J1 ≤ C
(
a (r)
rN

)p(x)

�(x0, x)b+N .

It is easily seen that then

J1 ≤ Ca (r)p(x) �(x0, x)b+N

d∫
r

t−Np(x)−1dt ≤ C
d∫

r

tN−1
[
a(t)
tN

]p(x)
tb dt,

so that
J1 ≤ CG(x, r).

The estimate for J2=J (x,2k�(x0,x)) is contained in (3.3) with r=2k�(x0,x).
Hence

J (x, r) ≤ CG(x, r), r

2k
≤ �(x0, x) ≤ 2kr (3.5)

The case �(x0, x) ≥ 2kr.
We have

J (x, r) =
∫

r<�(x,y)<
	(x0,x)

2k

(
a (� (x, y))

� (x, y)N

)p(x)

�(x0, y)bdμ (y)

+
∫

�(x,y)>
	(x0,x)

2k

(
a (� (x, y))

� (x, y)N

)p(x)

�(x0, y)bdμ (y) = J3 + J4.

For the term J3 we have �(x0, y) ≥
1
k
�(x0, x) − �(x, y) ≥

1
k
�(x0, x) −

1
2k
�(x0, x) =

1
2k
�(x0, x) and �(x0, y) ≤ k(�(x0, x) + �(x, y)) < 2k�(x0, x). Then

J3 ≤ C�(x0, x)b
∫

r<�(x,y)< 1
2k �(x0,x)

(
a (� (x, y))

� (x, y)N

)p(x)

dμ (y) .

By Lemma 3.1 we then obtain

J3 ≤ C�(x0, x)b
d∫

r

tN−1
[
a(t)
tN

]p(x)
dt = CG(x, r).
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The term J4, coincides with J
(
x, �(x0,x)

2k

)
and its estimate is contained in

the preceding case r
2k ≤ �(x0, x) ≤ 2kr. Therefore,

J (x, r) ≤ CG(x, r), �(x0, x) ≥ 2kr. (3.6)

Gathering estimates (3.3), (3.5), (3.6), we arrive at (3.2). �

4. Main lemma

We need to estimate the norm

ηp,γ(x, r) =
∥∥∥∥a (�(x, y))
�(x, y)N

∥∥∥∥
Lp(·)

(
X\B(x,r),w

γ−N
p(x0)

) , (4.1)

where w
γ−N
p(x0) (y) = �(x0, y)

γ−N
p(x0) and γ > 0.

Lemma 4.1. Let (X, �, μ) be a bounded quasimetric space with Borel regular mea-
sure μ: satisfying the growth condition (2.2), d = diam X and let p satisfy as-
sumptions (2.3)–(2.4). Suppose that the function a(r) : (0, d)→ (1,+∞) is almost

increasing, there exists 0 < β < min
(

N

(p−)′
, N − γ

p−

)
such that

a(r)
rβ

is almost decreasing. (4.2)

Then

ηp,γ(x, r) ≤ C a(r)

r
N

p′(x)

[max (r, �(x0, x))]
γ−N
p(x) for 0 < r <

d

2
. (4.3)

Proof. By definition of the norm∫
y∈X

�(x,y)>r

(
a(�(x, y))
�(x, y)Nηp,γ

)p(y)

�(x0, y)γ−Ndμ(y) = 1. (4.4)

1st step. Values ηp,γ ≥ 1 are only of interest. This follows from the fact that the
right-hand side of (4.3) is bounded from below.

a(r)

r
N

p′(x)

[max (r, �(x0, x))]
γ−N
p(x) ≥ a(r)

r
N

p′(x)

min
(
r

γ−N
p(x) , d

γ−N
p(x)

)
= min

(
a(r)

rN−
γ

p(x)
, d

γ−N
p(x)

a(r)

r
N

p′(x)

)
≥ C a(r)

rβ
≥ C > 0,

the last inequality following from the fact that a(r)
rβ is almost decreasing on [0, d].

2nd step. Small values of r, say 0 < r < 1
2 , are only of interest. To show that

this assumption is possible, we have to check that the right-hand side of (4.3) is
bounded from below and ηp,γ(x, r) is bounded from above when r ≥ 1

2 .
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Let r ≥ 1
2 . From the fact that ηp,γ ≥ 1 it follows that∫

y∈X:
�(x,y)>1

(
a(�(x, y))
�(x, y)N

)p(y) 1
ηp,γ

�(x0, y)γ−Ndμ(y) ≥ 1.

Hence

ηp,γ ≤
∫

y∈X:
�(x,y)>1

(
a(�(x, y))
�(x, y)N

)p(y)

�(x0, y)γ−Ndμ(y) < C.

3rd step. Rough estimate. First we derive a weaker estimate

ηp,γ(x, r) ≤ Cr−Na(r) (4.5)

which will be used later to obtain the final estimate (4.3). From (4.4) we have

1 ≤
∫

y∈X
�(x,y)>r

[(
a(�(x, y))
�(x, y)Nηp,γ

)p−

+
(
a(�(x, y))
�(x, y)Nηp,γ

)p+]
�(x0, y)γ−Ndμ(y)

Since �(x, y) > r, we obtain

1 ≤ C
[(

a(r)
rNηp,γ

)p−

+
(
a(r)
rNηp,γ

)p+]∫
X

�(x0, y)γ−Ndμ(y)

≤ C
[(

a(r)
rNηp,γ

)p−

+
(
a(r)
rNηp,γ

)p+]
,

where the convergence of the integral
∫
X

�(x0, y)γ−Ndμ(y) with γ > 0 (see (3.4))

was taken into account.

If
a(r)
rNηp,γ

≥ 1, there is nothing to prove. When
a(r)
rNηp,γ

< 1, we obtain

1 ≤ 2C
(
a(r)
rNηp,γ

)p−

, which proves the estimate.

4th step. We split integration in (4.4) as follows

1 =
3∑

i=1

∫
Xi(x)

(
a(�(x, y))
�(x, y)Nηp,γ

)p(y)

�(x0, y)γ−Ndμ(y) := I1 + I2 + I3,

where

X1(x) =
{
y ∈ X : r < �(x, y) <

1
2
, K(x, y) > ηp,γ

}
,

X2(x) =
{
y ∈ X : r < �(x, y) <

1
2
, K(x, y) < ηp,γ

}
,

X3(x) =
{
y ∈ X : �(x, y) >

1
2

}
.
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5th step. Estimation of I1. We have

I1 =
∫

X1(x)

(
a(�(x, y))
�(x, y)Nηp,γ

)p(x)

�(x0, y)γ−Nur(x, y)dμ(y),

where

ur(x, y) =
(
a(�(x, y))
�(x, y)Nηp,γ

)p(y)−p(x)

.

We show that the function ur(x, y) is bounded from below and above uniformly
in x, y and r. To this end, we make use of (2.4) and following estimations in [33],
p. 432, and obtain

|lnur(x, y)| ≤ C
ln

a(�(x, y))
�(x, y)Nηp,γ

ln
1

� (x, y)

= C

ln
a(�(x, y))
�(x, y)N

− ln ηp,γ

ln
1

� (x, y)

,

where we took into account that
a(�)
�Nηp,γ

≥ 1. Therefore,

|lnur(x, y)| ≤ C
ln
a(�(x, y))
�(x, y)N

ln
1

� (x, y)

≤ C
| ln a(�(x, y)| +N ln

1
�(x, y)

ln
1

� (x, y)

≤ C.

Then

I1 ≤
C

η
p(x)
p,γ

∫
X1(x)

(
a(�(x, y))
�(x, y)N

)p(x)

�(x0, y)γ−Ndμ(y).

By Lemma 3.2 we get
I1 ≤ CF(x, r, p(x)), (4.6)

where

F(x, r, q) =

⎧⎪⎪⎨⎪⎪⎩
d∫
r

tγ−1
[

a(t)
ηp,γtN

]q
dt, if �(x0, x) ≤ r

�(x0, x)γ−N
d∫
r

tN−1
[

a(t)
ηp,γtN

]q
dt, if �(x0, x) > r

6th step. Estimation of I2. For I2 we obtain

I2 ≤
∫

r<�<1

(
a(�(x, y))
�(x, y)Nηp,γ

)p−

�(x0, y)γ−Ndμ(y)

≤ 1
η
p−
p,γ

∫
r<�<1

(
a(�(x, y))
�(x, y)N

)p−

�(x0, y)γ−Ndμ(y)
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and the application of Lemma 3.2 gives

I2 ≤ CF(x, r, p−). (4.7)

7th step. Estimation of I3. For I3 we have

I3 ≤
C

η
p−
p,γ

∫
�> 1

2

⎛⎜⎜⎝
a(�(x,y))
sup

t∈(0,d)
a(t)

(2�(x, y))N

⎞⎟⎟⎠
p(y)

�(x0, y)γ−Ndμ(y)

≤ C

η
p−
p,γ

∫
�> 1

2

⎛⎜⎜⎝
a(�(x,y))
sup

t∈(0,d)
a(t)

(2�(x, y))N

⎞⎟⎟⎠
p−

dμ(y)
�(x0, y)N−γ

≤ C

η
p−
p,γ

∫
�> 1

2

(
a(�(x, y))
�(x, y)N

)p− dμ(y)
�(x0, y)N−γ

,

where the last integral is convergent and uniformly bounded with respect to x by
Lemma 3.2. Hence

I3 ≤
C

η
p−
p,γ
. (4.8)

8th step. By (4.6), (4.7), (4.8) we have

1 ≤ C
[
F(x, r, p(x)) + F(x, r, p−) +

1
η
p−
p,γ

]
.

We may consider ηp,γ(x, r) only for those x, r for which ηp,γ(x, r) is sufficiently

large: ηp,γ(x, r) ≥ (2C)
1

p− , where C is the constant from the last inequality. For
such x, r we have C

ηp,γ
≤ 1

2 and we then obtain

1
2
≤ C [F(x, r, p(x)) + F(x, r, p−)] . (4.9)

Taking into account that
Ca(t)
tNηp,γ

≥ 1 by (4.5), we have

F(x, r, p−) ≤ CF(x, r, p(x))

Then (4.9) yields the inequality 1 ≤ CF(x, r, p(x)), that is,

ηp(x)p,γ ≤ C

⎧⎪⎪⎨⎪⎪⎩
d∫
r

tγ−1
[
a(t)
tN

]p(x)
dt, if �(x0, x) ≤ r

�(x0, x)γ−N
d∫
r

tN−1
[
a(t)
tN

]p(x)
dt, if �(x0, x) > r

(4.10)
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9th step. Final estimate of ηp,γ . Write (4.10) in the next form

ηp(x)p,γ ≤ C

⎧⎪⎪⎨⎪⎪⎩
d∫
r

tβp(x)−Np(x)+γ−1
[
a(t)
tβ

]p(x)
dt, if �(x0, x) ≤ r

�(x0, x)γ−N
d∫
r

tβp(x)−Np(x)+N−1
[
a(t)
tβ

]p(x)
dt, if �(x0, x) > r

.

By (4.2) we have

ηp(x)p,γ ≤ C
[
a(r)
rβ

]p(x)⎧⎪⎪⎨⎪⎪⎩
d∫
r

tβp(x)−Np(x)+γ−1 dt, if �(x0, x) ≤ r

�(x0, x)γ−N
d∫
r

tβp(x)−Np(x)+N−1 dt, if �(x0, x) > r
.

Since 0 < β < min
(

N

(p−)′
, N − γ

p−

)
we have βp(x) − Np(x) +m < 0, where m

can take two values: N or γ. Then

d∫
r

tβp(x)−Np(x)+m−1dt ≤ Crβp(x)−Np(x)+m.

Therefore

ηp(x)p,γ ≤ C
[
a(r)
rN

]p(x){
rγ , if �(x0, x) ≤ r
�(x0, x)γ−NrN , if �(x0, x) > r

= C

[
a(r)

r
N

p′(x)

]p(x)
[max(�(x0, x), r)]

γ−N ,

which proves (4.3). �

5. Proof of the main result

Proof. As usual, we may suppose that f(x) ≥ 0 and ‖f‖Lp(·)(X,wν) ≤ 1 and show
that ∫

X

Φ [x,w(x)Iaf(x)] dμ(x) ≤ C <∞. (5.1)

In accordance with Hedberg’s trick, we split Iaf(x) as follows

Iaf(x) =
∫

B(x,r)

a[�(x, y)]
�(x, y)N

f(y)dμ(y) +
∫

X\B(x,r)

a (� (x, y))

� (x, y)N
f(y)dμ (y)

= Ar(x) + Br(x).
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The estimation of the first term via the maximal function well known in the case
a(r) = rα, now holds in the form

Ar(x) ≤ CA(r)Mf(x), A(r) =

r∫
0

a(t)
t
dt, (5.2)

see [13], Subsection 4.4.
For Br(x), by the Hölder inequality∣∣∣∣∣∣

∫
X

f(x)g(x)dμ(x)

∣∣∣∣∣∣ ≤ k‖f‖Lp(·)(X,�)‖g‖Lp′(·)(X,�−1)

for variable exponents, we obtain

Br(x) ≤ C ‖f‖Lp(·)(X\B(x,r),wν)

∥∥∥∥∥a (� (x, y))

� (x, y)N

∥∥∥∥∥
Lp′(·)(X\B(x,r),w−ν)

,

where we denote w = �(·, x0) for brevity. Under notation (4.1) we obtain

Br(x) ≤ Cηp′,γ(x, r) with γ = N − νp′x0),

with N from the growth condition (one may take N < dim(X) arbitrarily close to
dim(X) according to (2.5)–(2.6)).

We apply Lemma 4.1 and obtain

ηp′,γ(x, r) ≤ C a(r)
r

N
p(x)

[max(r, �(x0, x))]−ν

≤ C a(r)
r

N
p(x)

�(x0, x)−ν ∼ C a(r)
r

N
p(x)

�(x0, x)−ν

Therefore

Br(x) ≤ C
a(r)

r
N

p(x)
�(x0, x)−ν

and

Iaf(x) ≤ C
[
A(r)Mf(x) +

a(r)

r
N

p(x)
�(x0, x)−ν

]
≤ CA(r)

[
Mf(x) +

1

r
N

p(x)
�(x0, x)−ν

]
,

where we used the fact that a(r ≤ CA(r)) which follows from (4.2). Consequently,
by Lemma 2.5 we get

Iaf(x) ≤ CΦ−1
(
x,

1
rN

)[
r

N
p(x)Mf(x) + �(x, x0)−ν

]
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Now we choose r =
1

�(x0, x)
νp(x)

N Mf(x)
p(x)

N

and get

1
C

[�(x, x0)]νIaf(x) ≤ Φ−1
(
x, [�(x, x0)]νp(x)Mf(x)p(x)

)
.

Hence∫
X

Φ
(
x,

1
C

[�(x, x0)]νIaf(x)
)
dμ(x) ≤

∫
X

[�(x, x0)]νp(x)Mf(x)p(x)dμ(x).

Then the application of Theorem 2.4 completes the proof of (5.1), if we take into
account property (2.5). �
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Abstract. We establish Fredholm criteria for Wiener-Hopf operators W (a)
with oscillating symbols a, continuous on R and admitting mixed (slowly oscil-
lating and semi-almost periodic) discontinuities at ±∞, on weighted Lebesgue
spaces Lp

N (R+, w) where 1 < p < ∞, N ∈ N, and w belongs to a subclass of
Muckenhoupt weights. For N > 1 these criteria are conditional.
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1. Introduction

Let B(X) be the Banach algebra of all bounded linear operators on a Banach
space X , and K(X) the closed two-sided ideal of all compact operators in B(X).
An operator A ∈ B(X) is called Fredholm if ImA is closed in X and the numbers
n(A) := dim KerA and d(A) := dim(X/ImA) are finite (see, e.g., [7]). In that case

IndA := n(A)− d(A).

Given 1 ≤ p ≤ ∞, let Lp(R) be the usual Lebesgue space with norm denoted
by ‖ · ‖p. A measurable function w : R → [0,∞] is called a weight if w−1({0,∞})
has Lebesgue measure zero. For 1 ≤ p <∞ and a weight w, we denote by Lp(R, w)

Work was supported by the SEP-CONACYT Projects No. 25564 and 47220 (México). The second
author was also sponsored by the CONACYT scholarship No. 163480.
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the weighted Lebesgue space with the norm

‖f‖p,w :=
(∫

R

|f(x)|pwp(x)dx
)1/p

.

Given N ∈ N, let Lp
N(R, w) be the Banach space of vector functions f = (fk)Nk=1

with entries fk ∈ Lp(R, w) and the norm ‖f‖Lp
N(R,w) =

(∑N
k=1 ‖fk‖pp,w

)1/p. If A
is a subalgebra of L∞(R), then AN×N or [A]N×N denote the matrix functions
a : R→ CN×N whose entries belong to A.

In what follows we assume that 1 < p < ∞ and w is a Muckenhoupt weight
(that is, w ∈ Ap(R)), which means that the Cauchy singular integral operator SR

given by

(SRf)(x) = lim
ε→0

1
πi

∫
R\(x−ε,x+ε)

f(t)
t− x dt, x ∈ R, (1.1)

is bounded on the space Lp(R, w) or, equivalently (see [18] and also [13]),

sup
I

(
1
|I|

∫
I

wp(x) dx
)1/p( 1

|I|

∫
I

w−q(x) dx
)1/q

<∞,

where 1/p + 1/q = 1, I ranges over all bounded intervals I ⊂ R, and |I| is the
length of I.

Let F : L2(R)→ L2(R) denote the Fourier transform,

(Ff)(x) :=
∫

R

f(t)eitxdt, x ∈ R.

A function a ∈ L∞(R) is called a Fourier multiplier on Lp(R, w) if the convolution
operator W 0(a) := F−1aF maps L2(R) ∩ Lp(R, w) into itself and extends to
a bounded linear operator on Lp(R, w) (notice that L2(R) ∩ Lp(R, w) is dense in
Lp(R, w) if w ∈ Ap(R)). Let [Mp,w]N×N stand for the Banach algebra of all Fourier
multipliers a on Lp

N (R, w) equipped with the norm

‖a‖[Mp,w]N×N
:=
∥∥W 0(a)

∥∥
B(Lp

N (R,w))
.

Let χ+ be the characteristic function of R+ = (0,∞). By Lp(R+, w) we
understand the space Lp(R+, w|R+). For a ∈ Mp,w, the Wiener-Hopf operator
W (a) is defined on the space Lp(R+, w) by

W (a)f = χ+W
0(a)χ+f, for f ∈ Lp(R+, w).

Let Ṙ = R ∪ {∞}, R = [−∞,+∞], and let PC be the C∗-algebra of all
functions on R having finite one-sided limits at every point t ∈ Ṙ. By Stechkin’s
inequality (see, e.g., [6, Theorem 17.1]), if a ∈ PC has finite total variation V1(a),
then a ∈Mp,w and

‖a‖Mp,w ≤ ‖SR‖B(Lp(R,w))

(
‖a‖∞ + V1(a)

)
, (1.2)

where SR is given by (1.1). We denote by Cp,w(Ṙ) (resp. Cp,w(R)) the closure
in Mp,w of the set of all functions a ∈ C(Ṙ) (resp. a ∈ C(R)) with finite total
variation. Obviously, Cp,w(Ṙ) ⊂ C(Ṙ), Cp,w(R) ⊂ C(R).
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To study Wiener-Hopf operators with semi-almost periodic (SAP ) symbols
we need the set A0

p(R) consisting of all weights w ∈ Ap(R) for which the functions
eλ : x 
→ eiλx belong to Mp,w for all λ ∈ R. Let w ∈ A0

p(R). Then the set AP 0

of all almost periodic polynomials
∑

λ∈Λ0
cλeλ, where cλ ∈ C and Λ0 is a finite

subset of R, is contained in Mp,w. We define APp,w as the closure of AP 0 in Mp,w.
Clearly, APp,w is a Banach subalgebra of Mp,w. Let SAPp,w denote the smallest
closed subalgebra of Mp,w that contains Cp,w(R) and APp,w . It is clear that

APp,w ⊂ AP := AP2,1 ⊂ L∞(R), SAPp,w ⊂ SAP := SAP2,1 ⊂ L∞(R).

Let Cb(R) be the C∗-algebra of all bounded continuous functions a : R→ C.
Following [25] we denote by SO the C∗-algebra of slowly oscillating at∞ functions,

SO :=
{
f ∈ Cb(R) : lim

x→+∞ sup
t,s∈[−2x,−x]∪[x,2x]

|f(t)− f(s)| = 0
}
. (1.3)

Consider the commutative Banach algebra

SO3 :=
{
a ∈ SO ∩ C3(R) : lim

|x|→∞
(Dγa)(x) = 0, γ = 1, 2, 3

}
(1.4)

equipped with the norm ‖a‖SO3 := max
γ=0,1,2,3

‖Dγa‖L∞(R) where (Da)(x) = xa′(x)

for x ∈ R. By [21, Corollary 2.10], SO3 ⊂Mp,w. For 1 < p <∞ and w ∈ Ap(R), let
SOp,w denote the closure of SO3 inMp,w. Clearly, SOp,w is a commutative Banach
subalgebra of Mp,w. Since Mp,w ⊂M2 = L∞(R), we conclude that SOp,w ⊂ SO.

Let [A,B] denote the smallest Banach algebra that contains Banach algebras
A and B. Then [SOp,w, SAPp,w] is the Banach subalgebra of Mp,w generated by
all functions in SOp,w and SAPp,w. If w = 1, we write SOp, SAPp, and so on.

Fredholm theories for Wiener-Hopf operatorsW (a) with symbols a ∈ PCp on
Lebesgue spaces Lp(R+) and for the Banach subalgebras of B(Lp(R)) generated by
the multiplication operators aI (a ∈ PC) and by the convolution operatorsW 0(b)
(b ∈ PCp) were constructed by R.V. Duduchava (see [10] and [11]). Fredholmness
and index formulas for such operators on weighted Lebesgue spaces and algebras
generated by these operators were studied in [29] and [27] in the case of power
weights, and in [8] and [9] for general Muckenhoupt weights.

Fredholmness for Banach algebras generated by all operators aI and W 0(b)
with a ∈ [SO, PC]N×N and b ∈ [SOp, PCp]N×N on unweighted Lebesgue spaces
Lp
N(R) was studied in [1], [2]. Wiener-Hopf operators with slowly oscillating matrix

symbols on weighted Lebesgue spaces were investigated in [21].
Wiener-Hopf operators with semi-almost periodic symbols on the spaces

Lp(R+) (1 < p < ∞) were studied by R.V. Duduchava and A.I. Saginashvili [12]
(for preceding results on integro-difference operators see [15], [16]). The Fredholm
theory for Wiener-Hopf operators with semi-almost periodic matrix symbols on
the spaces Lp

N(R+) (1 < p < ∞, N > 1) based on the concept of almost periodic
(AP ) factorization was constructed by I.M. Spitkovsky and the first author (see
[6] and the references therein). Wiener-Hopf operators with semi-almost periodic
matrix symbols on weighted Lebesgue spaces were studied in [20].
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A Fredholm theory for Toeplitz operators with oscillating matrix symbols
a ∈ [SO, SAP ]N×N on Hardy spaces Hp

N was constructed in [3].
In the present paper we establish Fredholm criteria for Wiener-Hopf operators

W (a) with oscillating symbols a ∈ [SOp,w, SAPp,w] on weighted Lebesgue spaces
Lp(R+, w) with Muckenhoupt weights w ∈ A0

p(R) and, under additional condi-
tions, with matrix symbols a ∈ [SOp,w, SAPp,w]N×N on the spaces Lp

N (R+, w)
with N > 1. To study mentioned Wiener-Hopf operators we apply the Allan-
Douglas local principle (see, e.g., [7]), the notion of almost periodic factorization
[6], and techniques of limit operators (see, e.g., [5], [3], [26]).

The paper is organized as follows. In Section 2 we collect results on algebras
of slowly oscillating and semi-almost periodic functions, their maximal ideal spaces
and associated limit operators, and also present invertibility criteria for Wiener-
Hopf operators with almost periodic symbols.

Section 3 deals with geometric means of matrix functions a ∈ [APp]N×N

being symbols of Wiener-Hopf operators invertible on the space Lp
N (R+).

In Section 4, applying techniques of limit operators, we obtain necessary Fred-
holm conditions for Wiener-Hopf operators W (a) with oscillating matrix symbols
a ∈ [SOp,w, SAPp,w]N×N on the space Lp

N (R+, w) in terms of invertibility of some
Wiener-Hopf operators with symbols in the Banach algebra [APp,w]N×N .

In Section 5 we prove that all the regularizers of Wiener-Hopf operators with
symbols in SAPp,w belong to the Banach algebra algW (SAPp,w) generated by all
operators W (a) with symbols a ∈ SAPp,w.

In Section 6 we study the invertibility in quotient algebras associated with
the points of the maximal ideal space M(SO) of SO. Then, applying the Allan-
Douglas local principle and the results of previous sections, we obtain a Fredholm
criterion for Wiener-Hopf operators W (a) with symbols a ∈ [SOp,w, SAPp,w] on
weighted Lebesgue spaces Lp(R+, w) with 1 < p <∞ and w ∈ A0

p(R).
In Section 7 we establish a conditional Fredholm criterion for Wiener-Hopf

operators W (a) with oscillating matrix symbols a ∈ [SOp,w, SAPp,w]N×N on the
space Lp

N(R+, w), and a Fredholm criterion for such operators on the spaceLp
N (R+)

provided that their symbols belong to a Wiener subclass of [SOp, SAPp]N×N .

2. Auxiliary results

2.1. Slowly oscillating Fourier multipliers on Lp(R, w)
Consider the commutative C∗-algebra SO of slowly oscillating functions defined by
(1.3). Clearly, SO is a subalgebra of L∞(R) which contains all functions in C(Ṙ).
Identifying the points t ∈ Ṙ with the evaluation functionals δt on Ṙ, δt(f) = f(t),
we see that the maximal ideal space M(SO) of SO is of the form

M(SO) = R ∪M∞(SO), where M∞(SO) :=
{
ξ ∈ M(SO) : ξ|C(Ṙ) = δ∞

}
is the fiber ofM(SO) over ∞. By [3, Proposition 5],M∞(SO) = (closSO∗ R) \R
where closSO∗ R is the weak-star closure of R in SO∗, the dual space of SO. Thus,
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any functional ξ ∈ M∞(SO) is the limit of a net tα ∈ R that does not converge
to functionals t ∈ R, that is, f(ξ) := ξ(f) = lim

α
f(tα) for every f ∈ SO.

Proposition 2.1. [3, Proposition 6] Let {ak}∞k=1 be a countable subset of SO. If
ξ ∈ M∞(SO), then there exists a sequence g = {gn} ⊂ R such that gn →∞ and

ξ(ak) = lim
n→∞ ak(gn), k ∈ N. (2.1)

Conversely, if gn ∈ R, gn → ∞, and the limits lim
n→∞ ak(gn) exist for all k, then

there is a ξ ∈ M∞(SO) such that (2.1) holds.

Given 1 < p <∞ and w ∈ Ap(R), we consider the Banach subalgebra SOp,w

of Mp,w being the closure in Mp,w of the Banach algebra SO3 defined by (1.4).

Lemma 2.2. [21, Lemma 3.4] If 1 < p < ∞ and w ∈ Ap(R), then the maximal
ideal spaces of SOp,w and SO coincide as sets, that is, M(SOp,w) =M(SO).

Lemma 2.2 and the Gelfand theory immediately give the following assertion.

Corollary 2.3. If 1 < p < ∞ and w ∈ Ap(R), then the Banach algebra SOp,w is
inverse closed in the C∗-algebras SO and L∞(R).

2.2. Limit operators and the fiber M∞([SO, SAP ])
Let 1 < p <∞. Given λ ∈ R, we introduce the shift operator Uλ on Lp(R) by

(Uλf)(x) = f(x− λ), for x ∈ R.

Clearly, the operators Uλ are invertible, U−1λ = U−λ, (Uλ)∗ = U−1λ , and ‖Uλ‖ = 1.
Let A ∈ B(Lp(R)). The operator Ah ∈ B(Lp(R)) is called the limit operator of

A with respect to operators Uλ and a sequence h = {hm} of real numbers tending
to infinity (respectively, to +∞ or to −∞) if (cf. [3]) there exist the strong limits

Ah = s-lim
m→∞

(
U−hm AUhm

)
and Bh = s-lim

m→∞
(
U−hm AUhm

)∗
in B(Lp(R)) and B(Lq(R)), respectively, where 1/p+ 1/q = 1. Then Bh = (Ah)∗.

Let BUC be the C∗-algebra of all bounded uniformly continuous functions
a : R→ C. By [3, Proposition 3], for every function a ∈ BUC and every sequence
h tending to ∞ (respectively, to +∞, −∞) there exists a subsequence g of h
such that the limit operator (aI)g ∈ B(Lp(R)) exists and (aI)g = agI where
ag ∈ BUC. Since [SO, SAP ] ⊂ BUC, the limit operators for the operator aI
with a ∈ [SO, SAP ] always exist for a subsequence g ⊂ h. By [3, Proposition 4],
ag ∈ AP if a ∈ AP and ag is a constant if a ∈ SO. Moreover, by Proposition 2.1,
for every a ∈ SO there exists a ξ ∈M∞(SO) such that ag = ξ(a).

Let us define the limit operators for aI when a ∈ [SO, SAP ] (see [3]). By
[28], any function a ∈ SAP can be represented in the form

a = a+u+ + a−u− + a0

where the functions a± ∈ AP , a0 ∈ C(Ṙ), a0(∞) = 0, u±(x) = (1 ± tanhx)/2,
and the mappings ν± : a 
→ a± are C∗-algebra homomorphisms of SAP onto AP .
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According to [25, Section 3], the C∗-algebras SO and SAP are asymptotically
independent, which means the following.

Proposition 2.4. The fiberM∞([SO, SAP ]) is naturally homeomorphic to the set
M∞(SO)×M∞(SAP ), that is, for every character μ ∈M∞([SO, SAP ]) there are
characters ξ ∈M∞(SO) and ν ∈M∞(SAP ) such that μ|SO = ξ and μ|SAP = ν.

Identifying μ ∈ M∞([SO, SAP ]) with pairs (ξ, ν) ∈ M∞(SO)×M∞(SAP )
due to Proposition 2.4, for every ξ ∈M∞(SO) we obtain a natural homomorphism

βξ : [SO, SAP ]→ SAP |M∞(SAP ), (βξ ϕ)(ν) = (ξ, ν)ϕ for ν ∈M∞(SAP ).

Hence, for every ϕ ∈ [SO, SAP ] there exists a non-unique function ϕξ ∈ SAP
with uniquely determined almost periodic representatives ϕξ,± at ±∞ such that

βξ ϕ = ϕξ

∣∣
M∞(SAP )

. (2.2)

Since the fiberM∞(AP ) is homeomorphic toM(AP ), identifyingM∞(SAP ) and
M∞(AP )×M∞(AP ), we conclude that the maps

γ± : ϕξ |M∞(SAP ) 
→ ϕξ,±|M∞(AP ) 
→ ϕξ,±

are Banach algebra homomorphisms of SAP |M∞(SAP ) onto AP . Thus the maps

νξ,± = γ± ◦ βξ : [SO, SAP ]→ AP, νξ,± ϕ = ϕξ,± (2.3)

are well defined Banach algebra homomorphisms for every ξ ∈M∞(SO).
The C∗-algebra [SO, SAP ] consists of all functions of the form

c = lim
k→∞

∑mk

i=1
bi,k ai,k (2.4)

where bi,k ∈ SO, ai,k ∈ SAP , and limit is taken in the norm ‖ · ‖L∞(R). Therefore,
for every ξ ∈M∞(SO), the maps νξ,± : [SO, SAP ]→ AP act by the rule

νξ,±c = lim
k→∞

∑mk

i=1
ξ(bi,k)ν±(ai,k). (2.5)

On the other hand, by [3, Section 4], for every c ∈ [SO, SAP ] and every ξ ∈
M∞(SO) there exist sequences g± = {g±n } → ±∞ such that for x ∈ R,

lim
n→∞ bi,k(x+ g±n ) = ξ(bi,k), lim

n→∞ ai,k(x+ g±n ) = (ν±ai,k)(x),

where for all i, k the convergence is uniform on R for ai,k and is uniform on compact
subsets of R for bi,k. Consequently, for the function (2.4) we obtain

(νξ,±c)(x) = lim
n→∞ c(x+ g±n ), for x ∈ R. (2.6)

In what follows for every a ∈ AP we use the notation (see [6]):

M(a) := lim
x→∞

1
x

∫ x

0

a(t)dt, Ω(a) :=
{
λ ∈ R : M(ae−λ) �= 0

}
;

κ(a) := lim
x→∞

(
x−1 arg a(x)

)
if a±1 ∈ AP, d(a) := eM(ln a) if ln a ∈ AP.
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2.3. Wiener-Hopf operators with almost periodic symbols

Let APW be the Banach algebra of all functions in AP of the form a =
∑

λ aλeλ
with aλ ∈ C, λ ∈ R, and the norm ‖a‖W :=

∑
λ |aλ| <∞.

Let APW± be the closure in APW of the set AP 0 of all almost periodic po-
lynomials

∑
λ aλeλ with ±λ ≥ 0. Thus, APW± are Banach subalgebras of APW .

Given 1 < p <∞ and w ∈ A0
p(R), let APWp,w be the Banach subalgebra of

Mp,w composed by the series a =
∑

λ aλeλ with coefficients aλ ∈ C and the norm

‖a‖W :=
∑

λ
|aλ| ‖eλ‖Mp,w ,

where ‖eλ‖Mp,w = ‖vλ‖L∞(R) for λ ∈ R and the functions vλ(x) = w(x+λ)
w(x) are in

L∞(R) for weights w ∈ A0
p(R) (see [20, Proposition 2.3]).

Let AP±p,w be the Mp,w closure of the set of all almost periodic polynomials∑
λ aλeλ with ±λ ≥ 0. Along with the Banach subalgebras AP±p,w of Mp,w we

consider the Banach subalgebrasAPW±
p,w := APWp,w∩AP±p,w ofAPWp,w. Clearly,

APWp,w ⊂ APp,w ⊂ AP, APW±
p,w ⊂ AP±p,w ⊂ AP±.

Let GA denote the group of all invertible elements of a unital algebra A.

Theorem 2.5. [20, Theorem 4.2] If p ∈ (1,∞), w ∈ A0
p(R) and a ∈ APWp,w, then

the following three assertions are equivalent:
(i) the operator W (a) is Fredholm on the space Lp(R+, w);
(ii) the operator W (a) is invertible on the space Lp(R+, w);
(iii) the function a has a canonical right APWp,w factorization, that is,

a = a−a+ with a± ∈ GAPW±
p,w. (2.7)

For general functions a ∈ APp,w we obtain the following.

Theorem 2.6. If p ∈ (1,∞), w ∈ A0
p(R) and a ∈ APp,w, then the Wiener-Hopf

operator W (a) is invertible on the space Lp(R+, w) if and only if the function a
is invertible in L∞(R) (equivalently, in APp,w) and its mean motion κ(a) = 0.
Moreover, in that case the geometric mean value d(a) of a is not zero.

Proof. For arbitrary weights w ∈ A0
p(R), the first assertion follows from [20, The-

orem 4.1] (for the case w = 1, also see [6, Theorem 2.28 and p. 376]). Thus, if
a ∈ APp,w and the operator W (a) is invertible on the space Lp(R+, w), then the
functions a and 1/a are in APp,w and κ(a) = κ(1/a) = 0. Hence ln a ∈ APp,w
due to [14, § 13], and therefore the geometric mean values d(a) = eM(ln a) and
d(1/a) = e−M(ln a) are mutually inverse complex numbers. �

Consider now W (a) with a ∈ [APWp,w]N×N . Let p ∈ (1,∞), w ∈ A0
p(R) and

lim
|t|→∞

ess sup
x,y∈[t, t+1]

∣∣ lnw(x) − lnw(y)
∣∣ = 0. (2.8)

According to [20, Example 2.4], if the parameters δ, ν, η ∈ R satisfy the relations

−1/p < δ − |ν|
√
η2 + 1 ≤ δ + |ν|

√
η2 + 1 < 1/q,
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then the following weight with different indices of powerlikeness at ∞ (see [4,
Section 3.6]) gives an example of weights in A0

p(R) possessing the property (2.8):

w(x) =

{
e(δ+ν sin(η log(log |x|))) log |x| if |x| ≥ e,
eδ if |x| < e.

If w ∈ A0
p(R), then, due to [24], we can replace w by an equivalent weight ω ∈

A0
p(R) continuous on R (see [20, Subsection 2.2]). If w ∈ A0

p(R) satisfies (2.8),
then, replacing w by ω, we may assume that vλ ∈ C(Ṙ) and vλ(∞) = 1 for all
λ ∈ R. In that case APWp,w ⊂ APW and APW±

p,w ⊂ APW±.
Combining [20, Theorem 6.1] and [6, Corollary 19.11], we get the following.

Theorem 2.7. Let 1 < p < ∞, w ∈ A0
p(R), N ∈ N, and let (2.8) hold. If a ∈

[APWp,w]N×N , then the following three assertions are equivalent:
(i) the operator W (a) is invertible on the space Lp

N(R+, w);
(ii) the operator W (a) is invertible on the space Lp

N(R+);
(iii) the matrix function a admits a canonical right APW factorization

a = a−a+ with a± ∈ GAPW±
N×N .

3. Geometric mean for matrix functions in [APp]N×N
For 1 < p < ∞ and w ∈ Ap(R), define H∞p,w,± := H∞± ∩Mp,w. It is easily seen
that H∞p,w,± are closed subalgebras of Mp,w. Let Dp,w,± := alg

{
Cp,w(Ṙ), H∞p,w,±

}
be the minimal Banach subalgebras of Mp,w that contain Cp,w(Ṙ) and H∞p,w,±.

Let χ± denote the characteristic functions of R±.

Lemma 3.1. Let 1 < p <∞ and w ∈ Ap(R).
(i) If a± ∈ H∞p,w,±, then χ−W 0(a+)χ+I and χ+W 0(a−)χ−I are the zero opera-

tors on the space Lp(R, w).
(ii) If a± ∈ Dp,w,±, then the operators χ−W 0(a+)χ+I and χ+W 0(a−)χ−I are

compact on the space Lp(R, w).

Proof. If a+ ∈ H∞p,w,+, then from [6, Section 2.5] it follows that χ−W 0(a+)χ+I = 0
on the space L2(R). Extending χ−W 0(a+)χ+I by continuity from L2(R)∩Lp(R, w)
to Lp(R, w), we infer that χ−W 0(a+)χ+I = 0 on the space Lp(R, w) too. Analo-
gously, if a− ∈ H∞p,w,−, then χ+W 0(a−)χ−I = 0 on the space Lp(R, w).

Let a ∈ Cp,w(Ṙ). Then there is a sequence {an} ⊂ C(Ṙ) with V1(an) < ∞
that converges to a in Mp,w. By inequality (1.2), the operators χ−W 0(an)χ+I
and χ+W 0(an)χ−I are bounded on all the spaces Lr(R, ω) with r ∈ (1,∞) and
ω ∈ Ap(R). Since these operators are compact on the space L2(R) (see, e.g., [6,
Theorem 2.18]), by analogy with [23, Theorem 3.10] and [22, Theorem 3.2], we con-
clude that the operators χ−W 0(an)χ+I and χ+W 0(an)χ−I are compact on every
space Lr(R, ω) and, in particular, on Lp(R, w). Hence, their limits χ−W 0(a)χ+I
and χ+W 0(a)χ−I in B(Lp(R, w)) are also compact on the space Lp(R, w).
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Consequently, the operators χ−W 0(a+)χ+I and χ+W 0(a−)χ−I are compact
on the space Lp(R, w) for all a± ∈ Dp,w,± = alg

{
Cp,w(Ṙ), H∞p,w,±

}
. �

Under the conditions of Theorem 2.7, the matrix d(a) := M(a−)M(a+) is
defined uniquely. We now extend d(a) by analogy with [6, Theorem 18.12].

Theorem 3.2. Let 1 < p <∞, N ∈ N and

G :=
{
a ∈ [APp]N×N : W (a) is invertible on Lp

N (R+)
}
.

If a ∈ G and {an} ⊂ AP 0
N×N is any sequence of almost periodic matrix poly-

nomials which converges to a in [APp]N×N , then the matrix polynomials an ad-
mit canonical right APW factorizations for all sufficiently large n and the limit
d(a) := lim

n→∞d(an) exists and is a matrix in GCN×N . The map

G → GCN×N , a 
→ d(a) (3.1)

is continuous.

Proof. Fix a sequence an of almost periodic matrix polynomials which converges to
a in the Banach algebra [APp]N×N . SinceW (a) is invertible on the space Lp

N(R+),
the operators W (an) are also invertible on this space for all sufficiently large n
and
∥∥[W (an)]−1 − [W (a)]−1

∥∥
B(Lp

N (R+))
→ 0 as n→∞. Without loss of generality

assume that W (an) are invertible for all n. By [6, Corollary 19.11], the matrix
functions an admit canonical right APW factorizations an = a−n a

+
n with a±n ∈

GAPW±
N×N . Consequently, applying Lemma 3.1(i), we get

χ+[W (an)]−1χ+ = χ+W
0([a+n ]−1)χ+W 0([a−n ]−1)χ+I

= W 0([a+n ]−1)χ+W 0([a−n ]−1). (3.2)

Let χ(x) := tanhx. Then, by [6, Lemma 19.13], we obtain

χ[a±n ]−1 = χM−1(a±n ) + f±n , (3.3)

where f±n ∈ [Cp(Ṙ) + H∞p,±]N×N . As Cp(Ṙ) + H∞p,± = Dp,1,±, we deduce from
Lemma 3.1(ii) that the operators χ−W 0(f+n )χ+I and χ+W 0(f−n )χ−I are compact
on the space Lp

N (R). Hence from (3.2) and (3.3) it follows that

χ−W 0(χ)χ+[W (an)]−1χ+W 0(χ)χ−I

= χ−W 0(χ[a+n ]−1)χ+W 0(χ[a−n ]−1)χ−I

� χ−W 0(χM−1(a+n ))χ+W 0(χM−1(a−n ))χ−I

=M−1(a+n )M−1(a−n )χ−W 0(χ)χ+W 0(χ)χ−I

= d−1(an)χ−W 0(χ)χ+W 0(χ)χ−I,

where A � B means that A−B is a compact operator. Therefore,

[d−1(an)− d−1(am)]χ−W 0(χ)χ+W 0(χ)χ−I

� χ−W 0(χ)χ+
(
[W (an)]−1 − [W (am)]−1

)
χ+W

0(χ)χ−I,
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and passing to the (j, k)-entry on each side of this formula we obtain∣∣(d−1(an)− d−1(am)
)
jk

∣∣ ∥∥χ−W 0(χ)χ+W 0(χ)χ−I
∥∥
ess

≤
∥∥W 0(χ)

∥∥2∥∥[W (an)]−1 − [W (am)]−1
∥∥ (3.4)

where ‖A‖ess := inf
{
‖A + K‖ : K ∈ K(Lp(R))

}
. Following [6, Section 17.3], let

us calculate SymH for H = χ−W 0(χ)χ+W 0(χ)χ−I at the points (0,∞, μ) for
μ ∈ Lp :=

{
2−1 + 2−1 coth[π(x+ i/p)] : x ∈ R

}
. Setting ρ =

√
μ(1− μ), we get

(SymH)(0,∞, μ) =
[
0 0
0 1

] [
1− 2μ 2ρ

2ρ 2μ− 1

] [
1 0
0 0

] [
1− 2μ 2ρ

2ρ 2μ− 1

] [
0 0
0 1

]
= diag

{
0, 4ρ2

}
.

As SymH is not identically zero, we deduce from [6, Theorem 17.12(b)] that the
operator χ−W 0(χ)χ+W 0(χ)χ−I is not compact. Hence from (3.4) it follows that∣∣(d−1(an)− d−1(am)

)
jk

∣∣ ≤ c−10

∥∥W 0(χ)
∥∥2∥∥[W (an)]−1 − [W (am)]−1

∥∥ (3.5)

where c0 :=
∥∥χ−W 0(χ)χ+W 0(χ)χ−I

∥∥
ess
> 0. Thus, the limit b := lim

n→∞d−1(an)

exists. Hence the limit d(a) = lim
n→∞d(an) will exist if b ∈ GCN×N . To prove that

b ∈ GCN×N , it suffices to verify that there is an M ∈ (0,∞) such that

lim sup
n→∞

∣∣(d(an))jk
∣∣ ≤M for all j, k = 1, 2, . . . , N. (3.6)

Indeed, (3.6) implies that | detd(an)| ≤ N !MN , and therefore

| det b| = lim
n→∞ | detd−1(an)| ≥ 1/(N !MN) > 0.

We now prove (3.6). Without loss of generality assume that a±n are almost
periodic matrix polynomials. Fix a number n ∈ N. Then there is an α = αn > 0
such that the Bohr-Fourier spectra Ω(a±n ) of a±n possess the property:

Ω(a−n ) ∩ (−α, 0) = ∅, Ω(a+n ) ∩ (0, α) = ∅. (3.7)

Let χ0 := χ[0,α] and χ1 := χ[α,+∞). Since the operator W (an) is invertible
on the space Lp

N(R+), it is evident that the operator χ1W (an)χ1I is invertible on
the space Lp

N

(
[α,+∞)

)
. Consider the operator

Bn = χ0W (an)χ0I − χ0W (an)χ1
(
χ1W (an)χ1I

)−1
χ1W (an)χ0I. (3.8)

Because lim
n→∞ ‖W (an)−W (a)‖ = 0 and lim

n→∞
∥∥(W (an))−1− (W (a))−1

∥∥ = 0, there

exists an M ∈ (0,∞) such that for all n ∈ N,

‖Bn‖ ≤ ‖W (an)‖ + ‖W (an)‖2‖(W (an))−1‖ ≤M <∞. (3.9)

Since χ1W (an)χ1I = χ1W
0(a−n )χ1W 0(a+n )χ1I, we conclude similarly to (3.2) that

(χ1W (an)χ1I)−1 = W 0((a+n )−1)χ1W 0((a−n )−1). (3.10)
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Taking into account the equality χ0W (an)χ0I = χ0W
0(a−n )χ+W 0(a+n )χ0I, we

infer from (3.8) and (3.10) that

Bn = χ0W
0(a−n )χ+W (a+n )χ0I − χ0W 0(a−n )χ1W (a+n )χ0I

= χ0W
0(a−n )χ0W (a+n )χ0I. (3.11)

On the other hand, from (3.7) it follows that a±n = M(a±n ) + g±n , where the
matrix polynomials g±n ∈ [APW±]N×N are of the form g±n =

∑
±λ≥α cλeλ. Hence

χ0W
0(g±n )χ0I = χ[0,α]

∑
±λ≥α

cλχ[λ,λ+α]Uλ = 0, (3.12)

where W 0(eλ) = Uλ and (Uλf)(x) = f(x−λ) for x ∈ R. Applying (3.12), we infer
from (3.11) that

Bn = χ0W
0(M(a−n ) + g−n )χ0W (M(a+n ) + g+n )χ0I

= χ0M(a−n )χ0M(a+n )χ0I = d(an)χ0I. (3.13)

Finally, from (3.13) and (3.9) it follows that

lim sup
n→∞

∣∣(d(an))jk
∣∣ ≤ ‖Bn‖ ≤M <∞,

and hence d(a) = lim
n→∞d(an).

We now prove the continuity of the map (3.1). Fix a ∈ G and ε > 0. Then
there is a δ > 0 such that b ∈ G and

∥∥(W (a))−1 − (W (b))−1
∥∥ < ε whenever

b ∈ [APp]N×N and ‖b − a‖[Mp]N×N
< δ. Fix this b and choose an, bn ∈ AP 0

N×N

such that an → a and bn → b in [Mp]N×N . As in the proof of (3.5), we obtain∥∥d−1(an)− d−1(bn)
∥∥ ≤ C∥∥(W (an))−1 − (W (bn))−1

∥∥
with some constant C <∞. Passing to the limit as n→∞, we get∥∥d−1(a)− d−1(b)

∥∥ ≤ C∥∥(W (a))−1 − (W (b))−1
∥∥ < Cε.

Hence the map a 
→ d−1(a) is continuous, which implies that the map a 
→ d(a)
is also continuous. �

4. Necessary Fredholm conditions

Below we need the following weighted analogue of [7, p. 487].

Lemma 4.1. [21, Lemma 5.2] If p ∈ (1,∞) and w ∈ Ap(R), then the Banach sub-
algebra algW (Cp,w(Ṙ)) of B(Lp(R+, w)) generated by all Wiener-Hopf operators
W (c) with symbols c ∈ Cp,w(Ṙ) contains the closed two-sided ideal K(Lp(R+, w))
of all compact operators in B(Lp(R+, w)).

Let 1 < p <∞, w ∈ A0
p(R), N ∈ N, and let

A := alg (sgnx,W 0([SOp,w, SAPp,w]N×N )),

B := alg (sgnx,W 0([APp,w ]N×N ))
(4.1)
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be the Banach subalgebras of B(Lp
N(R, w)) generated by the operators (sgnx)I

and W 0(a) where, respectively, a ∈ [SOp,w, SAPp,w]N×N and a ∈ [APp,w]N×N .
Lemma 4.1 and [20, Lemma 3.8] (also see [6, Lemma 10.1]) give the following.

Lemma 4.2. If 1 < p <∞, w ∈ A0
p(R) and N ∈ N, then the ideal K(Lp

N (R, w)) is
contained in the Banach algebra A given by (4.1), and for every K ∈ K(Lp

N (R, w))
and every real-valued sequence h tending to ∞ (respectively, to +∞, −∞), the
limit operator Kh := s-lim

hn→±∞
(e−hnAehnI) exists and is the zero operator.

For every ξ ∈ M∞(SO), we introduce the mappings μξ,± : A 
→ Aξ,± defined
on the generators of the Banach algebra A by

μξ,±((sgnx)I) := (sgnx)I, (4.2)

μξ,±(W 0(a)) := W 0(aξ,±) for a ∈ [SOp,w, SAPp,w]N×N , (4.3)

where aξ,± := νξ,±a ∈ [APp,w]N×N and the map νξ,± is defined by (2.3) or (2.5).

Theorem 4.3. For every ξ ∈ M∞(SO), the mapping μξ,± : A 
→ Aξ,±, defined
on the generators of the Banach algebra A by (4.2) and (4.3), extends to a Ba-
nach algebra homomorphism of the Banach algebra A onto the Banach algebra B.
Moreover, for every A ∈ A and all ξ ∈M∞(SO),

‖Aξ,±‖ ≤ ‖A‖ess := inf
{
‖A+K‖ : K ∈ K(Lp

N (R, w))
}
. (4.4)

Proof. First we consider the operators of the form

A =
∑

i

∏
j
Ai,j (4.5)

where Ai,j ∈
{
(sgnx)I, W 0(a) : a ∈ [SOp,w, SAPp,w]N×N

}
, the indices i and j

run through finite sets, and the products in (4.5) are ordered. For such A, we put

μξ,±(A) =
∑

i

∏
j
μξ,±(Ai,j).

On the other hand, for every ξ ∈ M∞(SO) there exists a sequence hn → ±∞ as
n→ ±∞, such that (see (2.6))

μξ,±(A) = s-lim
n→±∞(e−hnAehnI). (4.6)

Indeed, all limit operators for the operator (sgnx)I ∈ B(Lp
N(R, w)) coincide with

(sgnx)I and, according to Subsection 2.2, the limit operators for the convolu-
tion operator W 0(a) with matrix symbol a ∈ [SOp,w, SAPp,w]N×N coincide with
W 0(aξ,±) for ξ ∈ M∞(SO), where aξ,± = νξ,±a ∈ [APp,w]N×N . Applying then
Proposition 2.1 and (2.6), we arrive at (4.6).

Lemma 4.2 implies now that

μξ,±(A) = s-lim
n→±∞

(
e−hn(A+K)ehnI

)
for all K ∈ K(Lp

N (R, w)).

Hence, for all A ∈ A of the form (4.5), from [5, Proposition 6.1] it follows that

‖μξ,±(A)‖ ≤ inf
K∈K(Lp

N(R,w))
‖A+K‖ = ‖A‖ess. (4.7)
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As the set of all operators of the form (4.5) is dense in the Banach algebra
A, we infer from (4.7) that the homomorphisms μξ,± extend by continuity to the
whole algebra A. Setting Aξ,± := μξ,±(A) for every A ∈ A, we obtain (4.4). �

Applying limit operators of the form Ah = s-lim
hn→±∞

(e−hnAehnI) and slightly

modifying the proof of [6, Corollary 18.11] (cf. also the proof of Lemma 6.2 below),
we obtain the following.

Theorem 4.4. If an operator A ∈ A is Fredholm on the space Lp
N (R, w), then for

every ξ ∈M∞(SO) the operators Aξ,± = μξ,±(A) ∈ B, where the homomorphisms
μξ,± are given by Lemma 4.3, are invertible on the space on Lp

N (R, w), and

sup
ξ∈M∞(SO)

max
∥∥(Aξ,±)−1

∥∥ <∞.
Lemma 4.3 and Theorem 4.4 imply the following corollary.

Corollary 4.5. If p ∈ (1,∞), w ∈ A0
p(R), N ∈ N, and the Wiener-Hopf operator

W (a) with a symbol a ∈ [SOp,w, SAPp,w]N×N is Fredholm on the space Lp
N(R+, w),

then for every ξ ∈ M∞(SO) the operators W (aξ,±) with symbols aξ,± = νξ,±a ∈
[APp,w]N×N are invertible on the space Lp

N(R+, w) and the norms of their inverses
are uniformly bounded.

5. Regularizers of Wiener-Hopf operators with symbols in SAPp,w

Lemma 5.1. If 1 < p <∞, w ∈ A0
p(R) and the Wiener-Hopf operator W (a) with a

symbol a ∈ SAPp,w is Fredholm on the space Lp(R+, w), then every its regularizer
(W (a))(−1) belongs to the Banach algebra algW (SAPp,w).

Proof. By [20, Theorem 3.1], every function a ∈ SAPp,w can be represented in the
form

a = a−u− + a+u+ + a0, (5.1)

where a± ∈ APp,w, the functions u± : x 
→ (1± tanhx)/2 are in Cp,w(R), and a0 ∈
Cp,w(Ṙ), a0(∞) = 0. Hence, in view of the stability of Fredholmness under small
perturbations and by the density of the almost periodic polynomials in APp,w, it
is sufficient to prove the lemma for the Fredholm Wiener-Hopf operators W (a)
with symbols (5.1) such that a± are almost periodic polynomials.

Since the operator W (a) is Fredholm on the space Lp(R+, w), we infer from
[20, Theorem 3.7 and Corollary 3.11] that a ∈ GSAPp,w and the operatorsW (a±)
are invertible on the space Lp(R+, w). Because a± ∈ APWp,w, from Theorem 2.5
it follows that the functions a± admit canonical right APWp,w factorizations (2.7),
which can be written in the form a± = a−±d(a±)a+±, where

a−± ∈ GAPW−
p,w , a+± ∈ GAPW+

p,w , M(a−±) =M(a+±) = 1 (5.2)
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and, according to Theorem 2.6, d(a±) �= 0. Then, by [20, Theorem 3.15], there exist
functions b ∈ GCp,w(R) and g± ∈ GSAPp,w ∩GDp,w,± such that b(±∞) = d(a±)
and a = g−bg+. Consequently, we deduce from [20, Theorem 2.9] that

W (a) =W (g−)W (b)W (g+) +K, (5.3)

where W (g±) are Fredholm operators because g± ∈ GDp,w,±, and K is a compact
operator on the space Lp(R+, w). Therefore, the operator W (b) is Fredholm along
with W (a).

According to [6, Theorem 17.9], every regularizer (W (b))(−1) of the Fredholm
operator W (b) belongs to the Banach algebra algW (Cp,w(R)) ⊂ algW (SAPp,w).
On the other hand, since g± ∈ GSAPp,w ∩ GDp,w,±, all the regularizers
(W (g±))(−1) of the operators W (g±) are in the Banach algebra algW (SAPp,w).
Hence, applying (5.3), we infer that the regularizers

(W (a))(−1) = (W (g+))(−1)(W (b))(−1)(W (g−))(−1)

of the operator W (a) belong to the Banach algebra algW (SAPp,w). �

Approximating Wiener-Hopf operatorsW (a) ∈ B(Lp
N(R+)) with matrix sym-

bols a ∈ [SAPp]N×N by Wiener-Hopf operators W (an), where an ∈ [SAPp]N×N

and their almost periodic representatives (an)± ∈ AP 0
N×N , and applying Theo-

rem 2.7 in the case w = 1, we obtain by analogy with Lemma 5.1 its unweighted
matrix analogue.

Lemma 5.2. If 1 < p < ∞, N ∈ N, and the Wiener-Hopf operator W (a) with a
matrix symbol a ∈ [SAPp]N×N is Fredholm on the space Lp

N(R+), then every its
regularizer (W (a))(−1) belongs to the Banach algebra algW ([SAPp]N×N ).

6. Wiener-Hopf operators with symbols in [SOp,w, SAPp,w]

Given p ∈ (1,∞) and w ∈ A0
p(R), we consider the following Banach subalgebras

D := algW ([SOp,w, SAPp,w]), Z := algW (SOp,w)

of B(Lp(R+, w)). Both these algebras contain the ideal K := K(Lp(R+, w)).
By [21, Lemma 5.3], the commutators of operators aI (a ∈ PC) and convo-

lution operators W 0(b) (b ∈ SOp,w) are compact on the space Lp(R, w). Hence

W (a)W (b) �W (ab) �W (b)W (a) for all a ∈Mp,w and all b ∈ SOp,w, (6.1)

where A � B means that the operator A−B is compact on the space Lp(R+, w).
Let Λ := Λ(Z) denote the Banach subalgebra of B = B(Lp(R+, w)) that

consists of all operators of local type (with respect to Z), that is,

Λ :=
{
A ∈ B(Lp(R+, w)) : W (c)A −AW (c) ∈ K for all c ∈ SOp,w

}
.

The quotient Banach algebra Λπ = Λ/K is inverse closed in the Calkin algebra
Bπ = B/K and contains the Banach algebra Dπ := D/K, and Zπ is a central
subalgebra of Dπ and Λπ (see (6.1)). For A ∈ B, let Aπ := A+K.
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For every ξ ∈ M(SO) =M(SOp,w), let Jπ
ξ and J̃π

ξ denote, respectively, the
closed two-sided ideal of Λπ and Dπ generated by the maximal ideal

Iπξ :=
{
W π(b) : b ∈ SOp,w, ξ(b) = 0

}
of the commutative algebra Zπ, and let Λπ

ξ := Λπ/Jπ
ξ and Dπ

ξ := Dπ/J̃π
ξ be the

corresponding quotient Banach algebras. Clearly, J̃π
ξ ⊂ Jπ

ξ . Consider the cosets

Wπ
ξ (a) :=Wπ(a) + Jπ

ξ ∈ Λπ
ξ , W̃π

ξ (a) := Wπ(a) + J̃π
ξ ∈ Dπ

ξ .

To study the Fredholmness of Wiener-Hopf operators W (a) with symbols
a ∈ [SOp,w, SAPp,w] on the space Lp(R+, w) we will apply the Allan-Douglas
local principle. Thus, we need to study the invertibility of the cosetsWπ

ξ (a) in the
quotient algebras Λπ

ξ for every ξ ∈M(SO).

Lemma 6.1. If a ∈ [SOp,w, SAPp,w] where 1 < p < ∞ and w ∈ A0
p(R), then for

every ξ ∈ R the following three assertions are equivalent:
(i) the coset W π

ξ (a) is invertible in the quotient algebra Λπ
ξ ,

(ii) the coset W̃π
ξ (a) is invertible in the quotient algebra Dπ

ξ ,
(iii) a(ξ) �= 0.

Proof. Given a ∈ [SOp,w, SAPp,w] and ξ ∈ R, let us show that

Wπ(a)−W π(a(ξ)) = W π(a− a(ξ)) ∈ J̃π
ξ , (6.2)

where the ideal J̃π
ξ ⊂ Jπ

ξ is represented in the form

J̃π
ξ = closDπ

{∑n

i=1
Aπ

i B
π
i : Aπ

i ∈ Dπ , Bπ
i ∈ Iπξ , n ∈ N

}
. (6.3)

Because the matrix function ã := a− a(ξ) belongs to [SOp,w, SAPp,w] along with
a, we conclude thatWπ(ã) ∈ Dπ . Moreover, ã(ξ) = 0. Then for any ε > 0 there are
a function ãε ∈ [SOp,w, SAPp,w] and a number δ > 0 such that ‖ã− ãε‖Mp,w < ε
and ãε(x) = 0 for all x ∈ (ξ − δ, ξ + δ) (see, e.g., the proof of [20, Theorem 3.7]).
Choosing now a function bξ ∈ Cp,w(R) such that bξ(ξ) = 0 and bξ(x) = 1 for
|x−ξ| ≥ δ, we deduce that ãε = ãεbξ andWπ(bξ) ∈ Iπξ . Hence, by (6.1),Wπ(ãε) =
W π(ãε)W π(bξ), and therefore, by (6.3), the cosets Wπ(ãε) and Wπ(ã) belong to
the ideal J̃π

ξ .
Since W (a(ξ)) = χ+F−1a(ξ)F = a(ξ)I, we haveW π(a(ξ)) = [a(ξ)I]π . Hence

we infer from (6.2) that for every ξ ∈ R,

W̃π
ξ (a) = [a(ξ)I]π + J̃π

ξ , Wπ
ξ (a) = [a(ξ)I]π + Jπ

ξ ,

which immediately implies the assertion of the lemma. �
Given p ∈ (1,∞), for every k > 0 we consider the isometric dilation operators

Vk ∈ B(Lp(R)), (Vkf)(x) = k1/pf(kx) (x ∈ R), (6.4)

and the limit operators Ah = s-lim
m→∞

(
VhmAV

−1
hm

)
of operators A ∈ B(Lp(R)) related

to a sequence h = {hm} ⊂ R+ tending to +∞. By [3] and [5], for every function
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a ∈ SO and every sequence h ⊂ R+ tending to +∞ there is a subsequence g of h
such that there exists the limit operator (aI)g := s-lim

m→∞
(
VhmaV

−1
hm

)
= agI and ag

is a constant, which equals ξ(a) for some ξ ∈M∞(SO) by Proposition 2.1.
Let Vk (k > 0) denote the dilation operators (6.4) on Lp(R) and on Lp(R+).

Lemma 6.2. If p ∈ (1,∞), w ∈ A0
p(R), b ∈ Cp,w(R), ξ ∈ M∞(SO), and the

coset Wπ
ξ (b) is invertible in the quotient Banach algebra Λπ

ξ , then the Wiener-Hopf
operator W

(
b(−∞)χ− + b(+∞)χ+

)
, where χ± are the characteristic functions of

R±, is invertible on the space Lp(R+), that is, for every x ∈ R,

b(+∞)
1− coth[π(x+ i/p)]

2
+ b(−∞)

1 + coth[π(x+ i/p)]
2

�= 0. (6.5)

Proof. As the coset Wπ
ξ (b) =W π(b) + Jπ

ξ is invertible in the quotient algebra Λπ
ξ ,

there exist operators B,C1, C2 ∈ Λ such that Cπ
1 , C

π
2 ∈ Jπ

ξ and

W (b)B = I + C1, BW (b) = I + C2. (6.6)

Clearly, the operators C1, C2 are limits in B(Lp(R+, w)) of sequences of operators
of the form

∑
iDiW (ci) +K, where i runs through a finite set, Di ∈ Λ, K ∈ K,

ci ∈ SOp,w and ci(ξ) = 0. Passing in (6.6) to the operators acting on the space
Lp(R+), we obtain

Ŵ (b)B̂ = I + Ĉ1, B̂ Ŵ (b) = I + Ĉ2, (6.7)

where Ŵ (b) := wW (b)w−1I, B̂ := wBw−1I, and Ĉ := wCw−1I for C ∈ {C1, C2}.
By Proposition 2.1, for every ξ ∈M∞(SO) and any at most countable set {ci} ⊂
SOp,w there is a sequence {kn} ⊂ R+ such that

lim
n→∞ kn = 0, ci(ξ) := ξ(ci) = lim

n→∞ ci(1/kn). (6.8)

Since w ∈ A0
p(R), we may without loss of generality assume due to [24] that w is

continuous on R (see [20, p. 90]), and therefore both indices of powerlikeness of w
at the point 0 equal zero. Then we infer from [21, Theorem 4.3] and (6.8) that

s-lim
n→∞

(
VknwW (b)w−1V −1kn

)
= W

(
b(−∞)χ− + b(+∞)χ+

)
, (6.9)

s-lim
n→∞

(
VknwW (ci)w−1V −1kn

)
= W

(
ci(ξ)

)
= 0. (6.10)

Similarly to [17], if K ∈ K(Lp(R+, w)), then the operator wKw−1I ∈ K(Lp(R+))
can be approximated in B(Lp(R+)) by the operators T of the form

(Tϕ)(x) =
∑n

j=1
aj(x)

(
i− x
i+ x

SR+ − SR+

i− y
i+ y

I

)
(bj ϕ) (6.11)

where aj and bj are continuous functions on R+ with compact support on [0,∞),
and the operator SR+ is given by (1.1) with R replaced by R+ (see, e.g., [19,
Lemma 10.1]). Because Vk SR+V

−1
k = SR+ , we deduce from (6.11) that for every

K ∈ K(Lp(R+, w)) and every sequence {kn} ⊂ R such that kn → 0 as n→∞,

s-lim
n→∞

(
VknwKw

−1V −1kn

)
= 0. (6.12)
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Since the operators C1, C2 are approximated in B(Lp(R+, w)) by the operators
of the form

∑
iDiW (ci) + K, we infer from (6.10) and (6.12) that for every ξ ∈

M∞(SO) there is a sequence {kn} ⊂ R+ such that limn→∞ kn = 0 and

s-lim
n→∞

(
Vkn Ĉ1V

−1
kn

)
= s-lim

n→∞
(
VknĈ2 V

−1
kn

)
= 0. (6.13)

By (6.7), for every n ∈ N, we obtain

I =
[
VknB̂ V

−1
kn

][
VknŴ (b)V −1kn

]
−
[
Vkn Ĉ2 V

−1
kn

]
. (6.14)

Since
∥∥VknB̂ V

−1
kn

∥∥
B(Lp(R+))

=
∥∥B̂∥∥B(Lp(R+))

= ‖B‖B(Lp(R+,w)), we deduce from
(6.14) that for every f ∈ Lp(R+) and all n ∈ N,

‖f‖Lp(R+) ≤ ‖B‖B(Lp(R+,w))

∥∥VknŴ (b)V −1kn
f
∥∥
Lp(R+)

+
∥∥Vkn Ĉ2 V

−1
kn
f
∥∥
Lp(R+)

(6.15)
Applying (6.9) and (6.13) and passing in (6.15) to the limit as n→∞, we get

‖f‖Lp(R+) ≤
∥∥B∥∥B(Lp(R+,w))

∥∥W (b(−∞)χ− + b(+∞)χ+
)
f
∥∥
Lp(R+)

. (6.16)

Analogously, since I∗ =
(
B̂
)∗(
Ŵ (b)

)∗ − (Ĉ1

)∗ due to (6.7), and hence

I∗ =
[(
V −1kn

)∗(
B̂
)∗(
Vkn

)∗][(
V −1kn

)∗(
Ŵ (b)

)∗(
Vkn

)∗]− [(V −1kn

)∗(
Ĉ1

)∗(
Vkn

)∗]
,

we infer that

‖f‖Lq(R+) ≤
∥∥B∥∥B(Lp(R+,w))

∥∥[W (b(−∞)χ− + b(+∞)χ+
)]∗
f
∥∥
Lq(R+)

. (6.17)

Finally, (6.16) and (6.17) imply that the operator W
(
b(−∞)χ− + b(+∞)χ+

)
is

invertible on the space Lp(R+), and∥∥(W (b(−∞)χ− + b(+∞)χ+
))−1∥∥

B(Lp(R+))
≤
∥∥B∥∥B(Lp(R+,w))

. (6.18)

Obviously, in (6.18) we can replace
∥∥B∥∥B(Lp(R+,w))

by
∥∥Bπ

ξ ‖Λπ
ξ
.

By [10, Proposition 2.8], the operatorW
(
b(−∞)χ−+b(+∞)χ+

)
∈B(Lp(R+))

is invertible on the space Lp(R+) if and only if it is Fredholm of index zero. The
latter coincides with (6.5) in virtue of [6, Theorem 17.7]. �

Theorem 6.3. Let p ∈ (1,∞), w ∈ A0
p(R), let a ∈ SAPp,w with almost periodic

representatives a± ∈ APp,w at ±∞ and let ξ ∈M∞(SO). If the operators W (a±)
are invertible on the space Lp(R+, w), then the following assertions are equivalent:

(i) the coset Wπ
ξ (a) is invertible in the quotient algebra Λπ

ξ ;
(ii) the coset W̃π

ξ (a) is invertible in the quotient algebra Dπ
ξ ;

(iii) for every x ∈ R,

d(a+)
1− coth[π(x+ i/p)]

2
+ d(a−)

1 + coth[π(x + i/p)]
2

�= 0. (6.19)

Proof. (iii)⇒(ii). If the Wiener-Hopf operators W (a±) are invertible on the space
Lp(R+, w), then, by Theorem 2.6, the almost periodic functions a± are invert-
ible in APp,w and d(a±) �= 0. Hence, there exists a function b0 ∈ Cp,w(Ṙ) with
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b0(∞) = 0 such that the function a+b0 belongs to GSAPp,w. By [20, Theorem 4.7
and Remark 4.9], the Wiener-Hopf operator W (a + b0) is Fredholm on the space
Lp(R+, w). Moreover, in virtue of Lemma 5.1, every regularizer (W (a+ b0))(−1) of
the operator W (a+ b0) belongs to the Banach algebra W (SAPp,w), and therefore
the coset W π(a + b0) = W (a + b0) + K is invertible in the quotient algebra Dπ .
Consequently, the coset W̃π

ξ (a+b0) = W π(a+b0)+ J̃π
ξ is invertible in the quotient

algebra Dπ
ξ . It remains to observe that W̃ π

ξ (a+ b0) = W̃π
ξ (a).

(ii)⇒(i) is evident because J̃π
ξ ⊂ Jπ

ξ .
(i)⇒(iii). First assume that a± ∈ APWp,w. Since the operators W (a±) are

invertible on the space Lp(R+, w), we infer from Theorem 2.5 that the functions
a± ∈ APWp,w admit canonical right APWp,w factorizations, which can be written
in the form a± = a−±d(a±)a+±, where a−± and a+± satisfy (5.2).

Constructing now the functions b ∈ GCp,w(R) and g± ∈ GSAPp,w∩GDp,w,±
such that b(±∞) = d(a±) and a = g−bg+ as in the proof of Lemma 5.1, and
applying (5.3), we infer that

Wπ
ξ (a) = W π

ξ (g−)Wπ
ξ (b)Wπ

ξ (g+), (6.20)

where the cosets W π
ξ (g±) are invertible and (Wπ

ξ (g±))−1 = Wπ
ξ ((g±)−1). Hence,

by (6.20), the coset Wπ
ξ (b) = W π(b) + Jπ

ξ is invertible in the quotient algebra Λπ
ξ

along with the coset Wπ
ξ (a) = W π(a)+Jπ

ξ . By Lemma 6.2, the invertibility of the
coset Wπ

ξ (b) in the algebra Λπ
ξ implies (6.5), which is equivalent to (6.19) because

b(±∞) = d(a±).
Assume now that a± ∈ APp,w . Since the invertibility of the operatorsW (a±)

on the space Lp(R+, w) and the invertibility of the coset Wπ
ξ (a) = W π(a) + Jπ

ξ

in the quotient algebra Λπ
ξ are stable with respect to small perturbations of the

symbol a ∈ SAPp,w in the norm ‖ · ‖Mp,w , we can find a function â ∈ SAPp,w such
that its almost periodic representatives â± at ±∞ belong to APWp,w, the coset
Wπ

ξ (â) is invertible in the quotient algebra Λπ
ξ , the operatorsW (â±) are invertible

on the space Lp(R+, w), and d(â±) = d(a±). Then we infer from the part already
proved in the case a± ∈ APWp,w that (6.19) holds for any a ∈ SAPp,w. �

Applying Lemma 6.1 and Theorem 6.3, we get a Fredholm criterion forW (a).

Theorem 6.4. Let 1 < p <∞, w ∈ A0
p(R) and a ∈ [SOp,w, SAPp,w]. The Wiener-

Hopf operator W (a) is Fredholm on the space Lp(R+, w) if and only if the following
three conditions hold:

(i) a(x) �= 0 for all x ∈ R;
(ii) for every ξ ∈M∞(SO), the operators W (aξ,±) with almost periodic symbols

aξ,± = νξ,±a ∈ APp,w are invertible on the space Lp(R+, w) (equivalently,
the functions aξ,± are invertible in APp,w and κ(aξ,±) = 0);

(iii) for every ξ ∈ M∞(SO), the number ηξ := d−1(aξ,+)d(aξ,−) satisfies the
condition

1
p

+
1
2π

arg ηξ /∈ Z. (6.21)
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If W (a) is Fredholm, then all its regularizers belong to the Banach algebra D =
algW ([SOp,w, SAPp,w]).

Proof. Suppose conditions (i)–(iii) are fulfilled. According to the Allan-Douglas
local principle, the operator W (a) with symbol a ∈ [SOp,w, SAPp,w] is Fredholm
on the space Lp(R+, w) if for every ξ ∈ M(SO) = R∪M∞(SO) the coset Wπ

ξ (a)
is invertible in the quotient algebra Dπ

ξ .
First, let ξ ∈ R. Then a(ξ) �= 0 by condition (i), which implies due to

Lemma 6.1 that the coset W̃π
ξ (a) is invertible in the quotient algebra Dπ

ξ .
Suppose now that ξ ∈ M∞(SO). By (2.2), for every ξ ∈ M∞(SO) there

is a non-unique function aξ ∈ SAPp,w with uniquely determined almost periodic
representatives aξ,± ∈ APp,w of aξ at ±∞ such that βξ(a− aξ) = 0 and therefore,
by (2.3), νξ,±(a − aξ) = 0. Hence from (2.5) it follows that the coset Wπ(a− aξ)
belongs to the ideals Jπ

ξ and J̃π
ξ . Consequently,

Wπ
ξ (a) = W π

ξ (aξ), W̃ π
ξ (a) = W̃π

ξ (aξ). (6.22)

Since the Wiener-Hopf operators W (aξ,±) are invertible on the space Lp(R+, w)
according to condition (ii) of the theorem, it follows that aξ,± ∈ GAPp,w, κ(aξ,±) =
0 and d(aξ,±) �= 0. It is easily seen that, under the condition d(aξ,±) �= 0, the
relation (6.21) is equivalent to (6.19) with a± replaced by aξ,±. Hence condition
(iii) of the theorem implies by Theorem 6.3 that the coset W̃ π

ξ (aξ) = W̃π
ξ (a) is

invertible it the quotient algebra Dπ
ξ for every ξ ∈M∞(SO) too.

Finally, applying the Allan-Douglas local principle to the Banach algebraDπ ,
we infer that the Wiener-Hopf operator W (a) with symbol a ∈ [SOp,w, SAPp,w]
is Fredholm on the space Lp(R+, w), and all its regularizers belong to the Banach
algebra D, that is, the algebra Dπ is inverse closed.

Conversely, if the operator W (a) is Fredholm on the space Lp(R+, w), then
Corollary 4.5 implies that for every ξ ∈ M∞(SO) the operators W (aξ,±) are in-
vertible on the space Lp(R+, w). This gives part (ii) of the theorem and implies that
aξ,± ∈ GAPp,w . By the Allan-Douglas local principle applied to the Banach algebra
Λπ, the Fredholmness of the operatorW (a) on the space Lp(R+, w) is equivalent to
the invertibility of the cosetsWπ

ξ (a) in the quotient algebras Λπ
ξ for all ξ ∈M(SO).

By Lemma 6.1 the invertibility of the cosets Wπ
ξ (a) = [a(ξ)I]π + Jπ

ξ for all ξ ∈ R

implies part (i) of the theorem. On the other hand, if ξ ∈M∞(SO), then there is a
function aξ ∈ SAPp,w such thatWπ

ξ (a) =W π
ξ (aξ) (see (6.22)). Since the operators

W (aξ,±) are invertible on the space Lp(R+, w), from Theorem 6.3 it follows that
the invertibility of the cosetWπ

ξ (a) for ξ ∈ M∞(SO) is equivalent to the condition

d(aξ,+)
1− coth[π(x+ i/p)]

2
+ d(aξ,−)

1 + coth[π(x + i/p)]
2

�= 0 for all x ∈ R,

which in its turn is equivalent to condition (iii) of the theorem. �



142 Yu.I. Karlovich and J. Loreto Hernández

7. Matrix case

Given 1 < p <∞, w ∈ A0
p(R) and N ∈ N, in this section we study the Fredholm-

ness of Wiener-Hopf operatorsW (a) with matrix symbols a∈ [SOp,w,SAPp,w]N×N

on the space Lp
N(R+, w) under the condition that for every ξ ∈ M∞(SO) the mat-

rix functions aξ,± = νξ,±a admit right APp,w factorizations. We save the notation
Λπ
ξ and Dπ

ξ for corresponding quotient algebras in the case N > 1.
According to [20, Section 5], a matrix function a ∈ [APp,w]N×N is said to

admit a right APp,w factorization if it can be represented in the form

a = a− diag{eλ1 , . . . , eλN} a+

where a± ∈ G[AP±p,w ]N×N and κ(a) := (λ1, . . . , λN ) ⊂ R. A right APp,w factoriza-
tion with κ(a) = (0, . . . , 0) is referred to as a canonical right APp,w factorization. If
a ∈ [APp,w ]N×N admits a canonical right APp,w factorization, then the geometric
mean d(a) =M(a−)M(a+) ∈ CN×N is independent of the particular choice of the
canonical right APp,w factorization of a.

The next result is a matrix version of Theorem 6.3.

Theorem 7.1. Let a ∈ [SAPp,w]N×N where 1 < p <∞, w ∈ A0
p(R) and N ∈ N, and

let the almost periodic representatives a± ∈ [APp,w]N×N of a admit canonical right
APp,w factorizations. Then for every ξ ∈ M∞(SO) the following three assertions
are equivalent:

(i) the coset Wπ
ξ (a) = W π(a) + Jπ

ξ is invertible in the quotient algebra Λπ
ξ ,

(ii) the coset W̃π
ξ (a) = W π(a) + J̃π

ξ is invertible in the quotient algebra Dπ
ξ ,

(iii) for every x ∈ R,

det
[
d(a+)

1 − coth[π(x + i/p)]
2

+ d(a−)
1 + coth[π(x + i/p)]

2

]
�= 0.

Since the matrix functions a± ∈ [APp,w]N×N admit canonical right APp,w
factorizations, we conclude that detd(a±) �= 0 and the Wiener-Hopf operators
W (a±) are invertible on the space Lp

N (R+, w). Consequently, by analogy with
Lemma 5.1, the regularizers of the Fredholm Wiener-Hopf operator W (a) with
symbol a = a−u− + a+u+ + a0 ∈ [SAPp,w]N×N belong to the Banach algebra
algW ([SAPp,w]N×N ) ⊂ B(Lp

N(R+, w)). Arguing similarly to the proof of Theo-
rem 6.3 and applying the matrix version of Lemma 6.2, we obtain Theorem 7.1.

Theorem 7.2. Let 1<p<∞, w∈A0
p(R), N ∈N, and let a∈ [SOp,w ,SAPp,w]N×N .

If for every ξ ∈ M∞(SO) the matrix functions aξ,± = νξ,±a ∈ [APp,w]N×N admit
right APp,w factorizations, then the Wiener-Hopf operator W (a) is Fredholm on
the space Lp

N (R+, w) if and only if the following three conditions are satisfied:

(i) det a(x) �= 0 for all x ∈ R;
(ii) for every ξ ∈ M∞(SO), κ(aξ,±) = (0, . . . , 0);
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(iii) for every ξ ∈ M∞(SO) and all j = 1, 2, . . . , N , the eigenvalues ηξ,j of the
matrix d−1(aξ,+)d(aξ,−) satisfy the condition

1
p

+
1
2π

arg ηξ,j /∈ Z. (7.1)

If W (a) is Fredholm, then all its regularizers belong to the Banach algebra D =
algW ([SOp,w, SAPp,w]N×N ).

Proof. Necessity. Let the operator W (a) be Fredholm on the space Lp
N(R+, w).

Then, by the Allan-Douglas local principle, deta(x) �= 0 for all x ∈ R and for
every ξ ∈ M∞(SO) the coset Wπ

ξ (a) = W π(a) + Jπ
ξ is invertible in the quotient

algebra Λπ
ξ . By Corollary 4.5, for every ξ ∈ M∞(SO) the operators W (aξ,±) are

invertible on the space Lp
N(R+, w). Since all the matrix functions aξ,± = νξ,±a ∈

[APp,w]N×N admit right APp,w factorizations, from Theorem 2.6 it follows that
κ(aξ,±) = (0, . . . , 0), and therefore the rightAPp,w factorizations of aξ,± are canon-
ical. Hence, taking an aξ ∈ [SAPp,w]N×N such that Wπ

ξ (aξ) = W π
ξ (a), we infer

from Theorem 7.1 that for every ξ ∈ M∞(SO) and all x ∈ R,

det
[
d(aξ,+)

1− coth[π(x + i/p)]
2

+ d(aξ,−)
1 + coth[π(x+ i/p)]

2

]
�= 0. (7.2)

Since detd(aξ,±) �= 0, we conclude that (7.2) holds for all x ∈ R, which is equiva-
lent to condition (iii) of Theorem 7.2.

Sufficiency. Suppose all the conditions of Theorem 7.2 are fulfilled. Then for
every ξ ∈ M∞(SO) the matrix functions aξ,± ∈ [APp,w]N×N admit canonical right
APp,w factorizations, and hence, taking a matrix function aξ ∈ [SAPp,w]N×N such
that W̃π

ξ (aξ) = W̃π
ξ (a) and applying Theorem 7.1, we infer from condition (iii)

of Theorem 7.2, which is equivalent to (7.2) in view of detd(aξ,±) �= 0, that the
coset W̃π

ξ (a) = W π(a) + J̃π
ξ is invertible in the quotient algebra Dπ

ξ . On the other
hand, condition (i) implies that the cosets W̃ π

ξ (a) = [a(ξ)I]π + J̃π
ξ are invertible

in Dπ
ξ for all ξ ∈ R. Hence, by the Allan-Douglas local principle, the Wiener-Hopf

operatorW (a) with a matrix symbol a ∈ [SOp,w, SAPp,w]N×N is Fredholm on the
space Lp

N(R+, w) and all its regularizers belong to the Banach algebra D. �
Applying [6, Corollary 19.11] or Theorem 2.7 with w = 1, we immediately

deduce the following corollary from Theorem 7.2.

Theorem 7.3. If 1 < p < ∞, N ∈ N, a ∈ [SOp, SAPp]N×N , and for every ξ ∈
M∞(SO) the matrix functions aξ,± = νξ,±a are in [APW ]N×N , then the Wiener-
Hopf operator W (a) is Fredholm on the space Lp

N(R+) if and only if the following
three conditions are satisfied:

(i) a ∈ G[SOp, SAPp]N×N (equivalently, a−1 ∈ L∞N×N(R));
(ii) for every ξ ∈ M∞(SO), the matrix functions aξ,± admit canonical right

APW factorizations;
(iii) for every ξ ∈M∞(SO) and every j = 1, 2, . . . , N , the eigenvalues ηξ,j of the

matrix d−1(aξ,+)d(aξ,−) satisfy (7.1).
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[4] A. Böttcher and Yu.I. Karlovich, Carleson Curves, Muckenhoupt Weights, and
Toeplitz Operators. Progress in Mathematics 154, Birkhäuser, Basel, 1997.
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1. Main results

In this paper we are concerned with nostrongly hyperbolic systems, i.e., systems
such that the well-posedness of Cauchy problem depends on the lowest terms.

We assume that the leading symbol of a real first-order hyperbolic system

∂tu+ Âu = 0 (1.1)
has the form

A (x′, η, ξ) = ηI +D (x′, ξ)
∥∥b0ij (x′, ξ)

∥∥D−1 (x′, ξ) , (1.2)

where x′ = (t, x), ξ′ = (η, ξ), I is the identity ((r + 2)× (r + 2))-matrix, the
symbols D,D−1 ∈ S0

(
Rn+1
x′ × Rn

ξ

)
, b0ij (x′, ξ) ∈ S1

(
Rn+1
x′ × Rn

ξ

)
, and

∥∥b0ij (x′, ξ)
∥∥ =

⎛⎝ λ1Ir 0 0
0 λ2 d
0 0 λ3

⎞⎠ , (1.3)

where Ir is the identity (r × r)-matrix and it holds that Imλj ≡ 0, j = 1, 2, 3.

This research was partially supported by project of CONACYT Mexico and by project of SIP –
IPN.
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The substitution u = D (x′,−i∂x) v reduces the leading symbol of system
(1.1) to the triangular form. It follows from the analysis of pseudodifferential op-
erators (PDO) that the complete matrix symbol Ac of the hyperbolic system for
the function v has the form

Ac := ηI +
∥∥b0ij (x′, ξ)

∥∥+
∞∑
k=1

bk (x′, ξ) , (1.4)

where bk (x′, ξ) =
∥∥bkij (x′, ξ)

∥∥, and bk (x′, ξ) ∈ S1−k
(
Rn
x × [0, T ]× Rn

ξ

)
, k ∈ N. In

what follows the element b1r+2,r+1 of the matrix symbol b1 (x′, ξ) plays an important
role.

We assume that the set

Σ123 := {x′, ξ : λ1 = λ2 = λ3} ,
is not empty and it is a smoothC∞-manifold of dimension (2n− 1) in R2n+1

x′,ξ \ξ = 0,
the sets

Σij := {x′, ξ : λi = λj , 1 ≤ i, j ≤ 3, i �= j} ,
are C∞-manifolds of dimension 2n in R2n

x,ξ×[0, T ] \ {ξ = 0}, and the Poisson brack-
ets in variables (x′; ξ′) satisfy conditions

{η + λi, η + λj} |Σij∩{|ξ|=1} �= 0, (1.5)

for 1 ≤ i, j ≤ 3, i �= j (i.e., Σ123 ⊂ Σij). In what follows we use the abbreviations

[i, j] := {η + λi, η + λj} . (1.6)

Also suppose that the restriction d|Σ123∩{|ξ|=1} is not identically zero.
An example of a real first-order hyperbolic system with a leading symbol

reducible to form (1.3) provides a linearization of hydrodynamic system for ideal
compressible fluids. It was proved in [12] that the characteristic roots η = −λ (x′, ξ)
satisfy the equation of the form

det
(
ηI +

∥∥b0ij (x′, ξ)
∥∥)

= (η + (u0, ξ))
2 (η + (u0, ξ)− c(x′) |ξ|) (η + (u0, ξ) + c(x′) |ξ|) = 0.

Evidently at the points x′ such that c (x′) = 0 the characteristic roots λ± =
(u0, ξ) ± c |ξ| coincide with the characteristic root λ = (u0, ξ). Therefore, at such
points the multiplicity is equal to three. A simple calculus shows that at the points
x : c (ρ0 (x)) = 0, there are three eigenvectors and one adjoint vector, i.e., a Jordan
block of second order arise. Evidently in this case the set of multiplicity Σ ⊂ R2n+1

x′,ξ
is such that

Σ = {x′, ξ : c (x′) = 0} . (1.7)
A differential system with the complete matrix symbol of the form

Ac = ηI +
∥∥b0ij (x′, ξ)

∥∥+
∥∥b1ij (x′, ξ)

∥∥ (1.8)
is a basic example of the systems with multiplicity of third order, such that the
well-posedness of Cauchy problem with the initial data at t = 0, depends on the
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lowest terms. Here we set n = 2, r = 1; the elements b0ij have form (1.3) with

d = ξ2; the elements b1ij ∈ S0
(
Rn
x × [0, T ]× Rn

ξ

)
, b1ij �= 0 for i �= j and b1ii = 0.

We define the characteristic roots λj as

λ1 = 3ξ1 + 4x1ξ2; λ2 = ξ1 + x1ξ2; λ3 = ξ1 + 5x1ξ2 −
9
2
tξ2. (1.9)

In the basic example it holds that Σ123 =
{
(x′, ξ) : x1 = 9

8 t, ξ1 = − 27
16ξ2t

}
, and

evidently conditions (1.5) hold true.
The ill-posedness of Cauchy problem (1.1) when ∂tÂ ≡ 0 can occur because

the closure of the operator Â in a Sobolev space has the sequence of spectral points
σm such that Reσm −→ −∞. Such an example of real hyperbolic system with three
involuting characteristic roots {η + λi, η + λj} |Σij∩{|ξ|=1} ≡ 0 was provided in [1].

It is well known that when the symbol of system (1.1) has form (1.3) with
a Jordan block of second order and constant multiplicity: λ2 ≡ λ3,Σ12 = ∅, the
well-posedness of Cauchy problem depends on the lower-order term b1r+2,r+1 [11],
[4]. That is, if db1r+2,r+1(x

′, ξ) ∈ R1
+ (here R1

+ = {y : y ≥ 0}), for all (x′, ξ) ∈
R2n+1

x′,ξ it holds that the Cauchy problem for system (1.1) is well posed in the
Sobolev spaces. Whereas, if at some point (t0, x0, ξ0), t0 ≥ 0, ξ0 �= 0 it holds that
db1r+2,r+1(t0, x0, ξ0) /∈ R1

+, then the Cauchy problem for system (1.1) is ill posed
in all Sobolev spaces. In the case of variable multiplicity of second order, that
is Σ12 = ∅, Σ13 = ∅, Σ32 �= ∅ and condition (1.5) holds for i = 2, j = 3, the
Cauchy problem is well posed [4] in the Sobolev spaces for all lower-order terms.
In the present paper we show that the additional multiplicity Σ12 �= ∅, Σ32 �= ∅,
Σ123 �= ∅ implies the ill-posednes of Cauchy problem for some lower-order terms.

We investigate the well-posedness of system (1.1) through a formally asymp-
totic solution (FAS) of the Cauchy problem with oscillating initial data (the formal
definition of FAS is presented below).

Suppose now that the wave front of the initial data of the Cauchy problem
is concentrated on the Lagrangian manifold Λ0, such that

ρ
(

Λ0||ξ|=1 , Σij ||ξ|=1,t=0

)
> 0, for i, j = 1, 2, 3, i �= j. (1.10)

Let πx,t and πx,η be the orthogonal projections of the space R2n+2
x′ξ′ onto the planes

{ξ′ = 0} and {ξ = 0, t = 0}, respectively, let gt,τk : R2n
x,ξ → R2n

x,ξ be the one param-
eter family of diffeomorphisms generated by the Hamiltonian flow of the Hamil-
tonian λk(x, t, ξ) and gτ,τk = I. Following the papers [3], [5], [7], [9], we consider
the set of trajectories g(t,0)j (x, ξ); (x, ξ) ∈ Λ0, j = 1, 2, 3, in the extended phase
space R2n+1

x′,ξ and their ramifications [3]. Ramification arises when the trajectory

g
(t,0)
j (x, ξ) , ξ �= 0, in a moment of time tj passes through the point (tj , xj , ξj) of the

manifold Σjk, j �= k (Σjk ⊂ R2n+1
x′,ξ ) and generates a new branch – the trajectory

g
(t,tj)
k (xj , ξj) , t ≥ tj . Moreover, when these branches g(t,tj)

k (xj , ξj) in moments of
time tk passes through the points (tk, xk, ξk) of the manifold Σkm, k �= m they
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generate new branches g(t,tk)
λm

(xk, ξk), t ≥ tk, k �= m and so on. The union of the

initial trajectory g(t,0)j (x, ξ) with the sequence of all branches generated by it dur-
ing the period of time [0, T ] is called the complete ramification of the trajectory
g
(t,0)
j (x, ξ) in [0, T ].

Condition 1.1. Suppose that for all the trajectories g(t,0)j (x0, ξ0) , |ξ0| > 0, j =
1, 2, 3, in a finite period of time: t, τ ∈ [0, T ] it holds that

inf
t,τ∈[0,T ]

∣∣∣ξ ◦ g(t,τ)j (x0, ξ0)
∣∣∣ ≥ c(T ) |ξ0| , c(T ) > 0, for all (x0, ξ0) ∈ R2n

x,ξ. (1.11)

Conditions (1.5) imply that the functions (λj−λk)(t, g(t,0)j (x, ξ)), ξ �= 0, j �= k
are strictly monotone. Hence, if the distance between the complete ramification
in [0, T ] of this trajectory and the set Σ123 is positive, then the trajectory and its
branches can intersect only once every surface Σjk in the time interval [0, T ]. In
this case every trajectory g(t,τ)j (x, ξ) , |ξ| > 0 can generate only a finite quantity
of branches in [0, T ].

When Σ123 is not empty the complete ramifications of the trajectories lo-
cated in some vicinity of Σ123 may contain periodic cycles or stable and nonstable
motions that have the pattern of “logarithmic spiral”, and the Cauchy problem be-
comes ill posed under some conditions on lower-order terms. This effect does not
exist in the case of multiplicity of second order, that is when Σ123 = ∅.

Now we introduce conditions on the roots λj , j = 1, 2, 3, that provide the
pattern of “logarithmic spiral”.

Define the sets Δ±ij , as

Δ+
ij := {(x′, ξ) : 0 ≤ λi − λj} , Δ−ij := {(x′, ξ) : λi − λj ≤ 0},

and let Δ±int
ij be the set of the internal points.

Let x
′
0 = (0, x0), |ξ0| > 0 and assume that the point (x

′
0, ξ0) belongs to Σ123.

Suppose that in some vicinity

Uε
0 := {(x′, ξ) : 0 ≤ t < ε, |x0 − x| < ε, |ξ0 − ξ| < ε} (1.12)

it holds that
Σ32 ∩ Uε

0 ⊂
{
Δ+

12 ∩Δ−31
}
∪
{
Δ−12 ∩Δ+

31

}
, (1.13)

and suppose that
[1, 2]Uε

0
> 0, [3, 2]Uε

0
< 0, [3, 1]Uε

0
> 0. (1.14)

It is easy to show that basic example (1.8), (1.9) satisfies conditions (1.13), (1.14).
For the basic example (n = 2) in Figure 1 we present the projection of the man-
ifolds Σjk and the complete ramification of the trajectory g(t,0)2 (x, ξ) , (0, x; ξ) ∈
Δ−12 ∩Δ−31∩Uε

0 at R2
x,ξ×{t : t = 0}. In Figure 1 the complete ramification contains

a piecewise smooth trajectory of converging “logarithmic spiral” form (the dotted
lines describe the additional branches that belong to the complete ramification,
but are not included in the emphasized trajectory of “logarithmic spiral” form).



On the Ill-posed Hyperbolic Systems 151

�
� �
����� �������

	 �
�������

	 �

+ + +

+--- ++

- - -
[3,1]>�

[3,2]<�

[1,2]>�
�

�

�
�

�
	

M=(x, )


� ��
123

�
�

Projection onto the plane (x, )


M
1

M
2

M
3

M
4 M

5

Figure 1

In some cases the complete ramification can contain a trajectory of diverging “log-
arithmic spiral” form or a periodic trajectory.

Now consider the Cauchy problem for hyperbolic system (1.1) with highly
oscillating initial data of the form

u(0, x, h) = D (0, x,−i∂x) {φ (x) e2 exp
{
i

h

(
x, ξ
)}
}, ξ �= 0;h ∈ (0, 1], (1.15)

e2 := (0, 1, 0)t, here t stands for the transposition,(
0× supp φ× ξ

)
∈ {Δ−12 ∩Δ−31 ∩ Uε0

0 } \Σ123, ε0 < ε. (1.16)

Here Uε0
0 is the vicinity of the form (1.12) at ε = ε0; (supp φ)μ is the μ vicinity

of the set supp φ and let Λ0 be a initial manifold defined as

Λ0 :=
{
(x, ξ) : x ∈ (supp φ)μ, ξ = ξ, ξ �= 0

}
. (1.17)

Evidently for a sufficiently small value μ it holds that

ρ
(
Λ0, Σij |,t=0

)
> 0, j = 1, 2, 3, for i �= j, (1.18)

Λ0 ∈ {Δ−12 ∩Δ−31 ∩ Uε0
0 } \ Σ123. (1.19)
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Definition 1.2. A function v (x, t, h) ∈ C∞ (C∞0 (Rn
x) , [0, T ]), which depends on the

parameter h ∈ (0, 1], is called the formally asymptotic solution of Cauchy problem
(1.1), (1.15) with the precision O(hM ) (FAS/O(hM )) if it holds that

u(0, x, h)− v (x, 0, h) = Oin(hM ), (1.20)

∂tv + Âv = Orh(hM ). (1.21)

The functions Oin(hM ) ∈ C∞0 (Rn
x), Orh(hM ) ∈ C∞ (C∞0 (Rn

x) , [0, T ]) are such
that sup

R
n+1
x′

∣∣∣∂βx′Oin(hM )
∣∣∣ ≤ Cβh

M−|β|; supRn
x×[0,T ]

∣∣∣∂βx′Orh(hM )
∣∣∣ ≤ Cβh

M−|β|,

Cβ < +∞, where ∂βx′ = ∂β0
t ∂

β1
x1
. . . ∂βn

xn
and |β| = β0 + · · ·+ βn.

Definition 1.3. A function w (x, t, h) ∈ C∞(Ω), where Ω ∈ Rn
x × [0, T ], is called

the formal asymptotic solution of differential system (1.1) in the domain Ω with
the precision O(hM ) (FAS/Ω, O(hM )) if for every point (t, x) ∈ Ω0 in a sphere
U(t, x, h1/2−δ/2) of radius h1/2−δ/2, 0 < δ < 1/4, centered at the point (t, x), it
holds

(∂t + Â)w (x, t, h)ϕ(h) = O(hM ),

sup
U(t,x,h1/2−δ/2)

∣∣∣∂βx′O(hM )
∣∣∣ ≤ Ct,xh

M−|β|.

Let b1r+2,r+1 be the matrix element of the lower-order symbol b1 (x, ξ), let σ32
be the function defined on Σ123 as

σ32 :=
ib1r+2,r+1d

{η + λ3, η + λ2}

∣∣∣∣∣
Σ123

,

and denote by σ the function

σ = Reσ32(0, x0, ξ0) + 3/2.

Suppose that the complete ramification of the trajectory g(t,0)2 (x, ξ) , (0, x; ξ) ∈
Δ−12 ∩ Δ−31 ∩ Uε0

0 , with (0, x; ξ) /∈ Σ123, in the interval [0, T1], T1 ≤ T intersects
the manifold Σ32 at least N times. In what follows we prove that as time passes
the amplitude of FAS/O(hM ) (M  N) became of order hσN . Therefore, if it
holds that σ < 0 and N became large as the time passes then the Cauchy problem
became ill posed.

Theorem 1.4. Assume that hyperbolic system (1.1) has leading symbol (1.2) and the
substitution u = D (x′,−i∂x) v reduces it to a system with the complete symbol of
form (1.4). Suppose that the eigenvalues λj satisfy conditions (1.5), (1.1); Σ123 �=
∅; and condition (1.11) holds true. Let (x′0, ξ0) ∈ Σ123, x′0 = (0, x0), |ξ0| > 0 be
a point such that conditions (1.13), (1.14) hold true and d(x′0, ξ0) �= 0. Assume
that the lower-order terms satisfy the conditions: b1ji (x

′
0, ξ0) �= 0, for j �= i and

Reσ32(0, x0, ξ0) + 3/2 < 0. In this case for all natural numbers k, l,m such that
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k ≥ m, l > 0, and any constant C > 0 there exist a moment of time T > 0 and a
function uk,l,m (x, t) ∈ C∞ (C∞0 (Rn

x) , [0, T ]) such that

max
0≤t≤T

{
‖uk,l,m(t)‖Hk−m(Rn

x)

}
>C max

0≤t≤T

{
‖Luk,l,m(t)‖Hl(Rn

x )
+‖uk,l,m(0)‖Hk(Rn

x )

}
.

(1.22)
The value of T can be chosen arbitrary small.

2. Ramifications of trajectories

Existence of a function uk,l,m (x, t) that satisfies estimate (1.22) for all k, l,m
such that k ≥ m, l > 0 signifies that the Cauchy problem is ill posed in any
Sobolev space. The functions uk,l,m (x, t) are calculated by the asymptotic methods
[3], [10]. FAS of the Cauchy problem (1.1), (1.15) attached to the Lagrangian
manifold generated by the complete ramification of the trajectories originated on
the manifold Λ0 =

{
(x, ξ) : x ∈ supp φ, ξ = ξ

}
∈ Δ−12 ∩Δ−31 ∩ Uε0

0 .

Lemma 2.1. For every T > 0 and every integer number N there exists ε0 : 0 <
ε0 < ε/2 and time T1 : 0 < T1 < T such that:

1. For all initial data (0, x; ξ) ∈ {Δ−12∩Δ−31 ∩Uε0
0 } \Σ123 the complete ramifica-

tion of the trajectory g(t,0)2 (x, ξ) , (0, x; ξ) ∈ {Δ−12 ∩Δ−31 ∩ Uε0
0 } \ Σ123 in the

interval [0, T1] has at least N intersections with the manifold Σ32.
2. This complete ramification belongs to Uε/2

0 .
3. The distance between Σ123 and the complete ramification of the trajectory
g
(t,0)
2 (x, ξ) in the interval [0, T1] is positive.

Proof. 1.) Let the initial point (x; ξ) of the trajectory g(t,0)2 (x, ξ) be such that
the point M = (0, x; ξ) ∈ {Δ−12 ∩ Δ−31 ∩ Uε0

0 } \ Σ123 and ε0 < ε, as it is drawn
in Figure 1. Also suppose that the trajectory g(t,0)2 (x, ξ) in a moment of time
t1 intersects Σ12 at the point M1 = (t1, x1, ξ1), the trajectory g(t,t1)1 (x1, ξ1) in a
moment of time t2 intersects Σ31 at the point M2 = (t2, x2, ξ2), the trajectory
g
(t,t2)
3 (x2, ξ2) in a moment of time t3 intersects Σ32 at the point M3 = (t3, x3, ξ3),

and the trajectory g(t,t3)2 (x3, ξ3) in a moment of time t4 intersects Σ12 at the point
M4 = (t4, x4, ξ4).

At first suppose that there exist such small ε0 that all the points Mj ∈ Uε/2
0 (

that is tj < ε/2 for j = 1, . . . , 4) and suppose that there exists τ(ε) : T >

τ(ε) > max {t1, . . . , t4} such that the trajectories g(t,t1)2 (x1, ξ1), g
(t,t2)
1 (x2, ξ2),

g
(t,t3)
3 (x3, ξ3) are defined for t < τ(ε). Below we prove this step by step calculat-

ing tj .
Conditions (1.14) imply that in the domain Δ+

12 ∩Δ−32 it holds

d

dt
(λ1 − λ2)

(
t, g

(t,t1)
2 (x, ξ)

)
> 0,

d

dt
(λ3 − λ2)

(
t, g

(t,t1)
2 (x, ξ)

)
< 0
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for t ∈ [t1,τ(ε)]. As the function (λ1 − λ2)
(
t, g

(t,t1)
2 (x, ξ)

)
, ξ �= 0 is monotone in-

creasing and the function (λ3 − λ2)
(
t, g

(t,t1)
2 (x, ξ)

)
, ξ �= 0 is monotone decreasing,

it holds that the trajectory g(t,t1)2 (x1, ξ1) , t > t1 belongs to the domain Δ+
12 ∩Δ−32

for t1 ≤ t as it holds for t = t1. Using similar considerations we can obtain the
remaining inclusions, i.e.,

g
(t,t1)
2 (x1, ξ1) ∈ Uε/2

0 ∩Δ+
12 ∩Δ−32; g

(t,t2)
1 (x2, ξ2) ∈ Uε/2

0 ∩Δ+
31 ∩Δ+

12; (2.1)

g
(t,t3)
3 (x3, ξ3) ∈ Uε/2

0 ∩Δ+
31 ∩Δ−32 for t ∈ [tk, τ(ε)] , k = 1, 2, 3.

2.) Evidently for every initial point (τ, x, ξ) ∈ Uε/2
0 there exists τ0 such that

the trajectories g(t,τ)j (x, ξ) , j = 1, 2, 3, for τ ≤ t ≤ τ0 exist and belong to Uε
0 .

Consider the function (λ1 − λ2)
(
t, g

(t,0)
2 (x, ξ)

)
. Its first derivative with respect to

t is [1, 2]
(
t, g

(t,0)
2 (x, ξ)

)
, and the second derivative is bounded for t ≤ τ0. Inequality

(1.14) implies that the function (λ1 − λ2)
(
t, g

(t,0)
2 (x, ξ)

)
is monotone increasing

for t ≤ τ0. Expanding the function (λ1 − λ2)
(
t, g

(t,0)
2 (x, ξ)

)
in t up to O(t2) we

prove that there exists δ1 > 0 such that if |(λ1 − λ2)(M)| ≤ δ1 then the trajectory
g
(t,0)
2 (x, ξ) intersects the manifold Σ12 in the moment of time t1 given by formula

t1 = {|(λ1 − λ2)| /[1, 2]} (M) +O
(
|(λ1 − λ2)|2 (M)

)
and t1 ≤ τ0. (2.2)

Evidently |(λ1 − λ2)(M)| → 0 as ε0 → 0 , and t1 → 0 also. Hence M1 → (0, x0, ξ0)
as ε0 → 0, and therefore |(λ3 − λ1)| (M1)→ 0 also. Thus we prove that M1 ∈ Uε/2

0

if number ε0 is sufficiently small.
3.) In what follows we consider the value (λ3 − λ1)(M1) (the points Mj are

defined above in 1.)) and prove that if |(λ3 − λ1)(M1)| ≤ δ1, M1 ∈ Uε/2
0 then it

holds that

(λ3 − λ1)(M4) = (λ3 − λ1)(M1) +O(|(λ3 − λ1)(M1)|2). (2.3)

First we suppose that the assumptions of item 1.) are valid. In this case applying
the considerations of the item 2.) we obtain that

t2 − t1 = {|(λ3 − λ1)/[3, 1]|} (M1) +O
(
|(λ3 − λ1)|2 (M1)

)
≤ τ0, (2.4)

t3 − t2 = {|(λ3 − λ2)/[3, 2]|} (M2) +O
(
|(λ3 − λ2)|2 (M2)

)
≤ τ0, (2.5)

t4 − t3 = {|(λ1 − λ2)/[1, 2]|}(M3) +O
(
|(λ1 − λ2)|2 (M3)

)
≤ τ0, (2.6)

if |(λ3 − λ1)| (M1) ≤ δ1, |λ3 − λ2| (M2) ≤ δ1, |λ1 − λ2| (M3) ≤ δ1 and Mj ∈ Uε/2
0 .

In item 2.) we have seen that |(λ3 − λ1)| (M1)→ 0 as ε0 → 0. Therefore t2−t1 → 0
and g(t2,t1)1 (x1, ξ1) → (x0, ξ0) as ε0 → 0. Thus we prove that M1,M2 ∈ Uε/2

0 if ε0
is sufficiently small. Similarly is obtained that Mj ∈ Uε/2

0 for j = 1, . . . , 4. So the
number τ0 from item 2.) stands for number τ(ε) from item 1.).
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Below we use the identity

(λ1 − λ2) + (λ3 − λ1) = (λ3 − λ2). (2.7)

Now, as (λ3 − λ1)(M2) = 0 ,(λ1 − λ2)(M1) = 0, then from (2.7), (2.4) it follows
that
|λ3 − λ2| (M2) = |λ1 − λ2| (M2)

= (t2 − t1) |[1, 2]| (M1) +O
(
|t2 − t1|2

)
=
|λ3 − λ1| (M1) |[1, 2]| (M1)

|[3, 1]| (M1)
+O
(
|(λ3 − λ1)|2 (M1)

)
.

(2.8)

Hence from (2.5) it follows that

t3 − t2 =
|λ3 − λ1| (M1) |[1, 2]| (M1)
|[3, 1]| (M1) |[3, 2]| (M2)

+O
(
|(λ3 − λ1)|2 (M1)

)
. (2.9)

Equalities (λ3 − λ1)(M2) = 0, (λ3 − λ2)(M3) = 0 and formulas (2.7), (2.9) imply
that

|λ1 − λ2| (M3) = |λ3 − λ1| (M3) = (t3 − t2) |[3, 1]| (M2) +O((t3 − t2)2) (2.10)

=
|λ3 − λ1| (M1) |[1, 2]| (M1) |[3, 1]| (M2)

|[3, 1]| (M1) |[3, 2]| (M2)
+ O
(
|(λ3 − λ1)|2 (M1)

)
.

Therefore, from formulas (2.9), (2.6) we obtain

t4 − t3 =
|λ3 − λ1| (M1) |[1, 2]| (M1) |[3, 1]| (M2)
|[3, 1]| (M1) |[3, 2]| (M2) |[1, 2]| (M3)

+O
(
|(λ3 − λ1)|2 (M1)

)
. (2.11)

Similarly we have that |λ3 − λ1| (M4) = |λ3 − λ2| (M4) = (t4 − t3) |[3, 2]| (M3) +
O(|t4 − t3|2), and formula (2.11) implies that

|λ3 − λ1| (M4) =
|λ3 − λ1| (M1) |[1, 2]| (M1) |[3, 1]| (M2) |[3, 2]| (M3)

|[3, 1]| (M1) |[3, 2]| (M2) |[1, 2]| (M3)

+O
(
|(λ3 − λ1)|2 (M1)

)
.

(2.12)

Evidently the distances have an estimate

ρ(Mi+1,Mi) ≤ cε(ti+1 − ti), (2.13)

and we proved that |ti+1 − ti| = O(|λ3 − λ1| (M1)). Thus

ρ(M1,Mi) ≤ c1 |λ3 − λ1| (M1), for i = 2, 3, 4.

It follows from this estimate and formula (2.12) that the formula

|λ3 − λ1| (M4) = |λ3 − λ1| (M1) +O(|(λ3 − λ1)(M1)|2) (2.3)

holds true.
4.) Above we prove that the existence of ε0 such that the assumptions of the

item 1.) and the statements of items 2.) and 3.) hold true.
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Now in what follows we prove the statements 1, 2, and 3 of the lemma. Evi-
dently in expression (2.3) it holds that

∣∣O ((λ3 − λ1)2(M1)
)∣∣ ≤ c1 |λ3 − λ1|2 (M1)

for M1 ∈ Uε0
0 . In this case we have that

|λ3 − λ1| (M1) (1− c1ε0) ≤ |λ3 − λ1| (M4) ≤ |λ3 − λ1| (M1) (1 + c1ε0) . (2.14)

If the point M4 belongs to Uε0
0 � Σ123 we can set M ′

1 = M4 and determine the
points M ′

2,M
′
3,M

′
4. We set M5 = M ′

2,M6 = M ′
3,M7 = M ′

4 ∈ Σ12 and extend this
construction assuming that M3j+1 ∈ Uε0

0 � Σ123 for j = 1, . . . , N . From (2.14) it
follows that

|λ3 − λ1| (M1) (1− c1ε0)j ≤ |λ3 − λ1| (M3j+1) ≤ |λ3 − λ1| (M1) (1 + c1ε0)
j .

(2.15)
Estimates (2.13), (2.15) and formulas (2.4), (2.5), (2.6) imply that the above-men-
tioned constructions hold true assuming that M1 ∈ UεN

0 � Σ123, where εN(N +
1)(1 + c1ε0)N c2 < ε0 with some constant c2 independent on N . Hence there exists
ε̃ such that if (0, x; ξ) ∈ {Δ−12 ∩ Δ−31 ∩ U ε̃

0} � Σ123) then M1 ∈ UεN
0 � Σ123 and

the complete ramification of the trajectory g(t,0)2 (x, ξ) has at least N trisections
with the manifold Σ23. All these intersections occur in [0, T1] where T1 = t1+(t2−
t1) + · · ·+ (tN − tN−1) < εN(N + 1)(1 + c1ε0)Nc2 < ε0. Therefore decreasing εN
we obtain that T1 < T .

In what follows we estimate the distance between the complete ramifica-
tion and the manifold Σ123. Evidently this distance can be estimated by the
minimal value of the function |λ1 − λ2| + |λ3 − λ2| + |λ3 − λ1| on the ramifica-
tion. Simple manipulations provide that this minimal value is bounded below by
c3 |λ3 − λ1| (M1)(1− c1ε0)N with some constant c3 independent on N . �

Now we consider the ramification of the manifolds generated by the complete
ramification of the trajectories gt,02 (x0, ξ0) , (x0, ξ0) ∈ Λ0 in the interval [0, T ] in
the extended phase space R2n+2

x′,ξ′ , where ξ′ = (ξ, η). We proceed step by step
considering a sequence of ramifications. Evidently this ramification of manifolds
contains the manifold Λn+1

2 obtained by the displacement of the manifold Λ0 along
the trajectories of the Hamiltonian vector field corresponding to the Hamiltonian
λ2, i.e.,

Λn+1
2 :=

{
(x′, ξ′) : (x, ξ) = gt,02 (x0, ξ0), (x0, ξ0)

∈ Λ0; η = −λ2
(
t, gt,02 (x0, ξ0)

)
, 0 ≤ t ≤ T },

(2.16)

where T > sup(x0,ξ0)∈Λ0
(t1(x0, ξ0)).

Lemma 2.1 implies that the trajectories gt,02 (x0, ξ0), (x0, ξ0) ∈ Λ0 intersect
the manifold Σ12 in the moment of time t1(x0, ξ0). Consider the set of the ramified
trajectories gt,t11

(
gt1,02 (x0, ξ0)

)
, which start at the points

(
x̃, ξ̃
)

:= gt1,02 (x0, ξ0),

(x0, ξ0) ∈ Σ21 in the moment of time t1(x0, ξ0),
(
x̃, ξ̃,t1

)
∈ Σ21 and generate the
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manifold Λn+1
2−→1,1 defined as

Λn+1
2−→1,1 :=

{
(x′, ξ′) : (x, ξ) = gt,t11

(
x̃, ξ̃
)
,

η = −λ1
(
t, gt,t11 (x̃, ξ̃)

)
, t1(x0, ξ0) ≤ t ≤ T

}
.

We define manifold Σ̃12 as Σ̃12 := Σ12 × R1
η. The following lemma holds true.

Lemma 2.2.

1) The function t1(x0, ξ0) is C∞(Λ0).
2) The set Λn+1

2 ∩Σ̃12 is n-dimensional infinitely differentiable Lagrangian man-
ifold in R2n+2

x′ξ′ , and Λn+1
2→1,1 is (n + 1)-dimensional infinitely differentiable

Lagrangian manifold.

Proof. 1.) Define the function �(t, x0, ξ0) := {λ1−λ2}(Mt), Mt := (t, gt,02 (x0, ξ0)).
Then the function t1(x0, ξ0) satisfies the equation �(t1, x0, ξ0) = 0. Evidently,
condition (1.5) implies that:

∂t� (t, x0, ξ0)|t=t1
= {η + λ1, η + λ2} (Mt1) �= 0, at Mt1 ∈ Σ12.

Therefore, the statement of item 1.) follows from the implicit function theorem.
2.) Now we prove that Λn+1

2 ∩ Σ̃12 is n-dimensional infinitely differentiable
manifold in R2n+2

x′ξ′ . Evidently, it holds that

Λn+1
2 ∩ Σ̃12 =

{
x′, ξ′ : (x, ξ) = gt1,02 (x0, ξ0), t = t1(x0, ξ0), η = −λ2(x, t1, ξ)

}
,

where (x0, ξ0) ∈ Λ0.
The intersection of (n + 1)-dimensional tangent plane ln+1

D to the manifold
Λn+1
2 at the point D ∈ Λn+1

2 ∩ Σ̃12 with (2n+ 1)-dimensional tangent plane l2n+1
D

to the manifold Σ̃12 at the same point D has a dimension not less than n. The
dimension is exactly equal to n if there exists a vector f : f ∈ ln+1

D , such that
f /∈ l2n+1

D . The vector f = {∂ξλ2, 1,−∂xλ2,−∂tλ2} ∈ ln+1
D , but does not belong

to l2n+1
D due to condition (1.5). As it holds that for any point D ∈ Λn+1

3 ∩ Σ̃23

the dimension of the intersection ln+1
D ∩ l2n+1

D is equal to n, then Λn+1
2 ∩ Σ̃12

is n-dimensional infinitely differentiable manifold. In what follows we prove that
Λn+1
2 ∩ Σ̃12 is the Lagrangian manifold. Let (x, ξ) = gt1,02 (x0, ξ0). Differential of

the variable (x0, ξ0) is denoted by δx0, δξ0. Then we have that dxi = δxi +∂txidt1,
dξi = δξi + ∂tξidt1, where δxi =

∑n
j=1 (∂xi/∂x0j) δx0j + (∂xi/∂ξ0j) δξ0j , and

δξi =
∑n

j=1(∂ξi/∂x0j)δx0j + (∂ξi/∂ξ0j)δξ0j . Direct calculation provides:(∑n

i=1
dxi ∧ dξi + dt ∧ dη

)∣∣∣
Λn+1

2 ∩Σ̃12

=
∑n

i=1
δxi ∧ δξi +

∑n

i=1
(∂txi)dt1 ∧ δξi

−
∑n

i=1
(∂tξi)dt1 ∧ δxi −

∑n

i=1
(∂xiλ2)dt1 ∧ δxi −

∑n

i=1
(∂ξiλ2)dt1 ∧ δξi .

As the diffeomorphism gt02 is a canonical one, then
∑n

i=1 δxi ∧ δξi = 0 at Λn+1
2 ;

furthermore it holds that ∂txi = ∂ξλ2, ∂tξi = −∂xλ2. Therefore, the other terms
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in the previous equality cancel and we obtain that the restriction of the sym-
plectic form over the manifold Λn+1

2 ∩ Σ̃12 is equal to zero, that is the manifold
Λn+1
2 ∩ Σ̃12 is the Lagrangian manifold. At any point D ∈ Λn+1

2 ∩ Σ̃12 the vec-
tor {∂ξλ1, 1,−∂xλ1,−∂tλ1} does not belong to the tangent plane l2n+1

D due to
condition (1.5). Therefore, this vector is not tangent to the manifold Λn+1

2 ∩ Σ̃12

as well. Hence Λn+1
2→1,1 is (n + 1)-dimensional infinitely differentiable Lagrangian

manifold. �
Now we follow the considerations of Lemma 2.2. Note that the intersection of

the Lagrangian manifold Λn+1
2→1,1 with Σ31 is n-dimensional infinitely differentiable

Lagrangian manifold. Hence the manifold Λn+1
1→3,1 defined as

Λn+1
1→3,1 :=

{
(x′, ξ′) : (x, ξ) = gt,t23 (x0, ξ0), (x0, t2, ξ0, η) ∈

Λn+1
2→1,1 ∩ Σ31; η = −λ3

(
t, gt,t23 (x0, ξ0)

)
, t2 ≤ t ≤ T

}
,

is (n + 1)-dimensional Lagrangian C∞-manifold. In a similar manner (n + 1)-
dimensional Lagrangian C∞-manifold Λn+1

3→2,1 is generated in R2n+2
x′,ξ′ by the Hamil-

tonian flow of the Hamiltonian (η + λ2) with the origin on the n-dimensional
Lagrangian C∞-manifold Λn+1

1→3,1 ∩ Σ32; similarly (n+ 1)-dimensional Lagrangian
C∞-manifold Λn+1

2→1,2 is generated in R2n+2
x′,ξ′ by the Hamiltonian flow of the Hamil-

tonian (η + λ1) with the origin on the n-dimensional Lagrangian C∞-manifold
Λn+1
3→2,1 ∩ Σ32, and so on. Therefore if the distance between the set Σ123 and the

complete ramification of all trajectories g(t,0)2 (x0, ξ0) , (x0, ξ0) ∈ Λ0 in the interval
[0, T ] is positive, then the complete ramification is a finite sum of the (n + 1)-
dimensional Lagrangian C∞-manifolds Λn+1

k→j,i generated in R2n+2
x′,ξ′ by the Hamil-

tonian flow of the Hamiltonian (η + λj) with the origin on the n-dimensional La-
grangian C∞-manifold Λn+1

m→k,l ∩ Σkj , where i = l or i = l + 1. The distance in
R2n+2

x′,ξ′ between all the manifolds Λn+1
m→k,1,Λ

n+1
m→k,2,Λ

n+1
m→k,3, . . . is positive as they

start on the manifold Σmk in disjoint intervals of time.

Lemma 2.3. For every T > 0 and every integer number N there exist ε0:0 < ε0 < ε;
time T1 : 0 < T1 < T ; C∞0 -function φ (x) and a point ξ �= 0 such that:

1. Lagrangian manifold (1.17) satisfies conditions (1.18), (1.19)
2. The closure of the complete ramification of every trajectory g

(t,0)
2 (x, ξ),

(x, ξ) ∈ Λ0 in the interval [0, T1] is at positive distance from Σ123 and be-
longs to Uε/2

0 .
3. The complete ramification of every trajectory g(t,0)2 (x, ξ), (x, ξ) ∈ Λ0 in the

interval [0, T1] intersects the manifold Σ32 at least N times.
4. The complete ramification of every trajectory g(t,0)2 (x, ξ), (x, ξ) ∈ Λ0 it the

interval [0, T1] is a sum of finite number K of (n+1)-dimensional Lagrangian
C∞-manifolds Λn+1

m→k.i and (n + 1)-dimensional Lagrangian C∞-manifold
Λn+1
2 .

The proof of Lemma 2.3 follows directly from Lemma 2.1 and Lemma 2.2.
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3. Proof of the theorem

1. We assume that on all the Lagrangian manifolds Λn+1
2 ,Λn+1

m→k,l it is possible
to choose local coordinates (t, x1, . . . , xn). The general case is considered in the
same manner employing Maslov canonical operator. Further suppose r = 1 and the
substitute u = D (x′,−i∂x) v has reduced the symbol of equation (1.1) to form (1.4).

To calculate FAS of Cauchy problem (1.1), (1.15) with high precision it is
necessary to consider the manifolds Λn+1

1 ,Λn+1
3 in R2n+2

x′,ξ′ generated by the dis-
placement of the manifold Λ0 along the trajectories of Hamiltonian vector fields
corresponding to the Hamiltonians λ1, λ3. To simplify the proof of Theorem 1.4 in
what follows we slightly change initial data (1.15) in such a way that the manifolds
Λn+1
1 ,Λn+1

3 can be neglected in the considerations. Furthermore we assume that
the support of the initial data is in h1/2−δ/2-vicinity (for 0 < δ < 1/2) of a point
y, and that the point M in Figure 1 is: M := (t = 0, x = y, ξ = ξ),M /∈ Σ123. Re-
call that the trajectory g(t,0)2

(
y, ξ
)

in the moment of time t1(y) intersects Σ12 at
the point M1 = (t1, x1, ξ1), the trajectory g(t,t1)1 (x1, ξ1) in the moment of time
t2(y) intersects Σ31 at the point M2 = (t2, x2, ξ2), the trajectory g(t,t2)3 (x2, ξ2) in
the moment of time t3(y) intersects Σ32 at the point M3 = (t3, x3, ξ3), and the
trajectory g(t,t3)2 (x3, ξ3) in the moment of time t4(y) intersects Σ12 at the point
M4 = (t4, x4, ξ4), and so on.

2. FAS/O(hM ) of the Cauchy problem is calculated step by step. Consider
in the space R2n+1

x′,ξ all h1/2−δ-vicinities of the intersections: Λn+1
2 ∩ Σ̃21; Λn+1

2→1,1 ∩
Σ̃21,Λn+1

2→1,1 ∩ Σ̃31; Λn+1
1→3,1 ∩ Σ̃31,Λn+1

1→3,1 ∩ Σ̃32; etc. for 0 < δ < 1/2. These vicini-

ties are denoted as U
(
Λn+1
m→k,i ∩ Σ̃kj , h

1/2−δ
)
. Outside these vicinities the WKB-

Maslov [7] method can be applied to construct a FAS/Ω, O(hM ) of the Cauchy
problem as a sum of Maslov operators on the Lagrangian manifolds Λn+1

m→k,i. How-
ever, near the points of intersections Λn+1

m→k,i ∩ Σ̃mj and Λn+1
m→k,i ∩ Σ̃kj the Maslov

construction [7], [8] should be modified. In the vicinities U
(
Λn+1
2→1,i ∩ Σ̃12, h

1/2−δ
)
,

U
(
Λn+1
2→1,i ∩ Σ̃31, h

1/2−δ
)

symbol (1.3) does not have the Jordan block, hence the
multiphasic method developed in the paper [3] can be applied. Note that in the
vicinities U

(
Λn+1
1→3,i ∩ Σ̃32, h

1/2−δ
)

symbol (1.3) has a Jordan block of the second
order. Therefore it is possible to use a modification of the method developed in [10].

3. Assume that the symbol of system (1.1) is reducible to form (1.4). Denote
by πτ the projection of R2n+2

x′,ξ′ onto R2n
x,ξ×{t = τ}, and let (Λn+1

2 )t := πtΛn+1
2 . Sup-

pose that πtΛn+1
2 ⊂ Δ−int

12 ∩Δ−int
31 for t ∈ [0, t1]. The linear subspace of functions

of the space C∞
(
Λn+1
2 ∩ {t : 0 ≤ t ≤ t1}

)
such that their restrictions on (Λn+1

2 )t
belong to C∞0

(
(Λn+1

2 )t
)

for t ∈ [0, t1] is denoted by C̃∞0
(
Λn+1
2 ∩ {t : 0 ≤ t ≤ t1}

)
.

Evidently t1 can be taken as t1(y)− h1/2−δ/2. Furthermore, let πx be the projec-
tion of R2n+2

x′,ξ′ onto Rn
x ; πx′ be the projection of R2n+2

x′,ξ′ onto Rn+1
x′ and let a set Ω0
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be defined as Ω0 :=
[
Λn+1
2 ∩ {t : 0 ≤ t ≤ t1}

]
. Following the WKB-Maslov method

[7], [8] we calculate a function

ϕ(h) =
M+n∑
j=0

hjϕj , ϕj ∈ C̃∞0 (
(
Λn+1
2 ∩ {t : 0 ≤ t ≤ t1}

)
(3.1)

such that the Maslov operator KΛn+1
2
ϕ(h) provides a FAS/πx′Ω0, O(hM ). The

vector functions ϕj are calculated from a recurrent systems of differential equations
on the manifold Λn+1

2 ∩
{
t : 0 ≤ t ≤ t1

}
[8]. The function ϕ0 ∈ C̃∞0 (Λn+1

2 ) is a

solution of so-called transport equation [3], [8] with the initial data
(
ϕ0|(Λn+1

2 )0

)
◦

π−1x = φ (x) e2 (here the function φ (x) e2 is the amplitude in data (1.15)). This
solution is unique and [8] it holds that

ϕ0(t, x0) = φ (x0) e2|Λn+1
2

exp

{∫ t

0

[
1
2

n∑
k=1

∂2xkξk
λ2(τ, x, ξ)

−i
(
b122 −

db123
λ2 − λ3

)
(τ, x, ξ)

]
◦ g(τ,0)2 (x0, ξ)dτ

}
.

(3.2)

Direct calculations imply that the function KΛn+1
2
ϕ(h) satisfies perturbed initial

data (1.15)

KΛn+1
2
ϕ(h)
∣∣∣
t=0

= φ0(x, h) exp
{
i

h
(x, ξ)

}
, where

φ0(x, h) = φ (x) e2 +
M+n∑
j=1

hjψj ; ψj ∈ C∞0 (Rn), supp ψj ⊆ supp φ. (3.3)

In what follows we use corrected initial amplitude (3.3).
4. In the vicinity U

(
Λn+1
2 ∩ Σ̃12, h

1/2−δ
)

it holds that λ2 �= λ3 and λ1 = λ2

on Σ12. Hence symbol (1.3) does not have the Jordan block. Therefore the formal
asymptotic solution in the domain πx′U

(
Λn+1
2 ∩ Σ̃12, h

1/2−δ
)

can be calculated
following the paper [3], [16]. This formal asymptotic solution in the intersection
U
(
Ω0, h

1/2−δ/2
)
∩ πx′U

(
Λn+1
2 ∩ Σ̃12, h

1/2−δ
)

(here the set Ω0 is defined in item

3.) is equal to the FAS/πx′Ω0, O(hM ), obtained above in item 3., with a precision
O(hM ). Furthermore, applying the stationary phase method and its estimations
[15] to the formal asymptotic solution in the domain πx′U

(
Λn+1
2 ∩ Σ̃12, h

1/2−δ
)

[3], we obtain that this formal asymptotic solution in the domain

πx′
[
Λn+1
2 ∩

{
t : t1(y)− h1/2−δ/2 ≤ t ≤ t1(y) + h1/2−δ/2

}]
∪ πx′

[
Λn+1
2→1,1 ∩

{
t : t1(y)− h1/2−δ/2 ≤ t ≤ t1(y) + h1/2−δ/2

}]
can be presented, with the precisionO(hM ), as a sum of canonical Maslov operators
on the manifolds Λn+1

2 ∩Δ+
12∩Δ−31 and Λn+1

2→1,1∩Δ+
12∩Δ−31. Therefore, this formally
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asymptotic solution can be extended. As a result of the extension the function
FAS/πx′ Ω1, O(hM ) is obtained by WKB-Maslov method, here

Ω1 :=
[
Λn+1
2 ∩

{
t : t1(y) + h1/2−δ/2 ≤ t ≤ T

}]
∪ πx′

[
Λn+1
2→1,1 ∩

{
t : t1(y) + h1/2−δ/2 ≤ t ≤ t2(y)− h1/2−δ/2

}]
.

The function FAS/πx′ Ω1, O(hM ) is the sum of following canonical operators

KΛn+1
2
ϕ(2)(h) +KΛn+1

2→1,1
ϕ(2→1,−)(h). (3.4)

Here: a) it holds that the amplitude

ϕ(2)(h) =
M+n∑
j=0

hjϕ
(2)
j ; ϕ(2)0 = ϕ0,

where ϕ0 were constructed in item 3. and

ϕ
(2)
j ∈ C̃∞0

(
Λn+1
2 ∩ {t : t1(y) + h1/2−δ/2 ≤ t ≤ T }

)
.

Here sup
∣∣∣∂βx′ϕ(2)j

∣∣∣ ≤ cj,βh
−j(1/2+δ)−|β|δ for j ≥ 2, and for j = 1 it holds that

sup
∣∣∣∂βx′ϕ(2)1

∣∣∣ ≤ cj,β |lnh|m(β).

b) the amplitude ϕ(2→1,−)(h) has the form

ϕ(2→1,−)(h) =
√
h

M+n∑
j=0

hjϕ
(2→1.−)
j , (3.5)

where

ϕ
(2→1,−)
j ∈ C̃∞0

[
Λn+1
2→1,1 ∩

{
t : t1(y) + h1/2−δ/2 ≤ t ≤ t2(y)− h1/2−δ/2

}]
;

the function ϕ(2→1,−)
0 does not depend on h and

sup
∣∣∣∂βx′ϕ(2→1,−)

j

∣∣∣ ≤ cj,βh−j(1/2+δ)−|β|δ, for j ≥ 1.

Now we determine the function ϕ(2→1,−)
0 explicitly. Let vector e1 be e1 =

T (x′, ξ)(1, 0, 0)t. From [3] it follows that with the precision up to the factor eiβ ,∣∣eiβ∣∣ = 1, it holds that

ϕ
(2→1,−)
0 = e1|Λn+1

2→1,1
× eiβϕ0(t1(x0), x0)b112

(
t1(x0), g

t1(x0),0
2 (x0, ξ)

)
(3.6)

×

√∣∣D{x ◦ gt,t1(x0)
1 ◦ gt1(x0),0

2 (x0, ξ)}/Dx0
∣∣√∣∣D{x ◦ gt,τ1 ◦ gτ,02 (x0, ξ)}/Dx0

∣∣∣∣
τ=t1(x0)

× 1√∣∣[1, 2]
∣∣ ◦ gt1(x0),0

2 (x0, ξ)

exp
{∫ t

t1(x0)

[
1
2

k=n∑
k=1

∂2xkξk
λ1(τ, x, ξ)− ib111(τ, x, ξ)

]
◦ gτ,t1(x0)

1 ◦ gt1(x0),0
2 (x0, ξ)dτ

}
.
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5. In the vicinity U
(
Λn+1
2→1,1 ∩ Σ̃13, h

1/2−δ
)

it holds that λ2 �= λ3 and λ1 = λ3

on Σ13. Hence symbol (1.3) does not have the Jordan block. Therefore the formal
asymptotic solution in the domain πx′U

(
Λn+1
2→1,1 ∩ Σ̃13, h

1/2−δ
)

can be calculated
following the paper [3]. This formal asymptotic solution in the intersection πx′Ω1∩
πx′U

(
Λn+1
2→1,1 ∩ Σ̃13, h

1/2−δ
)

is equal to the FAS/πx′Ω1, O(hM ) obtained above in

item 4., with the precision O(hM ). Thus the considerations of item 4. are valid
and the function FAS/πx′Ω2, O(hM ), where

Ω2 :=
[
Λn+1
2→1,1 ∩ {t : t2(y) + h1/2−δ/2 ≤ t ≤ T }

]
∪ πx′

[
Λn+1
1→3,1 ∩ {t : t2(y) + h1/2−δ/2 ≤ t ≤ t3(y)− h1/2−δ/2}

]
is a sum of the following canonical operators

KΛn+1
2→1,1

ϕ(2→1,+)(h) +KΛn+1
1→3,1

ϕ(1→3,−)(h). (3.7)

The amplitudes ϕ(2→1,+)(h) and ϕ(1→3,−)(h) in formula (3.7) are similar to the
amplitudes ϕ(2)(h) and ϕ(2→1,−)(h) in formula (3.4) respectively. Hence it holds
that

ϕ(1→3,−)(h) = h

M+n∑
j=0

hjϕ
(1→3,−)
j ,

where

ϕ
(1→3,−)
j ∈ C̃∞0

[
Λn+1
1→3,1 ∩ {t : t2(y) + h1/2−δ/2 ≤ t ≤ t3(y)− h1/2−δ/2}

]
;

ϕ
(1→3,−)
0 does not depend on h and

sup
∣∣∣∂βx′ϕ(1→3,−)

j

∣∣∣ ≤ cj,βh−j(1/2+δ)−|β|δ, for j ≥ 1.

The function ϕ(1→3,−)
0 has a representation with the precision up to the factor

eiθ,
∣∣eiθ∣∣ = 1 similar to (3.6). Let e3 be equal to T (x′, ξ)

(
0, d

λ3−λ2
, 1
)t

, and let e∗1
be equal to (T ∗)−1(x′, ξ)(1, 0, 0)t, then

ϕ
(1→3.−)
0 = eiθ(ϕ(2→1,−)

0 , e∗1|Λn+1
2→1,1

)(t2(x0), x0) (3.8)

× e3|Λn+1
1→3,1

× b131
(
t2(x0), g

t2(x0),t1(x0)
1 ◦ gt1(x0),0

2 (x0, ξ)
)

×

√∣∣∣D{x ◦ gt,t2(x0)
3 ◦ gt2(x0),t1(x0)

1 ◦ gt1(x0),0
2 (x0, ξ)

}
/Dx0

∣∣∣√∣∣∣D{x ◦ gt,τ3 ◦ gτ,t1(x0)
1 ◦ gt1(x0),0

2 (x0, ξ)
}
/Dx0

∣∣∣∣∣∣
τ=t2(x0)
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× 1√
|[1, 2]| ◦ gt2(x0),t1(x0)

1 ◦ gt1(x0),0
2 (x0, ξ)

exp
{∫ t

t2(x0)

[
1
2

n∑
k=1

∂2xkξk
λ3(τ, x, ξ)

− i
(
b132
λ3 − λ2
d

+ b133

)
(τ, x, ξ)

]
◦ gτ,t2(x0)

3 ◦ gt2(x0),t1(x0)
1 ◦ gt1(x0),0

2 (x0, ξ)dτ
}
.

The application of formulas (3.2), (3.6) and (3.8) yields an estimate∣∣∣ϕ(1→3,−)
0 (t, x0)

∣∣∣ ≥ |φ (x0)| e−ct. (3.9)

6. Now we extend the function FAS/πx′ Ω2, O(hM ) through Σ32 to obtain
a formal asymptotic solution in πx′U

(
Λn+1
1→3,1 ∩ Σ̃12, h

1/2−δ
)
. In this vicinity it

holds that λ1 �= λ2, λ1 �= λ3, and λ2 = λ3 on Σ̃32. Hence symbol (1.4) has a
Jordan block on Σ̃32. To calculate the FAS we modify the representation of the
asymptotic solution.

a) Toward this end it is convenient to modify principal symbol (1.4). For that
we introduce an operator U2(t, τ) that is the solution of the Cauchy problem

ih∂tU2(t, τ) = {λ2(x, t,−ih∂x) + λ∗2(x, t,−ih∂x)}U2(t, τ); U2(τ, τ) = I, t � τ.
(3.10)

Evidently, the operator U2(τ, t) such that

−ih∂τU2(τ, t) = {λ2(x, τ,−ih∂x) + λ∗2(x, τ,−ih∂x)}U2(τ, t); U2(t, t) = I, t � τ,

is the inverse operator of U2(t, τ). In what follows we use the asymptotic expansions
Uas
2 (t, τ) and Uas

2 (τ, t) of these operators with respect to the small parameter
h [8]. The FAS solution u of Cauchy problem (1.1), (1.15) is presented in the
form u = Uas

2 (t, 0)v. Hence the function v satisfies with the precision O
(
hM
)

the
equation

(−ih) ∂v
∂t

+ B̂U

(
x′,−ih ∂

∂x
, h

)
v = 0. (3.11)

with the initial data of form (1.15). Following the papers [13], [14] we obtain a
matrix-valued symbol BU (x′, ξ, h) of the h−1-P.D.O. B̂U (actually the operator
B̂U is obtained by commutation of a P.D.O. with a Fourier integral operator [9])

BU (x′, ξ, h) = BU
0 (x′, ξ) + hBU

1 (x′, ξ) + · · ·+ hjBU
j (x′, ξ) + · · · . (3.12)

It holds that
∣∣∣∂αx′∂βξBU

j (x′, ξ)
∣∣∣ ≤ cαβ(γ)(1 + |ξ|) for |ξ| ≥ γ > 0. Consider the first

two terms in formula (3.12). The notation f̃(x′, ξ) signifies that the functions are
valued at the argument

{
t, gt,02 (x, ξ)

}
. For example λ̃j(t, x, ξ) := λj

(
t, gt,02 (x, ξ)

)
.

Then it holds that

BU
0 (x′, ξ) :=

∥∥∥b̃0ij (x′, ξ)
∥∥∥− λ̃2I;

(BU
1 (x′, ξ))ij =

(
b̃1(x′, ξ, h)

)
ij
,
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for i �= j and (i, j) �= (r + 1, r + 2). We set

BU
∗ (x′, ξ) := BU

1 (x′, ξ) + · · ·+ hj−1BU
j (x′, ξ) + · · · .

The substitution v = Uas
2 (t, 0)u generates a canonical transformationG of the

phase space: G(t, x, ξ, , η) :=
{
t, gt,02 (x, ξ), η − λ2

(
t, gt,02 (x, ξ)

)}
. In what follows

we use new Hamiltonians λ′k := λ̃k − λ̃2,(λ′2 = 0) and as above introduce the sets
Σ′ij ,Σ

′
123. As the transformation G is canonical in the space R2n+2

x′,ξ′ , then we have
that {

η + λ′i, η + λ′j
}
|Σ′ij∩{|ξ|=1}

= {η + λi, η + λj} |Σij∩{|ξ|=1} �= 0.
(3.13)

Furthermore it holds

∂tλ
′
j

∣∣
Σ′2j∩{|ξ|=1} = {η + λj , η + λ2}|Σ2j∩{|ξ|=1} �= 0. (3.14)

Now we can construct manifolds similar to Λn+1
i→j,k using the Hamiltonians λ′j and

initial manifold g0,−t
2 Λ0. In the notation of such manifolds similar to Λn+1

i→j,k we in-
clude the symbol ′, i.e., the notation Λn+1,′

i→j,k is used. Evidently Λn+1,′
i→j,k = G−1Λn+1

i→j,k.
b) A spacial choice of the local coordinates on the manifolds Λn+1,′

m→k,i is needed.
First for simplicity sake assume that there exists a vicinity U3 of the point q ∈
Λn+1,′
1→3,1∩Σ′32 on the Lagrangian manifold Λn+1

1→3,1 with two sets of local coordinates:

(t, x) and (x, η). That is D(t,x)
D(η,x)

∣∣∣
U3

�= 0. Therefore the projections πt,x : R2n+2
x′,ξ′ →

Rn+1
x′ , πx,η : R2n+2

x′,ξ′ → Rn+1
x,η are coordinate diffeomorphisms in this vicinity. (In

addition II is proved that general case can be reduced to this one.) Consider the
Jacobian determinant J3 := |D(x, η)/D(x0, t)| on the manifold Λn+1,′

1→3,1, and let
S3(x, t) be the phase function in U3 such that

dS3(x, t) =

⎛⎝ n∑
j=1

ξjdxj − λ′3dt

⎞⎠∣∣∣∣∣∣
Λn+1,′

1→3,1

. (3.15)

Evidently, it holds that ∂tS3(x, t) = η|
U3

= − λ′3|U3
and the equation of intersec-

tion U3∩ Σ′32 in the local coordinates (x, η) has the form η = 0. We suppose that
the vicinity U3 has the diameter h1/2−δ. Define in U3 the Legendre transformation
of the phase function

Ŝ3(x, η) = S3(x, t) − tη, η ◦ π−1x,t = ∂tS3(x, t)

and assume that the vector amplitude function ϕ has form ϕ = ω(η, x, h)χ(x, η).
Here the function ω(η, x, h) ∈ C∞ (Rn

x × C\{η = 0}) is analytic with respect to
the variable η in the vicinity of the point η = 0 cut by some ray radiated from the
point η = 0 and χ(x, η) ∈ C∞0 (πx,ηU3). The function ω(η, x, h) is calculated below.
In what follows we perform the integration over the contour C in the complex plane
η. Here the contour C belongs to the real axis except outside a small vicinity of
the point η = 0. The contour C bypasses from below the point η = 0 by the
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circle r = h1/2+ε; and over the contour C it holds that |Im η|C ≤ hε+1/2. By
definition arg η = −π if η < 0 and arg η = 0 if η > 0. Evidently, over this contour
C it holds that |h/η|C ≤ h1/2−ε. Hence over the contour C this ratio is a small
parameter. In order to apply deformations to the contour in the complex plane η
we use almost analytic expansion of amplitude, that is for example, the function
χ(x, η) at the point η1 + iη2 is defined as a sum: χ(x, η) =

∑N
k=0

(iη2)
k

k! ∂kη1χ(x, η1).
Using the Green’s formula we obtain that a deformation of the contour provides an
error of order hNμ if during the deformation it holds that |η2| < hμ and if during
the process of deformation the amplitude ϕ is bounded. In the map U3 over the
functions ϕ = ω(η, x, h)χ(x, η) the modified Maslov operator K(U3) is defined as

K(U3)(ϕ ◦ πx,η) :=
exp{ iπ4 − iπ2 γ̂(q)}√

2πh
Uas
2 (t, 0)

∫
C

exp
{
i

h
[tη + Ŝ3(x, η)]

}
ϕ√
J3
dη,

(3.16)
here γ̂(q) is an integer number connected with the Maslov index [8] on Λn+1,′

1→3,1.
Detailed analysis of asymptotic of integral (3.16) as h → 0, implies that the con-
tribution of the saddle points in the asymptotic of integral (3.16) gives rise to a
wave with a wave front on the manifold Λn+1,′

1→3,1; the contribution of the singular
point η = 0 in the asymptotic of the integral (3.16) gives rise to a wave with a
wave front on the manifold Λn+1,′

3→2,1 [15].
c) In what follows we determine the equation for the amplitude ϕ in the

domain πx,ηU3. The manifold Σ′32 ∩ Uε0
0 can be presented in the form

Σ′32 ∩ Uε0
0 =

{
(x′, ξ) : t = f(x, ξ), f ∈ S0

}
. (3.17)

In the map U3 it holds that
∣∣(t− f(x, ξ))|U3

∣∣ ≤ h(1/2−ε). Therefore, with the pre-
cision O(hM ) it is possible to replace all the symbols by their Taylor expansions
with respect to (t− f(x, ξ)) up to O

(
|t− f(x, ξ|3M

)
. Applying the Fourier trans-

form with respect to the variable t to equation (3.11) we obtain an equation in
“x, η”-representation for the vector function

y := (2π
√
h)−1

∫
exp(− i

h
tη)v(t, x, h)dt.

In this “x, η”-representation, to h−1-P.D.O.’s λ̂′j , d̂,
(
B̂U
∗
)
kl

with symbols λ′j , d̃,(
BU∗
)
kl

correspond h−1-P.D.O.’s ληj := λ̂′j (ih∂η, x,−ih∂x, h), dη and (BU∗ )ηkl, re-
spectively. These operators are differential operators with respect to the derivative
∂η. With this notation we obtain that

(η + λη1) yj = −h
r+2∑
k=1

(BU
∗ )ηj,kyk, j = 1, . . . , r;

{
1 +

h

η
(BU
∗ )ηr+1,r+1

}
yr+1 +

1
η
dηyr+2 =

−h
η

r+2∑
k=1,k �=r+1

(
BU
∗
)η
r+1,k

yk;
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(η + λη3) yr+2 = −h
r+2∑
k=1

(
BU
∗
)η
r+2,k

yk. (3.18)

We consider system (3.18) over the contour C and search the solution of system
(3.18) in a class of functions Θ defined over the contour C such that the functions
(BU∗ )ηr+1,r+1Θ

∣∣
C

are bounded over the contour C. Therefore, due to the estimate

|h/η|C ≤ h1/2−ε, the operator
{

1 + h
η (BU

∗ )ηr+1,r+1

}−1
exists as a formal series in

(−1)j
(
h
η (BU∗ )ηr+1,r+1

)j
(the functions of the class Θ are defined below). Hence in

system (3.18) we can express the component yr+1 through the other components
and reduce equations (3.18) to some equations with respect to y1, . . . , yr, yr+2 :

yr+1 = −
{

1 +
h

η
(BU
∗ )ηr+1,r+1

}−1⎧⎨⎩1
η
dη +

h

η

r+2∑
k �=r+1,k=1

(BU
∗ )ηr+1,kyk

⎫⎬⎭ (3.19)

(η + λη1)yj = −h
r∑

k=1

(BU
∗ )ηj,kyk + h

r∑
k=1

(BU
∗ )ηj,r+1 (3.20)

×
{

1 +
h

η
(BU
∗ )ηr+1,r+1

}−1(
h

η

)
(BU
∗ )ηr+1,kyk + Ψj(yr+2); j = 1, . . . , r,

(η + λη3)yr+2 − h(BU
∗ )ηr+2,r+1

{
1 +

h

η
(BU
∗ )ηr+1,r+1

}−1
(3.21)

×
{

1
η
dη +

h

η
(BU
∗ )ηr+1,r+2

}
yr+2 + h(BU

∗ )ηr+2,r+2yr+2 = Φr+2(y1,...,yr).

Here the functions Ψj ; j = 1, . . . , r; Φr+2 have the form:

Ψj = h(BU
∗ )ηj,r+1

{
1 +

h

η
(BU
∗ )ηr+1,r+1

}−1
(3.22)

×
{

1
η
dη +

h

η
(BU
∗ )ηr+1,r+2

}
yr+2 − h(BU

∗ )ηj,r+2yr+2

Φr+2 = −h
r+1∑
k=1

(BU
∗ )ηr+2,kyk + h(BU

∗ )ηr+2,r+1 (3.23)

×
{

1 +
h

η
(BU
∗ )ηr+1,r+1

}−1(
h

η

) r+2∑
k=1,k �=r+1

(BU
∗ )ηr+1,kyk.

Thus it is necessary to solve system of equations (3.20), (3.21) in the class Θ with
the precision O(hM+1). We do it applying the WKB method to system (3.20),
(3.21) for η ∈ C. Over the contour C it holds |h/η|C ≤ h1/2−ε; and system (3.20),
(3.21) over C does not have multiplicity points and Jordan block. This system
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has singularity in the coefficients, but it is proposed to apply the standard WKB
method to obtain formal asymptotic solution of the system [10].

The above-defined phase function Ŝ3(x, η) satisfies the equation

η + λ′3
(
−∂ηŜ3, x, ∂xŜ3

)
= 0.

It follows from (3.15) and (3.17) that

Ŝ3(x, 0) = S3(f(x, ξ), x)|U3∩ Σ′32
,

∂ηŜ3(x, 0) = −f(x, ξ) ◦ π−1x,η(x, 0)
(3.24)

Ŝ3(x, η) = Ŝ3(x, 0)− ηf(x, ξ) ◦ π−1x,η(x, 0)−−D(t, x)
D(η, x)

(x, 0)
η2

2
+O(η3). (3.25)

We calculate the WKB solution in the form

y = exp
{
i

h
Ŝ3(x, η)

} 3M+1∑
l=0

ρl(x, η, h)hl. (3.26)

Applying the commutation formula of h−1-P.D.O. with exponent exp
{

i
h Ŝ3(x, η)

}
we obtain the expansion in an asymptotic series with respect to the small param-
eter h [8]. In the expansion we consider (h/η) as a new variable and include this
term in the transport equation. Equations for the vector amplitude functions ρl
can be obtained in the standard manner. We have that ρ0 = (0, . . . , 0, 1)tψ0/

√
J3

where the Jacobian determinant J is defined above. The function ψ0 satisfies the
so-called transport equation:

V1ψ0 := i {∂tλ′3} (−∂ηŜ3, x, ∂xŜ3)
dψ0
dη
−
{

1 +
h

η
(BU
∗ )ηr+1,r+1

}−1
(3.27)

×
{
d̃b̃1r+2,r+1(−∂ηŜ3, x, ∂xŜ3)

η
+
h

η
b̃1r+2,r+1b̃

1
r+1,r+2(−∂ηŜ3, x, ∂xŜ3)

+b̃1r+2,r+2(−∂ηŜ3, x, ∂xŜ3)
}
ψ0 + Δ(−∂ηŜ3, x, ∂xŜ3)ψ0 = 0.

In formula (3.27) Δ(x′, ξ) is the function

Δ(x′, ξ) := − i
2

n∑
j=1

∂2

∂αj∂βj

λ′3,

where α = (x, η), β = (ξ,−t), and

d

dη
:=

n∑
j=1

−
{
∂ξj

(
λ̂3 − λ̂2

)
/∂t

(
λ̂3 − λ̂2

)}
∂xj + ∂η.

The transport equation is considered over the contour C. As the diameter C ≤
h−δ+1/2 we can resolve the transport equation with the precision O(hN ) using the
expansion of its coefficients with respect to the argument η. Consider the equations
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for all the amplitudes ρl = {(0, . . . , 0, 1)tψl+fl}/
√
J , where the functions fl depend

on the amplitudes ψl [8]. Let σ32(x) be the function defined as

σ32(x) :=
{
îb0r+2,r+1d̂/∂t

(
λ̂3 − λ̂2

)}(
−∂ηŜ, x,∇xŜ

)∣∣∣
η=0

.

Direct calculations imply that the amplitudes ρl(x, η, h) , l = 0, 1, . . . , of the stan-
dard WKB approach can be presented in the form

ρ0 = ησ32ω0(x, η, h)c0(x),

ρl = ησ32−lωl(x, η, h).
(3.28)

Here the functions ωl have the form

ωl =
3M+1∑

l=0,j1=0,...,j5=0

(
h

η

)j1

hj2(h ln η)j3(η ln η)j4ηj5c(j),l(x, h) +O(hN ), (3.29)

where l = 1, 2, . . . ; (j) = (j1, j2, j3, j4, j5); and the vector functions c(j),l(x, h) are
polynomials in h with C∞-coefficients in the projection of the vicinity U3 onto the
plane {η = 0, t = 0, ξ = 0} ∈ R2n+2

x′,ξ′ .

The function constructed above (3.26) satisfies system (3.20), (3.21) with the
precision up to a function O(hM+1), such that∣∣∂αη ∂βxO(hM+1)

∣∣
C
≤ Cαβh

M+1−α( 1
2+ε){|lnh|+ 1}|β|

d) Function (3.16) is a formal asymptotic solution in domain πx′U3. Applying
a stationary phase method to integral (3.16) we obtain formal asymptotic solution
in domains (πx′U3) ∩Δ−32 and (πx′U3) ∩Δ+

32. In addition is proved a statement

Lemma 3.1. Let α ∈ R\ {0}, σ ∈ C and γ is the contour that passes through the real
axis and below the point p = 0 along the circumference of radius |p| = h1/2+2δ, 0 <
δ < 1/8. By definition arg p = −π if p < 0 and arg p = 0 if η > 0. Suppose the
function χ(p) ∈ C∞0 (R1) and χ(p) = 1 for |p| ≤ h1/2−3δ/2 and χ(p) = 0 for
|p| ≥ h1/2−2δ. Then in the domain h1/2−δ/2 > t > h1/2−δ the integral

Iσ (t) =
1√
2πh

∫
γ

exp
i

h

(
pt+ α

p2

2

)
pσχ(p)dp, (3.30)

for α > 0 has asymptotic

Iσ (t) =
1√
t

(
h

t

)σ+1/2

ei
π
2 (σ+1)

(
1− e−i2πσ

)
{Γ (σ + 1) +O

(
hδ
)
} (3.31)

+ exp
(
− i
h

t2

2α

)√
1
α

∣∣∣∣ tα
∣∣∣∣σ e−iπσ exp

(
iπ

4

)(
1 +O

(
h1/2
))
,
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and for α < 0 it has asymptotic

Iσ (t) =
1√
t
e

iπ
2 (1+σ)

(
h

t

)σ+1/2 (
1− e−i2πσ

){
Γ (σ + 1) 1 +O

(
h1/2
)}

(3.32)

+ exp
(
− i
h

t2

2α

)√
1
|α|

∣∣∣∣ tα
∣∣∣∣σ exp

(
− iπ

4

)(
1 +O

(
hδ
))
.

In the domain −h1/2−δ < t < −h1/2−δ/2 the integral Iσ (t) for α ∈ {R1\ 0} has
asymptotic

Iσ (t) = exp
(
− i
h

t2

2α

)√
1
|α|

∣∣∣∣ tα
∣∣∣∣σ e−iπσθ(α) exp

(
iπ

4
signα

)(
1 +O

(
h1/2
))
,

(3.33)
where θ(α) = 1 if α < 0 and θ(α) = 0 if α > 0.

The phase function in integral (3.16) is

tη + Ŝ3(x, η = (t− f(x, ξ) ◦ π−1x,η(x, 0))η − D(t, x)
D(η, x)

(x, 0)
η2

2
+O(η3).

Now we apply the statement to integral (3.16). We see that if (t − f(x, ξ) ◦
π−1x,η(x, 0)) < 0, then in the domain (πx′U3) ∩ Δ+

32, the asymptotic of integral
(3.16) is defined by it stationary point. Asymptotic solution (3.16) in the domain
(πx′U3)∩Δ+

32 must coincide with KΛn+1
1→3,1

ϕ(1→3,−)(h) up to O(hM ). This condition
assigns initial data for amplitudes ρl. The asymptotic expansion of integral (3.16)
in case (t− f(x, ξ) ◦ π−1x,η(x, 0)) > 0, that is in the domain (πx′U3) ∩Δ−32, has the
form

KΛn+1
3→2,1

ϕ(3→2,+)(h) +KΛn+1
1→3,1

ϕ(1→3,+)(h).

The manifold Λn+1
1→3,1 does not intersect Σ12 but manifold Λn+1

3→2,1 intersects. Hence
consider the term KΛn+1

3→2,1
ϕ(3→2,+)(h), which contributes into the asymptotic in

the domain Δ+
12∩Δ−32. It follows from the formulas (3.9), (3.28) and formula (3.31)

that the amplitude ϕ(3→2,+)(h) satisfies an estimate∣∣∣ϕ(3→2,+)(h)
∣∣∣ ≥ Ahσ32+3/2 |φ (x0)| e−ct (3.34)

on such subdomain D of Λn+1
3→2,1\{U(Σ12, h

1/2−δ/2) ∪ U(Σ32, h
1/2−δ/2)} that it

holds that |φ (x0)|D ≥ 1/2. Here σ32 = minD∩Σ123 Reσ32. Therefore after one turn
around the set Σ123 the amplitude grows up in hσ32+3/2 times. The trajectories
make N turn around the set Σ123.

For times t ∈ [t4N (y)−h1/2−δ, t4N (y)−h1/2−δ +h1/2−δ/2] the formal asymp-
totic solution w(t, x, h) of the Cauchy problem (1.1), (1.15) will be a sum of some
finite functions. Then finite function with the support in the set

Ω := {Δ−12 ∩Δ−31 ∩ Uε0
0 }\{U(Σ12, h

1/2−δ) ∪ U(Σ32, h
1/2−δ)} (3.35)
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satisfies an estimate{
‖w(t, ., h)‖Hk(Ωt)

}
≥ Ah(σ32+3/2)N−ke−ct. (3.36)

Here constantsA, c do not depend on parameter h; Ωt is the cross-section of domain
Ω (3.35) with a hyperplane R2n

x,ξ × {τ : τ = t}. The statement of the theorem is a
direct consequence of estimate (3.36) and condition (σ32 + 3/2) < 0. The theorem
is proved.

4. Addition

I.) Proof of Lemma (3.1).
A) First we consider the case α > 0. In this case integral (3.30) has a singular

point p = 0 and a stationary point p = −t/α. Consider the real part of the phase
function in integral (3.30):

Re
{
i

(
pt+ α

p2

2

)}
= −p2 (t+ αp1) , where p = p1 + ip2.

Note that for (t+ αp1) > 0 the contour γ can be moved upward and for (t+ αp1) <
0 it is possible to move the contour γ downward. In the proses of the contour
deformation we change the truncated function χ(p) for its analytic continuation
χ(p1 + ip2) :=

∑M
k=0

(ip2)
k

k! ∂kp1χ(p1).
1. Let t be in the interval: −h1/2−δ < t < −h1/2−δ/2 and p1 < −t/α. The

contour γ will be deformed downward. As∫ ∫
p1≤0;p2≤0

∣∣∣∣exp
i

h

(
pt+ α

p2

2

)
∂

∂p
χ(p1 + ip2)

∣∣∣∣ dp1dp2 ≤ CMh
M(1/2+δ/2),

then with a precision O(h∞) integral (3.30) equal to an integral from the same
integrand by the contour presented in Figure 2.

ip2

p1

p=-t/ >0�

0

�

Figure 2
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Hence for such values t only the stationary point contributes in the asymptotic
solution and the singular point p = 0 does not contribute. Applying the stationary
phase method obtain formula (3.33).

2. Now suppose that t > 0. Then for p1 > −t/α the contour γ will be moved
upward, and for p1 < −t/α the contour γ will be moved downward. So let t be
in the interval: h1/2−δ/2 > t > h1/2−δ. Hence with similar arguments we obtain
that with a precision O(h∞) integral (3.30) is equal to an integral from the same
integrand by a contour γ1 ∪ γ2 presented in Figure 3.

ip2

p1
p= -t/ <0�

0


1 
2

Figure 3

The asymptotic of integral along the contour γ1 is calculated by the stationary
phase method. Consider integral along the contour γ2.

Ipolσ (t) :=
1√
2πh

∫
γ2

exp
i

h

(
pt+ α

p2

2

)
pσdp. (4.1)

Introducing the substitution p = st one obtains that

Ipolσ (t) =
tσ+1

√
2πh

∫
γ2

exp
(
it2

h

(
s+ α

s2

2

))
sσds (4.2)

=
tσ+1

√
2πh

∞∑
k=0

∫
γ2∩{|s|≤1}

exp
(
it2

h
s

)
sσ+2k

k!

(
it2α

h2

)k

ds+O(h∞)

∼ tσ+1

√
2πh

h

t2

∞∑
k=0

1
k!

(
h

t2

)σ+k (
iα

2

)k ∫
γ2

exp (iτ) τσ+2kdτ. (4.3)

Consider integrals in formula (4.3). If Reσ + 2k > −1 then∫
γ2

exp (iτ) τσ+2kdτ = ei(
π
2 σ+

π
2+πk)(1− e−i2πσ)Γ(σ + 2k + 1). (4.4)

The analytic continuation in variable σ provides formula (4.4) for all σ ∈ C.
Substituting expression (4.4) into formula (4.3) we get asymptotic formula (3.31).
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B) The proof of the case α < 0 is similar to the case of α > 0, presented
above.

II.) Now consider local coordinates on the Lagrangian manifold, i.e., the item
6.b in the proof of the theorem. Suppose that in the map U3 ∈ Λn+1,′

1→3,1 exist local
coordinates ( t, x1, . . . , xn) but at the point q ∈ U3 it holds ∂η

∂t (q) = 0. In such
case we must modify formula (3.16). For this aim define a Hamiltonian H := 1

2ξ
2;

the flow gτ in the phase space R2n
xξ generated by the Hamiltonian vector file with

the Hamiltonian H : gτ (x, ξ) = (x + τξ, ξ); an operator Ĥ = − 1
2

∑k=n
k=1

∂2

∂x2
k

and
change formula (3.16) for the next one

K(U3)(ϕ ◦ πx,η) :=
exp{ iπ4 − iπ2 γ̂(q)}√

2πh
e−

i
h τĤUas

2 (t, 0) (4.5)

×
∫
C

exp
{
i

h
[tη + Ŝτ

3 (x, η)]
}

ϕ√
Jτ
3

dη

where the function Ŝτ
3 (x, η) is the phase function on a manifold U τ

3 obtained from
U3 by canonical transformations U τ

3 := gτU3, and Jτ
3 is the corresponding Jacobian

on U τ
3 . It holds the lemma.

Lemma 4.1. Let Λn+1 be a (n+1)-dimensional C∞ Lagrangian manifold in R2n+2
x′ξ′

and let a Hamiltonian H be equal to 1
2ξ

2. Suppose q is any point at Λn+1and
(t, x) be the local coordinate in some vicinity Uq ∈ Λn+1 of the point q, i.e., the
projection πt,x is the coordinate diffeomorphism at Uq. Also suppose that η|Uq

=

λ(x′, ξ)|Uq
where λ(x′, ξ) ∈ S1

(
Rn+1
x′ × Rn

ξ

)
, ∂tλ(x′, ξ)|Uq

�= 0 and ξ|Uq
�= 0. If

(∂tη)(πt,xq) = 0 then there exist value τ ≥ 0 and such vicinity U ′q ⊂ Uq of the
point q that in the vicinity gτ (U ′q) there are two sets of local coordinates: the set
(t, x) and the set (η, x).

Proof. Let S(t, x) be the phase function in πx′Uq, i.e., ξ′|Uq = ∂x′S(x′). Then
∂tS + λ(x′, ∂xS(t, x)) = 0 and

∂2t S = −∂tλ(x′, ∂xS(t, x)) −
j=n∑
j=1

(∂ξjλ)(x
′, ∂xS(t, x))

∂2

∂xj∂t
S(t, x). (4.6)

As ∂tη(q) = ∂2t S(q) = 0 and ∂tλ(x′, ∂xS(t, x)) �= 0 in πx′Uq, then it follows from
formula (4.6) that

∂tξ(q) = ∇xη(q) = ∇x∂tS(q) �= 0. (4.7)

Let us (t, x̃; η̃, ξ̃) := gτ (x′, ξ′) = (t, x + τξ; η, ξ); hence for a small τ local
coordinates in gτ (U ′q), for some U ′q ⊂ Uq are (t, x̃). Evidently for a small τ it holds
x = x̃ − τξ(t, x̃) − τξ0 + O(τ2), η̃(t, x̃) = η(t, x̃ − τξ(t, x̃) − τξ0 + O(τ2)) where
∂k0t . . . ∂kn

xn
O(τ2) have the same order τ2. Therefore

∂tη̃(t, x̃) = ∂tη(t, x̃− τ(ξ(t, x̃) + ξ0)) + τ(∇xη(t, x̃), ∂tξ(t, x̃)) +O(τ2). (4.8)
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By the condition of the lemma ∂tη(πt,xq) = 0. Suppose (t, x̃) = πt,xg
τLξ0q,

then ∂tη(t, x̃ − τ(ξ(t, x̃))) = O(τ2) and it follows from formulas (4.7), (4.8) that
∂tη̃(t, x̃) = τ(∇xη(t, x̃), ∂tξ(t, x̃)) +O(τ2) �= 0 for sufficiently small value τ . Hence
there exist small vicinity U ′q and the value τ such that in the vicinity gτ (U ′q) there
exist two sets of local coordinates the set (t, x) and the set (η, x). �

In general case always exist local coordinates (t, xI , ξI), I ∪ I = (1, 2, . . . , n),
I ∩ I = ∅. In this case representation (4.5) must be change for the next one

K(U3)(ϕ ◦ πx,η) :=
exp{ iπ4 − iπ2 γ̂(q)}

(2πh)(|I|+1)/2

∫
exp{ i

h
xIpI}e−

i
h τĤIUas

2 (t, 0)

×
∫
C

exp
{
i

h
[tη + Ŝτ

3,I(x
I , ξI , η)]

}
ϕ√
Jτ
3,I

dηdξI .

Here ĤI = − 1
2

∑
k∈I

∂2

∂x2
k

− 1
2

∑
k∈I

∂2

∂ξ2
k

; dŜτ
3,I(x

I , ξI , η) = ξIdx
I − xIdξI − tdη;

Jτ
3,I = D(η, xI , ξI)/Dμ and Dμ = dtdx01 . . . dx

0
n.
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On C∗-Algebras of Super Toeplitz Operators
with Radial Symbols

M. Loaiza and A. Sánchez-Nungaray

To Nikolai Vasilevski on the occasion of his 60th birthday

Abstract. We study Toeplitz operators with radial symbols acting on the
Bergman space of the super unit disk. We prove that, generalizing the classical
case, every super Toeplitz operator with radial symbol is diagonal. This fact
implies that the algebra generated by all super Toeplitz operators with radial
symbols is commutative.

Mathematics Subject Classification (2000). Primary 47B35; Secondary 47L80,
32A36, 58A50.

Keywords. Toeplitz operators, commutative C∗-algebras, Bergman spaces, su-
permanifolds and graded manifolds.

1. Introduction

The existence of commutative algebras of Toeplitz operators is not usual, for exam-
ple there are not non trivial commutative algebras of Toeplitz operators acting on
the Hardy space. For the case of the Bergman space of the unit disk the situation is
different, there are many commutative algebras of such kind of operators. In [5] S.
Grudsky, R. Quiroga and N. Vasilevski classified the algebras of symbols such that
the corresponding algebras of Toeplitz operators, acting on the Bergman space
of the unit disk are commutative. Families of symbols that produce commutative
Toeplitz algebras are invariant under the action of certain kind of commutative
groups of Möbius transformations (see [5] ). A classical example of this kind of
algebras is the following: Consider the algebra R of all radial functions defined on
the unit disk. The C∗-algebra generated by all Toeplitz operators which symbol
is in R is commutative. Since the unit circle acts on the unit disk as a group of
rotations, the algebra of symbols R consists precisely of the functions f : D → C
which are invariant under the action of the unit circle. Some recent works related
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to this topic in other domains such that the unit sphere, Reinhart domains and
the unit ball are the following [8, 9, 10, 11].

Recently, Toeplitz operators acting on super Bergman spaces have been ob-
ject of study. Specially because they are close related to physical objects. In [7]
Super Toeplitz operators on the unit disk were studied. In this article the authors
find an explicit representation for super Toeplitz operators in terms of classical
Toeplitz operators. In [12] is proved that the algebra of Toeplitz operators with
invariant symbols under the action of the unit supercircle on the super-sphere is
a commutative algebra.

The aim of this article is to study super Toeplitz operators with radial sym-
bols acting on the super Bergman space of the unit disk, where by a radial function
we mean that it is invariant under the action of the unit supercircle. We show
that the algebra generated by all super Toepliz operators with radial symbols is
commutative. Finding an orthonormal basis of eigenvectors of the super Toeplitz
operator we give explicit conditions for boundeness and compactness of such kind
of operators.

The article is organized as follows. In Section 2 we give some results from
[7]. The representation of a Super Toeplitz operator in terms of classical Toeplitz
operators is given (Theorem 2.5). In Section 3 we study the super unit circle, we
prove that it is a subgroup of SU(1, 1|1), the group of Möbius transformations of
the super unit disk. Since a radial function is invariant under the action of the
circle (i.e., f(z) = f(eitz), t ∈ [0, 2π)) we define, in Section 4, a radial function
as an invariant function under the action of the super circle and find an explicit
form for this kind of functions (Theorem 4.1). Section 5 is devoted to the study
of super Toeplitz operators with radial symbols. We prove that a super Toeplitz
operator with radial symbol is diagonal and therefore they generate a commutative
C∗-algebra. The last section is devoted to the study of a commutative algebra of
super Toeplitz operators which include as a special case radial (classical) functions
as symbols.

2. Super Toeplitz operators on the unit disk

In [7] Super Toeplitz operators on the unit disk were studied. We write here the
main results down for the unit disk. LetO(B) denote the algebra of all holomorphic
functions ψ(z) on the open unit disk

B := {z ∈ C : |z| < 1}.
Let Λ1 denote the complex Grassmann algebra with generator ζ, satisfying the
relation ζ2 = 0. Thus

Λ1 = C〈1, ζ〉.
The tensor product algebra

O(B1|1) := O(B) ⊗ Λ1 = O(B)〈1, ζ〉
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consists of all “super-holomorphic” functions

Ψ = ψ0 + ζψ1
with ψ0, ψ1 ∈ O(B). We sometimes write

Ψ(z, ζ) = ψ0(z) + ζψ1(z)

for all z ∈ B.

Definition 2.1. For ν > 1, the weighted Bergman space

H2
ν (B) := O(B) ∩ L2(B, dμν)

consists of all holomorphic functions on B which are square-integrable for the
probability measure

dμν(z) =
ν − 1
π

(1− |z|2)ν−2dz. (2.1)

Here dz denotes Lebesgue measure on C.

It is well known [HKZ] that H2
ν (B) has the reproducing kernel

Kν(z, w) = (1− zw)−ν

for all z, w ∈ B. Let ΛC
1 denote the complex Grassmann algebra with 2 generators

ζ, ζ satisfying
ζ2 = ζ

2
= 0, ζζ = −ζζ.

Thus
ΛC

1 = C〈1, ζ, ζ, ζ ζ〉 = Λ1〈1, ζ〉.
Let C(B) denote the algebra of continuous functions on B. The tensor product

C(B1|1
) := C(B)⊗ ΛC

1 = C(B)〈1, ζ, ζ, ζζ〉
consists of all “continuous super-functions”

F = f00 + ζ f10 + ζ f01 + ζζ f11 , (2.2)

where f00, f10, f01, f11 ∈ C(B). The involution on C(B1|1
) is given by

F = f00 + ζ f10 + ζ f01 + ζζ f11
where f(z) := f(z) (pointwise conjugation).

C(B1|1
) contains O(B1|1) as a subalgebra, and for Ψ = ψ0 + ζ ψ1 ∈ O(B1|1)

we have
ΨΨ = ψ0ψ0 + ζ ψ0 ψ1 + ζ ψ1 ψ0 + ζζ ψ1 ψ1.

Given a super-function F ∈ C(B1|1
), we define its Berezin integral∫

C0|1

dζ F := f11 ∈ C(B)

and ∫
B1|1

dz dζ F (z, ζ) :=
∫
B

dz

∫
C0|1

dζ F (z, ζ) =
∫
B

dz f11(z). (2.3)
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Thus the “fermionic integration” is determined by the rules∫
C0|1

dζ · ζ =
∫

C0|1

dζ · ζ =
∫

C0|1

dζ · 1 = 0 ,
∫

C0|1

dζ · ζζ = 1.

As an example, we have ∫
B1|1

dz dζ F (z, ζ)F (z, ζ)

=
∫
B

dz(f00(z) f11(z) + f11(z) f00(z)− f10(z) f10(z) + f01(z) f01(z))

which shows that the (unweighted) Berezin integral is not positive. For Ψ = ψ0 +
ζψ1 ∈ O(B1|1), it follows that∫

B1|1

dz dζ Ψ(z, ζ)Ψ(z, ζ) =
∫
B1

dz ψ1(z)ψ1(z)

is positive, but not positive definite since the ψ0 term is not present.

Definition 2.2. For any parameter ν > 1 the (weighted) super-Bergman space

H2
ν (B1|1) ⊂ O(B1|1)

consists of all super-holomorphic functions Ψ(z, ζ) which satisfy the square-inte-
grability condition

(Ψ|Ψ)ν :=
1
π

∫
B1|1

dz dζ (1− zz − ζζ)ν−1 Ψ(z, ζ)Ψ(z, ζ) < +∞.

Proposition 2.3. For Ψ = ψ0 + ζ ψ1 ∈ O(B1|1) we have

1
π

∫
B1|1

dz dζ (1− zz − ζζ)ν−1Ψ(z, ζ)Ψ(z, ζ) = (ψ0|ψ0)ν +
1
ν

(ψ1|ψ1)ν+1 ,

i.e., there is an orthogonal decomposition

H2
ν (B1|1) = H2

ν (B)⊕ [H2
ν+1(B)⊗ Λ1(C1)]

into a sum of weighted Bergman spaces, where Λ1(C1) is the one-dimensional
vector space with basis vector ζ.

Proposition 2.4. For Ψ = ψ0 + ζ ψ1 ∈ H2
ν (B1|1) we have the reproducing kernel

property

Ψ(z, ζ) =
1
π

∫
B1|1

dw dω (1− ww − ωω)ν−1(1− zw − ζω)−νΨ(w, ω),

i.e., H2
ν (B1|1) has the reproducing kernel

Kν(z, ζ, w, ω) = (1− zw − ζω)−ν .



On C∗-Algebras of Super Toeplitz Operators 179

For F ∈ C(B1|1
), the super-Toeplitz operator T (ν)

F on H2
ν (B1|1) is defined as

T
(ν)
F Ψ = P (ν)(FΨ),

where P (ν) denotes the orthogonal projection onto H2
ν (B1|1).

Theorem 2.5. With respect to the decomposition Ψ = ψ0 + ζ ψ1, the super-Toeplitz
operator T (ν)

F on H2
ν (B1|1) is given by the block matrix

T
(ν)
F =

(
T ν
ν

(
f00 + 1−ww

ν−1 f11

)
T ν+1
ν

(
1−ww
ν−1 f10

)
T ν
ν+1 (f01) T ν+1

ν+1 (f00)

)
. (2.4)

Here T ν+j
ν+i (f), for 0 ≤ i, j ≤ 1, denotes the Toeplitz type operator from H2

ν+j(B)
to H2

ν+i(B) defined by

T ν+j
ν+i (f)ψ := Pν+i(fψ)

for ψ ∈ H2
ν+j(B) and Pν+i is the orthogonal projection from L2

ν+i(B) ontoH2
ν+i(B).

3. Action of the super circle on the super disk

The Berezinian is the analogous of the determinant in super analysis. It is defined
by the following formula

Ber
(
A B
C D

)
= det(A−BD−1C) detD−1,

where A,D are even, D is invertible and B,C are odd. The super Lie Group
SU(1, 1|1) is the supermanifold SU(1, 1) and its structure shift is generated by
the 3 × 3 matrices (sij) and (sij), where the element sij (resp. sij) is even if
1 ≤ i, j ≤ 2 or i = j = 3 and odd otherwise. We also require that s∗Js = J , where

J =

⎛⎝ 1 0 0
0 −1 0
0 0 −1

⎞⎠
and that Ber s = 1.

The super Lie Group SU(1, 1|1) acts on the unit super disk as follows. Given

a matrix

⎛⎝ a b α
c d β
γ δ e

⎞⎠ ∈ SU(1, 1|1) the corresponding transformation are given

by the formulas

z 
→ az + b+ αζ
cz + d+ βζ

(3.1)

ζ 
→ γz + δ + eζ
cz + d+ βζ

.
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Consider the form

g =
∂2 log(1− zz̄ − ζζ̄)

∂z∂z̄
dzdz̄ +

∂2 log(1 + zz̄ − ζζ̄)
∂z∂ζ̄

dzdζ̄

+
∂2 log(1 + zz̄ − ζζ̄)

∂ζ∂z̄
dζdz̄ +

∂2 log(1 + zz̄ − ζζ̄)
∂ζ∂ζ̄

dζdζ̄

where
∂2 log(1− zz̄ − ζζ̄)

∂z∂z̄
=

1
(1− zz̄)2 +

(1 + zz̄)ζζ̄
(1− zz̄)3 ,

∂2 log(1 + zz̄ − ζζ̄)
∂z∂ζ̄

=
z̄ζ

(1− zz̄)2 ,

∂2 log(1 + zz̄ − ζζ̄)
∂ζ∂z̄

=
zζ̄

(1− zz̄)2 ,

∂2 log(1 + zz̄ − ζζ̄)
∂ζ∂ζ̄

=
1

(1− zz̄) .

In [2] is proved that the form g is an invariant form under the action of the
super Lie group SU(1, 1|1). This form produces a metric (Bergman super metric)
for the unit super disk. This metric is invariant under the action of SU(1, 1|1).

The super circle is defined as the super manifold

S1|1 = {(a = a1 + ia2, τ = η1 + iη2)| a21 + a22 = 1, η1a1 + η2a2 = 0}
where η1, η2 are real Grassmann variables.

The definition of S1|1 given above is equivalent to define the super unit circle
as the set of matrices

A =
(
a τ
τ a

)
,

such that A∗A = I, BerA = 1.
In the following theorem we see that S1|1 can be seen as a subgroup of

SU(1, 1|1), the super group of isometries of the super unit disk.

Theorem 3.1. The super-circle is a super-group of isometries of the super unit disc.

Proof. In order to see any element of S1|1 as an element of SU(1, 1|1) we define
the following function

A : S1|1 −→ SU(1, 1|1),
by

A

[(
a τ
τ a

)]
=

⎛⎝ a 0 −τ
0 1 0
τ 0 a

⎞⎠ .
Easy calculations show that

A

[(
a τ
τ a

)]∗
JA

[(
a τ
τ a

)]
= J
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Furthermore

Ber

⎛⎝ a 0 τ
0 1 0
τ 0 a

⎞⎠ = det
((

a 0
0 1

)
−
(
τ
0

)
· (a)−1 ·

(
−τ 0

))
· det (a)−1

= det
(
a 0
0 1

)
a−1 = 1.

Implying that the map A is well defined. Easy calculations show that A is a
homomorphism of Lie super groups. Then S1|1 is a super-subgroup of SU(1, 1|1)
which is a group of isometries of the super unit disk. �

Since the action of the group SU(1, 1|1) on the super-manifold B1|1 is given
by formulas (3.1), the corresponding action of S1|1 is given by

z 
→ w = az − τζ, (3.2)

ζ 
→ η = τz + aζ. (3.3)

4. Radial functions: S1|1-invariant functions

In this section we find the explicit form of all functions, defined on the super unit
disk, which are invariant under the action of S1|1.

Theorem 4.1. Let f be a smooth function defined on the super unit disk. If f is
invariant under the action of S1|1. Then f has the form

f(z, ζ) = f0(r) + f1(r)zζ̄ + f1(r)z̄ζ −
f ′0(r)
2r

ζ̄ζ, (4.1)

where r = |z| and f0 and f1 are radial functions.

Proof. An element f ∈ C∞(B1|1) is of the form

f(z, ζ) = f00(z) + f10(z)ζ̄ + f01(z)ζ + f11(z)ζ̄ζ, (4.2)

where fij ∈ C∞(B).
If f is an invariant function under the action of S1|1, f holds the following

equation
f(z, ζ) = f(az − τζ, τz + aζ), (4.3)

for each (a, τ) ∈ S1|1.
We start finding all functions which are invariant under the action of elements

of the supercircle which have the form (a, 0). Let f be a function having this
property. Then

f00(z)+f10(z)ζ̄+f01(z)ζ+f11(z)ζ̄ζ = f00(az)+f01(az)aζ+f10(az)āζ̄+f11(az)ζ̄ζ.

Since a is any complex number in the unit circle, last equation implies that
the functions f00 and f11 are radial functions. Moreover the function f10(z) can
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be written as zf̃10 where f̃10 is a radial function and f01(z) = z̄f̃01, being f̃01 also
a radial function.

f(z, ζ) = f00(r) + zf̃10(r)ζ̄ + z̄f̃01(r)ζ + f11(r)ζ̄ζ. (4.4)

An invariant function under the action of S1|1 must be invariant under the
action of any element of the form (1, τ). Consider the special case for the variable
τ = iθ, where θ is a real Grassmann variable. Under the transformation given by
formula (3.2) we get the new variables

w = z − iθζ and η = izθ + ζ.

We note that
s := (ww̄)1/2 = ((z − iθζ)(z̄ − iθζ̄))1/2

= (zz̄ − iθζz̄ − iθz̄ζ)1/2
= r − iθ(z̄ζ+zζ̄)

2r .

For any differentiable function h(x, y) defined on the plane R2, the superposition
h(s) is defined by the formula

h(s) = h(r)− iθ(z̄ζ + zζ̄)
2r

h′(r). (4.5)

We will use the same notation for the superposition of a function and the
original function. Then

h(s)w̄η =
(
h(r) − iθ(z̄ζ + zζ̄)

2r
h′(r)

)
(z̄ − iθζ̄)(izθ + ζ) = h(r)(ir2θ + z̄ζ), (4.6)

and
h(s)wη̄ = h(r)(zζ̄ − ir2θ). (4.7)

Analogously

h(s)η̄η =
(
h(r)− iθ(z̄ζ + zζ̄)

2r
h′(r)

)
(−iz̄θ+ζ̄)(izθ+ζ) = h(r)(−iθ(z̄ζ+izζ̄)+ζ̄ζ).

(4.8)
As a consequence of equations (4.6)–(4.8), we have

f(w, η) = f00(s) + f̃01(s)w̄η + f̃10(s)wη̄ + f11(s)η̄η

= f00(r) −
iθ(z̄ζ + zζ̄)

2r
f ′00(r) + f̃01(r)(ir2θ + z̄ζ) + ˜f10(r)(zζ̄ − ir2θ)

+ f11(r)(−iθ(z̄ζ + zζ̄) + ζ̄ζ).

Therefore, a function f is invariant under the action of the unit supercircle if this
function satisfies Equation (4.4) and the following condition:

f11(r) =
−f ′00(r)

2r
and f̃10(r) = f̃01(r). (4.9)

�
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5. Super Toeplitz operators with radial symbols

Generalizing the characterization of radial complex-valued functions we define a
radial super function as follows. A radial super function is an invariant function
under the action of S1|1. By Theorem 4.1 radial super functions have the following
form

f(z) = f0(r) + f1(r)zζ + f1(r)zζ −
f ′0(r)
2r

ζζ. (5.1)

For a radial super function f consider the super Toeplitz operator Tf acting
on H2

ν (B1|1). The main result of this paper is the following theorem.

Theorem 5.1. A super Toeplitz operator with radial symbol is a diagonal operator.

Proof. Consider the base {zn, znζ|n ≥ 0} for H2
ν (B1|1). Let f be a radial super

function and n ≥ 1. Then

T ν
ν (f0 −

1− ww
ν − 1

f ′0
2r

)(zn)

=
ν − 1
π

∫
B

dw(1 − ww)ν−2(1− zw)−νf0(r)wn

−
∫

B

dw(1 − ww)ν−2(1− zw)−ν(1− ww)
f ′0(r)
2r

wn

=
ν − 1
π

∫
B

dw(1 − ww)ν−2
( ∞∑

k=0

Γ(k + ν)
k!Γ(ν)

zkwk

)
f0(r)wn

−
∫

B

dw(1 − ww)ν−2
( ∞∑

k=0

Γ(k + ν)
k!Γ(ν)

zkwk

)
(1 − ww)

f ′0(r)
2r

wn.

Calculating the first integral of last equation we get

ν − 1
π

∫
B

dw(1 − ww)ν−2
( ∞∑

k=0

Γ(k + ν)
k!Γ(ν)

zkwk

)
f0(r)wn

=
Γ(n+ ν)
n!Γ(ν)

ν − 1
π

zn
∫

B

dw(1 − ww)ν−2f0(r)|w|2n

=
Γ(n+ ν)
n!Γ(ν)

ν − 1
π

zn
∫ 1

0

∫ 2π

0

drdt(1 − r2)ν−2r2nf0(r)r

= 2
Γ(n+ ν)
n!Γ(ν)

(ν − 1)zn
∫ 1

0

dr(1 − r2)ν−2r2n+1f0(r)

=
Γ(n+ ν)
n!Γ(ν)

zn
[∫ 1

0

(1 − r2)ν−1 f
′
0(r)
2r

r2n+1 + 2n
∫ 1

0

f0(r)
r2n−1

2
dr

]
.

The first integral of last equation can be written in the following form∫ 1

0

dr(1− r2)ν−2r2n+1f0(r) =
1

2(ν − 1)

∫
(1− r2)ν−1[f ′0(r)r2n + f0(r)2nr2n−1]dr.
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On the other hand∫
B

dw(1 − ww)ν−2
( ∞∑

k=0

Γ(k + ν)
k!Γ(ν)

zkwk

)
(1− ww)

f ′0(r)
2r

wn

=
Γ(n+ ν)
n!Γ(ν)

2zn
∫ 1

0

(1 − r2)ν−1r2n+1f ′0(r)
2r

dr.

Then

T ν
ν (f00 +

1− ωω
ν − 1

f11)(zn) =
Γ(n+ ν)
n!Γ(ν)

zn2
∫ 1

0

(1− r2)ν−1r2nf ′0(r)dr.

T ν
ν+1(f1(r)z)(z

n) =
ν

π

∫
B

dw(1 − ww)ν−1(1− zw)−ν−1f1(r)wwn

=
ν

π

∫
B

dw(1 − ww)ν−1[
∞∑
k=0

Γ(k + ν + 1)
n!Γ(ν + 1)

zkwk]f1(r)wwn

=
ν

π

∫
B

dw(1 − ww)ν−1
Γ(n− 1 + ν + 1)
(n− 1)!Γ(ν + 1)

zn−1|w|2nf1(r)

=
Γ(n+ ν)

(n− 1)!Γ(ν + 1)
ν

π
zn−1

∫
B

dw(1 − ww)ν−1|w|2nf1(r)

=
Γ(n+ ν)

(n− 1)!Γ(ν + 1)
ν

π
zn−12π

∫ 1

0

(1 − r2)ν−1r2n+1f1(r)dr

=
[

2νΓ(n+ ν)
(n− 1)!Γ(ν + 1)

∫ 1

0

(1− r2)ν−1r2n+1f1(r)dr
]
zn−1.

Using the results above we get

Tf (zn) =
[
2nΓ(n+ ν)
n!Γ(ν)

∫ 1

0

(1− r2)ν−1r2n−1f0(r)dr
]
zn (5.2)

+
[

2νΓ(n+ ν)
(n− 1)!Γ(ν + 1)

∫ 1

0

(1− r2)ν−1r2n+1f1(r)dr
]
zn−1ζ, n ≥ 1.

The case n = 0 easily reduces to the following formula

Tf (z0) =
ν − 1
π

∫
B

dw(1 − ww̄)ν−2f0(r) −
∫

B

dw(1 − ww̄)ν−1
f ′0(r)
2r

. (5.3)

According to formula (2.4) in order to calculate Tf(znζ), n ≥ 0, we need to
compute T ν+1

ν (1−ww
ν−1 (f1(r)w)(znζ) and T ν+1

ν+1 (f0(r))(zn). Then

T ν+1
ν

(
1− ww
ν − 1

(f1(r)w
)
zn

=
1
π

∫
B

dw(1 − wwν−2)(1 − zw))−ν(1− ww)(−f1(r))wn+1
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=
1
π

∫
B

dw(1 − ww)ν−1[
∞∑
k=0

Γ(k + ν)
k!Γ(ν)

zkwk]f1(r)wn+1

=
1
π

∫
B

dw(1 − ww)ν−1
Γ(n+ 1 + ν)
(n+ 1)!Γ(ν)

zn+1|w|2(n+1)f1(r)

=
2Γ(n+ 1 + ν)
(n+ 1)!Γ(ν)

zn+1

∫ 1

0

(1− r2)ν−1r2(n+1)+1f1(r)dr. (5.4)

The operator T ν+1
ν+1 (f0(r)) acts on zn in the following form

T ν+1
ν+1 (f0(r))zn =

ν

π

∫
dw(1 − ww)ν−1(1 − zw)−ν−1f0(r)wn

=
ν

π

∫
dw(1 − ww)ν−1[

∞∑
k=0

Γ(k + ν + 1)
k!Γ(ν + 1)zkwk

]f0(r)wn

=
ν

π

∫
dw(1 − ww)ν−1

Γ(n+ ν + 1)
n!Γ(ν + 1)

zn|w|2nf0(r)

=
2νΓ(n+ ν + 1)
n!Γ(ν + 1)

[
∫ 1

0

(1 − r2)ν−1r2n+1f0(r)dr]zn. (5.5)

Using equations (5.4) and (5.5) we get the following formula

Tf(znζ) =
[
2Γ(n+ 1 + ν)
(n+ 1)!Γ(ν)

∫ 1

0

(1− r2)ν−1r2(n+1)+1f1(r)dr
]
zn+1

+
[
2νΓ(n+ ν + 1)
n!Γ(ν + 1)

∫ 1

0

(1− r2)ν−1r2n+1f0(r)dr
]
znζ, n ≥ 0. (5.6)

From equations (5.2), (5.3) and (5.6), the space generated by z0, i.e., all
constant functions, and the space generated by {zn, zn−1ζ}, n ≥ 0, are invariant
subspaces for the operator Tf .

For n ≥ 1 the restriction of the operator Tf to the bi-dimensional space
generated by {zn, zn−1ζ} can be written in matrix form as follows

2Γ(n+ ν)
(n− 1)!Γ(ν)

( ∫ 1
0 (1− r2)ν−1r2n−1f0(r)dr

∫ 1
0 (1 − r2)ν−1r2n+1f1(r)dr/n∫ 1

0
(1− r2)ν−1r2n+1f1(r)dr

∫ 1
0
(1− r2)ν−1r2n−1f0(r)dr

)
.

This 2× 2 matrix has the following eigenvalues

2Γ(n+ ν)
(n− 1)!Γ(ν)

(∫ 1

0

(1− r2)ν−1r2n−1f0(r)dr) ±
∫ 1

0

(1− r2)ν−1r2n+1f1(r)dr/
√
n

)
.

The corresponding eigenvectors are

ωn1 =
zn√
n

+ zn−1ζ, ωn2 = − z
n

√
n

+ zn−1ζ,

which norms are

‖ωn1‖ = ‖ωn2‖ =

√
(n− 1)!Γ(ν)

Γ(n+ ν)
+

n!Γ(ν)
(n+ ν)Γ(n+ ν)

.
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Let {1, ωn1, ωn2 |n ≥ 0} be the orthonormal basis obtained normalizing all
eigenvectors. Then the super Toeplitz operator with radial symbol f is the diagonal
operator such that

Tf(wni) =
2Γ(n+ ν)

(n− 1)!Γ(ν)

(∫ 1

0

(1− r2)ν−1r2n−1f0(r)dr

+ (−1)i+1

∫ 1

0

(1− r2)ν−1r2n+1f1(r)dr/
√
n

)
wni , (5.7)

for i = 1, 2, n = 1, . . . �

Corollary 5.2. The spectrum of the Toeplitz operator with radial symbol f(z) =
f0(r) + f1(r)zζ + f1(r)zζ − f ′0(r)

2r ζζ is{
2Γ(n+ν)

(n−1)!Γ(ν)

(∫ 1

0

(1−r2)ν−1r2n−1f0(r)dr±
∫ 1

0

(1−r2)ν−1r2n+1f1(r)dr/
√
n

)
,

n = 1, . . . ,
ν − 1
π

∫
B

dw(1 − ww̄)ν−2f0(r) −
∫

B

dw(1 − ww̄)ν−1
f ′0(r)
2r

}
The corresponding eigenfunctions are

ωn1 =
zn√
n

+ zn−1ζ

ωn2 = − z
n

√
n

+ zn−1ζ

ω0 := z0

Proof. It follows from the proof of last theorem. �

Corollary 5.3. The Toeplitz algebra generated by all super Toeplitz operators with
radial symbols is commutative.

Since the second factor of formula (5.7) has the term 1/
√
n, if f1 is a bounded

function we have the following statements.

Corollary 5.4.

1. The super Toeplitz operator Tf is bounded if and only if(
2Γ(n+ ν)

(n− 1)!Γ(ν)

∫ 1

0

(1 − r2)ν−1r2n−1f0(r)dr
)

is a bounded sequence
2. The super Toeplitz operator Tf is compact if and only if the sequence(

2Γ(n+ ν)
(n− 1)!Γ(ν)

∫ 1

0

(1− r2)ν−1r2n−1f0(r)dr
)
,

tends to zero when n→∞.
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6. A generalization of the Toeplitz algebra with radial symbol
(classical)

In the definition of radial function given above we exclude all complex-valued
radial functions. In order to see the classical case of Toeplitz operators with radial
symbols as elements of a commutative algebra of super Toeplitz we introduce the
following group of elements of SU(1|1|1). For two complex numbers z = eit, w = eis

in the unit circle, consider the element of SU(1, 1|1) given by the following matrix

Ts,t =

⎛⎝ eis 0 0
0 eit 0
0 0 ei(t+s)

⎞⎠ .
It is easy to prove that T 2 = {Ts,t|s, t ∈ [0, 2π)} is a subgroup of SU(1, 1|1).

Theorem 6.1. Let f be a bounded function on the unit super disk. If f is invariant
under the action of T 2 then f has the form

f(z, ζ) = f0(r) + f1(r)ζ̄ζ, (6.1)

where f0 and f1 are radial functions.

Proof. The proof is analogous to the proof of Theorem 4.1. �
From Theorem 2.5 the super Toeplitz operator with symbol f(z, ζ) = f0(r)+

f1(r)ζ̄ζ has the form (
T ν
ν

(
f0 + 1−ww

ν−1 f1

)
0

0 T ν+1
ν+1 (f0)

)
. (6.2)

Theorem 6.2. The Toeplitz algebra generated by all super Toeplitz operators which
symbols are invariant under the action of T 2 is commutative.

Proof. Note that since f0 and f1 are radial functions the super Toeplitz operator
with symbol f0(r) + f1(r)ζ̄ζ is a diagonal operator. �
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Abstract. We prove that there is essentially only one C∗-algebra generated
by a unitary element u and a self-adjoint idempotent p such that

up = pup and up �= pu .

This result is related to a theorem of L. Coburn stating that there is essentially
only one C∗-algebra generated by a non-unitary isometry.
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1. Introduction

A theorem of L. Coburn [1] tells that the C∗-algebra generated by a non-unitary
isometry v (that is v∗v = e, vv∗ �= e) is universal in the sense that any two C∗-
algebras with this property are isometrically isomorphic. An instructive example
for such a C∗-algebra is given as follows: Let H2 ⊂ L2(T),T := {z ∈ C : |z| = 1},
be the familiar Hardy space and P+ : L2(T) → H2 the Riesz projection which is
known to be self-adjoint and surjective. Given a ∈ L∞(T), define the operator

T (a) : H2 → H2 , f 
→ P+af .

The operator T (a) is clearly bounded, and is called a Toeplitz operator. Let χ±1 be
the functions χ±1(t) = t±1, t ∈ T. Then T ∗(χ1) = T (χ−1) and T ∗(χ1)T (χ1) = I,
but T (χ1)T ∗(χ1) �= I. Hence, T (χ1) is a non-unitary isometry. It is well known
that the smallest C∗-algebra T (C) ⊂ B(H2) generated by T (χ1) (B(X) stands for
the Banach algebra of all bounded linear operators acting on the Banach space

First author partially supported by CEAF, IST, Technical Univ. of Lisbon, and “Fundação para
a Ciência e a Tecnologia” through the program FCT/FEDER/POCTI/MAT/59972/2004.
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X) contains all Toeplitz operators T (a), with a ∈ C(T), where C(T) denotes the
algebra of all continuous functions on T. Moreover,

T (C) = {T (a) : a ∈ C(T)}+̇K(H2) ,

where K(H2) denotes the ideal of all compact operators acting on H2 (see for
instance [3], Corollary 4.15 and Theorem 4.24).

Clearly, χ1I is a unitary operator on L2(T), (χ1I)∗ = χ−1I, and P+ is a
self-adjoint projection. It is easy to see that

χ1P
+ = P+χ1P

+ and χ1P
+ �= P+χ1I .

The smallest C∗-subalgebra SO(C) ⊂ B(L2(T)) containing χ1I and P+ contains
all singular integral operators

A = aP+ + bP−

with P− := I − P+ and a, b ∈ C(T). Moreover,

SO(C) = {P+aP+ + P−bP− : a, b ∈ C(T)}+̇K(L2(T)) ,

where K(L2(T)) is again the ideal of all compact operators acting on L2(T) (see
[3], Corollary 4.76; notice that this corollary is applicable in our case, and that
QC(U) can be identified with K(L2(T))).

These considerations show that T (C) is a subalgebra of SO(C). The close
relationship between Toeplitz and singular integral operators gives rise to the
question whether SO(C) is a model for a universal C∗-algebra. We will show that
this is indeed the case. Our proof is based on features known from the theory of
singular integral operators with continuous coefficients. This theory is developed
in many text books, and we will use mainly [2] and [3] because the approach given
there is mostly convenient for us. Let us also notice that the study of finitely
generated algebras is an important task. More about this topic can be found, in
particular, in [4] and [5].

2. The main result and its proof

Let A be any C∗-algebra generated by a unitary element u (that is uu∗ = u∗u = e)
and by a self-adjoint idempotent p+ such that

up+ = p+up+ und up+ �= p+u . (1)

Passing to adjoints and using u−1 = u∗ yields

p+u−1 = p+u−1p+ , (2)

and thus
u−1p− = p−u−1p− ,

where p− := e− p+.
We denote by

∑
the class of all C∗-algebras of this type.
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Theorem. Let A1 and A2 be arbitrary C∗-algebras belonging to
∑

. Then these
algebras are isometrically isomorphic. This isomorphism can be chosen so that
u1, p1 are taken into u2, p2, respectively.

Proof. Due to the GNS-construction we may assume (without loss of generality)
that there is a Hilbert space H such that for A ∈ ∑ the elements u and p+ are
operators on H which generate A.

Let q ∈ C(T) be an arbitrarily given quasipolynomial,

q(t) =
k∑

j=−k

ajt
j , aj ∈ C and form q(u) =

k∑
j=−k

aju
j .

We call q(u) ∈ A a quasipolynomial of u and let L0(u) stand for the (non-closed)
algebra of all quasipolynomials of u, and let L(u) be the closure of L0(u) in B(H).
Since u is a unitary element, we know that

sp(u) = sp(u−1) = T .

The general theory of commutative C∗-algebras entails that L(u) is isomet-
rically isomorphic to C(T), and the isomorphism takes u into χ1:

L(u) ∼= C(T) .

Now let A ∈ ∑ be generated by u and p+. Introduce the (dense) subalgebra
Z of A:

Z :=

{
M∑
v=1

N∏
s=1

(avs(u)p+ + bvs(u)p−) : avs(u), bvs(u) ∈ L0(u),M,N ∈ N

}
.

Take an element c ∈ Z, say

c :=
M∑
v=1

N∏
s=1

(avs(u)p+ + bvs(u)p−)

and suppose that it is invertible in A. We would like to express its invertibility in
terms which can be used for further analysis. For this aim we proceed as follows:
Given r ∈ N let Hr stand for {(h1, . . . , hr) : hj ∈ H, j = 1, . . . , r}. This linear
space becomes a Hilbert space by introducing the scalar product

〈(h1, . . . , hr), (g1, . . . , gr)〉 =
r∑

j=1

〈hj , gj〉 ,

and B(Hr) can be identified with (B(H))r×r in a natural way. Then form a linear
extension c̃ of c exactly as it is done in [2], Chapter VIII, § 10. The properties of
c̃ are (and only these are needed):

1. c̃ ∈ (B(H))r×r for some r ∈ N and the entries of c̃ are among the elements
O, I, a11(u)p+ + b11(u)p−, . . . , aMN (u)p+ + bMN (u)p−.

2. c is invertible in B(H) (and therefore in A by the inverse closedness property
of unital C∗-subalgebras) if and only if c̃ is invertible in B(Hr).
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Now observe that c̃ can be written by 1. as

c̃ = A1(u) diag {p+, . . . , p+︸ ︷︷ ︸
r−times

}+A2(u) diag {p−, . . . , p−︸ ︷︷ ︸
r−times

} ,

where A1(u), A2(u) are r × r-matrices with entries from L0(u). Now we apply
the theory of [2], Chapter VIII, § 8 (the condition dim coker (u|imP+) < ∞,
which is formulated there, can be dropped down because we are only interested in
invertibility):

a) the invertibility of c̃ implies the invertibility of A1(u) and A2(u), that is

detA1(t) �= 0, detA2(t) �= 0 for all t ∈ T ,

where A1(t) and A2(t) are the matrices whose entries are the Gelfand trans-
forms of the entries of A1(u) and A2(u), respectively.

b) Notice that the functions A1(t), A2(t) belong to the class W r×r, where W
is the Wiener algebra. Moreover, the invertibility of c̃ implies that the right
canonical Wiener-Hopf factorization of t 
→ A−12 (t)A1(t) (∈ W r×r) exists with
all partial indices equal to zero. Conversely, if this condition is fulfilled then
c̃, and thus also c, is invertible. Notice that this fact is true independently of
the choice of A.

Now take two algebras A1 and A2 from
∑

. The element c and the
algebra Z are denoted now by c1, c2 and Z1, Z2, respectively. Further, we
define a map ψ : Z1 → Z2, c1 
→ c2 and we need to show that ψ is correctly
defined. Using that c1 is invertible if and only if c2 is invertible (in Ai) then
by the above argument, we get

sp(c1) = sp(c2) .

Because c∗1c1 ∈ Z1, c
∗
2c2 ∈ Z2, we therefore obtain

sp(c∗1c1) = sp(c∗2c2) ,

and using ‖c1‖2 = ‖c∗1c1‖ = ‖c∗2c2‖ = ‖c2‖2, that

‖c1‖ = ‖c2‖ .
(Recall that for a self-adjoint element the norm and the spectral radius coin-
cide.) This equality shows that ψ is correctly defined and that ψ represents an
isometric isomorphism between Z1 and Z2. Moreover, ψu1 = u2, ψp

+
1 = p+2 .

The continuous extension of ψ to the whole ofA1 provides us with the wanted
isomorphism and finishes the proof. �

Remark: This proof can easily be adapted to prove Coburns result which was orig-
inally proved by different methods.
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Univ. Técnica de Lisboa
Av. Rovisco Pais
1049-001 Lisbon, Portugal
e-mail: hmasc@math.ist.utl.pt

Bernd Silbermann
Technical University of Chemnitz
Faculty of Mathematics
D-09107 Chemnitz, Germany
e-mail: silbermn@mathematik.tu-chemnitz.de



Operator Theory:
Advances and Applications, Vol. 210, 195–201
c© 2010 Springer Basel AG

Commutative Algebras of Toeplitz Operators
and Lagrangian Foliations

R. Quiroga-Barranco

To Nikolai Vasilevski on the occasion of his 60th birthday

Abstract. Let D be a homogeneous bounded domain of Cn and A a set of
(anti-Wick) symbols that defines a commutative algebra of Toeplitz operators
on every weighted Bergman space of D. We prove that if A is rich enough,
then it has an underlying geometric structure given by a Lagrangian foliation.

Mathematics Subject Classification (2000). 47B35, 32M10, 57R30, 53D05.

Keywords. Toeplitz operators, Lagrangian submanifolds, foliations.

1. Introduction

In recent work, Vasilevski and his collaborators discovered unexpected commuta-
tive algebras of Toeplitz operators acting on weighted Bergman spaces on the unit
disk (see [7] and [8]). It was even possible to classify all such algebras as long as they
are assumed commutative for every weight and suitable richness conditions hold;
the latter ensure that the (anti-Wick) symbols that define the Toeplitz operators
have enough infinitesimal linear independence. We refer to [3] for further details.

Latter on, it was found out that the phenomenon of the existence of nontrivial
commutative algebras of Toeplitz operators extends to the unit ball Bn in Cn.
There exists at least n + 2 nonequivalent such commutative algebras which were
exhibited explicitly in [5] and [6]. The discovery of such commutative algebras
of Toeplitz operators on Bn was closely related to a profound understanding of
the geometry of this domain. The description of these commutative algebras of
Toeplitz operators involved Lagrangian foliations, i.e., by Lagrangian submanifolds
(see Section 2 for detailed definitions), with distinguished geometric properties.

In order to completely understand the commutative algebras of Toeplitz op-
erators on Bn and other domains, it is necessary to determine the general features
that produce such algebras. In particular, there is the question as to whether or

Research supported by CONACYT, CONCYTEG and SNI.
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not the commutative algebras of Toeplitz operators have always a geometric origin.
More precisely, whether or not they are always given by a Lagrangian foliation.

The main goal of this paper is to prove that, on a homogeneous domain,
commutative algebras of Toeplitz operators are always obtained from Lagrangian
foliations. This is so at least when the commutativity holds on every weighted
Bergman space and a suitable richness condition on the symbols holds. To state
this claim we use the following notation. We denote by C∞(M) the space of
smooth complex-valued functions on a manifold M and by C∞b (M) the subspace
of bounded functions. For a given foliation F of a manifold M , we will denote by
AF (M) the vector subspace of C∞(M) that consists of those functions which are
constant along every leaf of F . Our main result is the following.

Main Theorem. Let D be a bounded domain in Cn and A a vector subspace of
C∞b (M) which is closed under complex conjugation. If for every h ∈ (0, 1) the
Toeplitz operator algebra Th(A), acting on the weighted Bergman space A2

h(D), is
commutative and A satisfies the following richness condition:
• for some closed nowhere dense subset S ⊆ D and for every p ∈ D \ S there

exist real-valued elements a1, . . . , an ∈ A such that da1p, . . . , danp are linearly
independent over R,

then, there is a Lagrangian foliation F of D \S such that A|D\S ⊆ AF (D \S). In
other words, every element of A is constant along the leaves of F .

To obtain this result we prove the following characterization of spaces of
functions which define commutative algebras with respect to the Poisson brackets
in a symplectic manifold.

Theorem 1.1. Let M be a 2n-dimensional symplectic manifold and A a vector
subspace of C∞(M) which is closed under complex conjugation. Suppose that the
following conditions are satisfied:

1. A is a commutative algebra for the Poisson brackets of M , i.e., {a, b} = 0
for every a, b ∈ A, and

2. for every p ∈ M there exist real-valued elements a1, . . . , an ∈ A such that
da1p, . . . , danp are linearly independent over R.

Then, there is a Lagrangian foliation F of M such that A ⊆ AF (M).

This together with Berezin’s correspondence principle (see Section 3) allows
us to prove the Main Theorem.

We note that it is a known fact that for a Lagrangian foliation F in a sym-
plectic manifold M , the vector subspace AF (M) is a commutative algebra with
respect to the Poisson brackets. More precisely we have the following result.

Proposition 1.2. If F is a Lagrangian foliation of a symplectic manifold M , then:

{a, b} = 0,

for every a, b ∈ AF (M).

Hence, Theorem 1.1 can also be thought of as a converse of Proposition 1.2.
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2. Preliminaries on symplectic geometry and foliations

The goal of this section is to establish some notation and state some very well-
known results on symplectic geometry and foliations. For the next remarks on
symplectic geometry we refer to [4] for further details.

Let M be a symplectic manifold with symplectic form ω. Being nondegen-
erate, the symplectic form ω defines an isomorphism between the tangent and
cotangent spaces. More precisely, we have the following elementary fact.

Lemma 2.1. For every p ∈M the map:

TpM → T ∗pM

v → ω(v, ·),
is an isomorphism of vector spaces.

This remark allows us to construct vector fields associated to 1-forms. In
particular, for a complex-valued smooth function f defined over M , we define the
Hamiltonian field associated to f as the smooth vector field over M that satisfies
the identity:

df(X) = ω(Xf , X),
for every vector field X over M . The Poisson brackets of two complex-valued
smooth functions f, g over M is then given as the smooth function:

{f, g} = ω(Xf , Xg) = df(Xg).

The following well-known result relates the Poisson brackets on smooth functions
to the Lie brackets of vector fields.

Lemma 2.2. The Poisson brackets define a Lie algebra structure on the space
C∞(M). Also, we have the identity:

[Xf , Xg] = X{f,g},

for every f, g ∈ C∞(M). In particular, the assignment:

f 
→ Xf

is a homomorphism of Lie algebras onto the Lie algebra of Hamiltonian fields.

Another important object in our discussion is given by the notion of a foliation
F of a manifold M . This is given as a decomposition into connected submanifolds
which is locally given by submersions. More precisely, we define a foliated chart
for M as a smooth submersion ϕ : U ⊆ M → Rk from an open subset of M
onto an open subset of Rk. Given two such foliated charts ϕ, ψ, defined on open
subsets U, V respectively, we will say that they are compatible if there is a smooth
diffeomorphism ξ : ϕ(U ∩V )→ ψ(U ∩V ) such that ξ ◦ϕ = ψ on U ∩V . A foliated
atlas for M is a family of compatible foliated charts whose domains cover M ; note
that we also need k above to be the same for all the foliated charts. For any such
foliated atlas, we define the plaques as the connected components of the fibers of
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its foliated charts. With these plaques we define the following equivalence relation
in M :

x ∼ y ⇐⇒ there is a sequence of plaques (Pj)lj=0

of the foliated atlas, such that x ∈ P0, y ∈ Pl,
and Pj−1 ∩ Pj �= φ for every j = 1, . . . , l

The equivalence classes of such an equivalence relation are called the leaves of the
foliation, which are easily seen to be submanifolds of M . For further details on
this definition and some of its consequences and properties we refer to [2].

Finally, a foliation F in a symplectic manifold M is called Lagrangian if its
leaves are Lagrangian submanifolds of M .

3. Berezin’s correspondence principle for bounded domains

In the rest of this section D denotes a homogeneous bounded domain of Cn. We
now recollect some facts on the analysis of D leading to Berezin’s correspondence
principle; we refer to [1] for further details.

For every h ∈ (0, 1), let us denote by A2
h(D) the weighted Bergman space

defined as the closed subspace of holomorphic functions in L2(D, dμh). Here, dμh
denotes the weighted volume element obtained from the Bergman kernel. If we
denote by B(h)

D : L2(D, dμh) → A2
h(D) the orthogonal projection, then for every

a ∈ L∞(D, dμh) the Toeplitz operator T (h)
a with (anti-Wick) symbol a is given by

the assignment:

T (h)
a : A2

h(D) → A2
h(D)

ϕ 
→ B
(h)
D (aϕ).

For any such (anti-Wick) symbol a and its associated Toeplitz operator T (h)
a ,

Berezin [1] constructed a (Wick) symbol ãh : D × D → C defined so that the
relation:

T (h)
a (ϕ)(z) =

∫
D

ãh(z, ζ)ϕ(ζ)Fh(ζ, ζ)dμ(ζ),

holds for every ϕ ∈ A2
h(D), where dμ is the (weightless) Bergman volume and Fh

is a suitable kernel defined in terms of the Bergman kernel and depending on h.
This provides the means to describe the algebra of Toeplitz operators as a suitable
algebra of functions. To achieve this, one defines a ∗-product of two Wick symbols
ãh, b̃h as the symbol given by:

(ãh ∗ b̃h)(z, z) =
∫
D

ãh(z, ζ )̃bh(ζ, z)Gh(ζ, ζ, z, z)dμ(ζ),

where Gh is again some kernel defined in terms of the Bergman kernel and de-
pending on h. We denote by Ãh the vector space of Wick symbols associated
to anti-Wick symbols that belong to C∞b (D). Then Ãh can be considered as an
algebra for the ∗-product defined above.
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Berezin’s correspondence principle is then stated as follows.

Theorem 3.1 (Berezin [1]). Let D be a homogeneous bounded domain of Cn. Then,
the map given by:

Th(C∞b (D)) → Ãh

T (h)
a 
→ ãh

is an isomorphism of algebras, where Th(C∞b (D)) is the Toeplitz operator algebra
defined by bounded smooth symbols. Furthermore, the following correspondence
principle is satisfied:

(ãh ∗ b̃h − b̃h ∗ ãh)(z, z) = ih{a, b}(z) +O(h2),

for every h ∈ (0, 1) and every a, b ∈ C∞b (D).

4. Proofs of the main results

For the sake of completeness, we present here the proof of Proposition 1.2.

Proof of Proposition 1.2. For a given a ∈ AF (M), the condition of a being con-
stant along the leaves of F implies that:

ω(Xa, X) = da(X) = 0,

for every smooth vector field X tangent to F . Since the foliation F is Lagrangian,
at every p ∈ M the space TpF is a maximal isotropic subspace for ω and so the
above identity shows that (Xa)p belongs to TpF . Hence, for every a ∈ AF(M) the
vector field Xa is tangent to the foliation F . From this we conclude that:

{a, b} = da(Xb) = 0,

for every a, b ∈ AF (M). �

We now prove our result on commutative Poisson algebras and Lagrangian
foliations.

Proof of Theorem 1.1. Let us consider a subspace A of C∞(M) as in the hypothe-
ses of Theorem 1.1. For every p ∈ M define the vector subspace of TpM given
by:

Ep = {(Xa)p : a ∈ A}.
We will now prove that E = ∪p∈MEp is a smooth n-distribution over M ; in other
words, that in a neighborhood of every point the fibers of E are spanned by n
smooth vector fields which are pointwise linearly independent in such neighbor-
hood.

First note that since the assignment a 
→ Xa is linear, every set Ep is a
subspace of TpM . Furthermore, being A commutative for the Poisson brackets, it
follows that:

ω(Xa, Xb) = {a, b} = 0,
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for every a, b ∈ A. In particular, Ep is an isotropic subspace for ω and so has
dimension at most n.

On the other hand, for every p ∈ M we can choose smooth functions
a1, . . . , an ∈ A whose differentials are linearly independent at p. Hence, it follows
from Lemma 2.1 that the elements (Xa1)p, . . . , (Xan)p are also linearly indepen-
dent at p, thus showing that Ep has dimension exactly n. By continuity, the chosen
vector fields Xa1 , . . . , Xan are linearly independent in a neighborhood of p and so
their values span Eq for every q in such neighborhood. Hence, E is indeed an
n-distribution and our proof shows that its fibers are Lagrangian.

By Lemma 2.2, the assignment a 
→ Xa is a homomorphism of Lie algebras,
and so the commutativity of A with respect to the Poisson brackets implies that
the vector fields Xa commute with each other for a ∈ A. Since the latter span the
distribution E we conclude that E is involutive and, by Frobenius’ Theorem (see
[9]), it is integrable to some foliation F . Note that F is necessarily Lagrangian.

It is enough to prove that every a ∈ A is constant along the leaves of F . But
by hypothesis we have:

da(Xb) = {a, b} = 0,
for every a, b ∈ A. Since the vector fields Xb (b ∈ A) define the elements of E at
the fiber level we conclude that for any given a ∈ A we have:

da(X) = 0

for every vector field X tangent to F . This implies that every a ∈ A is constant
along the leaves of F . �

Finally, we establish the necessity of having a Lagrangian foliation underlying
to every commutative algebra of Toeplitz operators with sufficiently rich (anti-
Wick) symbols.

Proof of the Main Theorem. For every h ∈ (0, 1), let us denote by Ãh(A) the al-
gebra of Wick symbols corresponding to anti-Wick symbols a ∈ A. By the first
part of Theorem 3.1, the algebra Ãh(A) is commutative. Hence, by the corre-
spondence principle stated in the second part of Theorem 3.1 it follows that A is
commutative with respect to the Poisson brackets {·, ·}. The result now follows
from Theorem 1.1. �
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Abstract. The paper is devoted to exponential estimates of eigenfunctions of
the discrete spectrum of matrix Schrödinger operators with variable poten-
tials, and Dirac operators for nonhomogeneous media with variable light speed
and variable electric and magnetic potentials, For the study of exponential
estimates we apply methods developed in our recent paper [25].
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1. Introduction

In this paper, we consider exponential estimates of eigenfunctions of the discrete
spectrum of matrix Schrödinger operators and Dirac operators for nonhomoge-
neous media with variable electric and magnetic potentials. Our approach is based
on the results and methods developed in our recent paper [25].

The literature devoted to exponential estimates of solutions partial differen-
tial equations with applications to the Schrödinger operators is extensive; we would
only like to mention [1, 2, 12, 13, 17]. Exponential estimates for solutions of pseudo-
differential equations on Rn are also considered in [4, 5, 6, 16, 17, 19, 20, 21, 23, 24].

The contents of the paper is as follows. In Section 2 we introduce the nec-
essary definitions and recall the main results from the paper [25]. The following
sections are devoted to new applications of these results. We start in Section 3 with
the essential spectrum and exponential estimates for eigenvectors of Schrödinger
operators with matrix potentials. Note that the well-known Pauli operator is a
Schrödinger operator of this kind (see, for instance, [7]). Moreover, such oper-

This work was partially supported by the German Research Foundation (DFG).
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ators appear in the Born-Oppenheimer approximation for polyatomic molecules
[15, 18, 22]. For potentials which are slowly oscillating at infinity we describe the
location of the essential spectrum and give exact estimates of the behavior of eigen-
functions of the discrete spectrum at infinity. As example we consider the Pauli
Hamiltonian with spin 1/2.

Note that in the paper [25] we considered the exponential estimates of eigen-
functions of scalar Schrödinger operators.

In the concluding Section 4 we consider the Dirac operator. The standard
physical books are [8, 11, 27], see also mathematical books [9, 10] and the cited
in this books literature. We consider the Dirac operator on R3 equipped with a
Riemannian metric, under the assumption that the electric and magnetic potentials
as well as the light speed are slowly oscillating at infinity. We give a description
of the essential spectrum and exact exponential estimates of eigenfunctions of the
discrete spectrum. Similar estimates for the Dirac operator in vacuum have been
obtained in [25].

2. Exponential estimates of solutions of systems of partial
differential equations

2.1. Essential spectrum

We will use the following standard notations.
• Given Banach spaces X,Y , L(X,Y ) is the space of all bounded linear oper-

ators from X into Y . We abbreviate L(X,X) to L(X).
• L2(Rn,CN ) is the Hilbert space of all measurable functions on Rn with values

in CN , provided with the norm

‖u‖L2(Rn,CN ) :=
(∫

Rn

‖u(x)‖2
CNdx

)1/2
.

• Hs(Rn,CN) is a Sobolev space of distributions with norm

‖u‖Hs(Rn,CN ) :=
(∫

Rn

(1 + |ξ|2)s ‖û(ξ)‖2
CN dξ

)1/2
,

where û is the Fourier transform of u.
• The unitary operator Vh of shift by h ∈ Rn acts on L2(Rn,CN) via

(Vhu)(x) := u(x− h), x ∈ Rn.

• Cb(Rn) is the C∗-algebra of all bounded continuous functions on Rn.
• Cu

b (Rn) is the C∗-subalgebra of Cb(Rn) of all uniformly continuous functions.
• SO(Rn) is the C∗-subalgebra of Cu

b (Rn) which consists of all functions a
which are slowly oscillating in the sense that

lim
x→∞ sup

y∈K
|a(x+ y)− a(x)| = 0

for every compact subset K of Rn.
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• SO1(Rn) is the set of all bounded differentiable functions a on Rn such that

lim
x→∞

∂a(x)
∂xj

= 0 , j = 1, . . . , n.

Evidently, SO1(Rn) ⊂ SO(Rn).
We also use the standard multi-index notation. Thus, α = (α1, . . . , αn) with

αj ∈ N ∪ {0} is a multi-index, |α| = α1 + · · ·+ αn is its length, and

∂α := ∂α1
x1
. . . ∂αn

xn
, Dα := (−i∂x1)

α1 . . . (−i∂xn)αn

are the operators of αth derivative. Finally, 〈ξ〉 := (1 + |ξ|2)1/2 for ξ ∈ Rn.
We consider matrix partial differential operators of order m of the form

(Au)(x) =
∑
|α|≤m

aα(x)(Dαu)(x), x ∈ Rn (2.1)

under the assumption that the coefficients aα belong to the space

Cu
b (Rn,L(CN )) := Cu

b (Rn)⊗ L(CN ).

The operatorA in (2.1) is considered as a bounded linear operator from the Sobolev
space Hm(Rn,CN ) to L2(Rn,CN). The operator A is said to be uniformly elliptic
on Rn if

inf
x∈Rn, ω∈Sn−1

∣∣∣∣∣∣det
∑
|α|=m

aα(x)ωα

∣∣∣∣∣∣ > 0

where Sn−1 refers to the unit sphere in Rn.
The Fredholm properties of the operator A can be expressed in terms of its

limit operators which are defined as follows. Let h : N→ Rn be a sequence which
tends to infinity. The Arzelà-Ascoli theorem combined with a Cantor diagonal
argument implies that there exists a subsequence g of h such that the sequence
of the functions x 
→ aα(x + g(k)) converges as k → ∞ to a limit function agα
uniformly on every compact set K ⊂ Rn for every multi-index α. The operator

Ag :=
∑
|α|≤m

agαD
α

is called the limit operator of A defined by the sequence g. Equivalently, Ag is the
limit operator of A with respect to g if and only if, for every function χ ∈ C∞0 (Rn),

lim
m→∞V−g(m)AVg(m)χI = AgχI

in the space L(Hm(Rn,CN), L2(Rn,CN )) and

lim
m→∞V−g(m)A

∗Vg(m)χI = (Ag)∗χI

in L(L2(Rn,CN), H−m(Rn,CN )). Here, I is the identity operator, and

A∗u =
∑
|α|≤m

Dα(a∗αu), (Ag)∗u =
∑
|α|≤m

Dα((agα)∗u)
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refer to the adjoint operators of A, Ag : Hm(Rn,CN ) → L2(Rn,CN ). Let finally
op (A) denote the set of all limit operators of A obtained in this way.

Theorem 2.1. Let A be a uniformly elliptic differential operator of the form (2.1).
Then A : Hm(Rn,CN ) → L2(Rn,CN ) is a Fredholm operator if and only if all
limit operators of A are invertible as operators from Hm(Rn,CN ) to L2(Rn,CN ).

The uniform ellipticity of the operator A implies the a priori estimate

‖u‖Hm(Rn,CN ) ≤ C
(
‖Au‖L2(Rn,CN ) + ‖u‖L2(Rn,CN )

)
.

This estimate allows one to consider the uniformly elliptic differential operator A
as a closed unbounded operator on L2(Rn,CN ) with dense domain Hm(Rn,CN).
It turns out (see [3], pp. 27–32) that A, considered as an unbounded operator
in this way, is a (unbounded) Fredholm operator if and only if A, considered as
a bounded operator from Hm(Rn,CN ) to L2(Rn,CN ), is a (common bounded)
Fredholm operator.

We say that λ ∈ C belongs to the essential spectrum of A if the operator
A−λI is not Fredholm as an unbounded differential operator. As above, we denote
the essential spectrum of A by spessA and the common spectrum of A (considered
as an unbounded operator) by spA. Then the assertion of Theorem 2.1 can be
stated as follows.

Theorem 2.2. Let A be a uniformly elliptic differential operator of the form (2.1).
Then

spessA =
⋃

Ag∈opA

spAg. (2.2)

2.2. Exponential estimates

Let w be a positive measurable function on Rn, which we call a weight. By
L2(Rn,CN , w) we denote the space of all measurable functions on Rn such that

‖u‖L2(Rn,CN ,w) := ‖wu‖L2(Rn,CN ) <∞.

In what follows we consider weights of the form w = exp v where ∂xjv ∈ C∞b (Rn)
for j = 1, . . . , n and

lim
x→∞ ∂

2
xixj

v(x) = 0 , 1 ≤ i, j ≤ n.

We call weights with these properties slowly oscillating and let R stand for
the class of all slowly oscillating weights. Examples of slowly oscillating weights
can be constructed as follows. For l > 0, let v(x) := l〈x〉 and consider the weight
w := ev. It is clear that

∂v(x)
∂xi

= l
xi
〈x〉

and that limr→∞∇v(rω) = lω for ω ∈ Sn−1.
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Theorem 2.3. Let A be a uniformly elliptic differential operator of the form (2.1),
and let w = exp v be a weight in R such that limx→∞w(x) = +∞. For t ∈ [−1, 1],
set

Aw,t :=
∑
|α|≤m

aα(D + it∇v)α,

and assume that

0 /∈
⋃

t∈[−1,1]
spessAw,t =

⋃
t∈[−1,1]

⋃
Ag

w,t∈op (Aw,t)

spAg
w,t. (2.3)

If u is a function in Hm(Rn,CN , w−1) for which Au is in L2(Rn,CN , w), then u
already belongs to Hm(Rn,CN , w).

Corollary 2.4. Let A be a uniformly elliptic differential operator of the form (2.1),
and let w = exp v be a weight in R with limx→∞w(x) = +∞. Let λ ∈ spdisA and
moreover λ /∈ spessAtw for all t ∈ (0, 1]. Then every eigenfunction of A associated
with λ belongs to the space Hm(Rn,CN , w).

3. Schrödinger operators with matrix potentials

3.1. Essential spectrum

We consider the Schrödinger operator

H := (i∂xj − aj)ρjk(i∂xk
− ak)E + Φ

where E is the N ×N unit matrix, a = (a1, . . . , an) is referred to as the magnetic
potential, and Φ = (Φpq)Np,q=1 is a matrix potential on Rn, the latter equipped with
a Riemannian metric ρ = (ρjk)nj,k=1 which is subject to the positivity condition

inf
x∈Rn, ω∈Sn−1

ρjk(x)ωjωk > 0, (3.1)

where ρjk(x) refers to the matrix inverse to ρjk(x). Here and in what follows, we
make use of Einstein’s summation convention.

In what follows we suppose that ρjk and aj are real-valued functions in
SO1(Rn) and that Φpq ∈ SO(Rn). Under these conditions, H can be considered
as a closed unbounded operator on L2(Rn,CN) with domain H2(Rn,CN ). If Φ is
a Hermitian matrix-valued function, then H is a self-adjoint operator.

The limit operators of H are the operators with constant coefficients

Hg = (i∂xj − agj )ρjkg (i∂xk
− agk)E + Φg

where

ag := lim
m→∞ a(g(m)), ρg := lim

m→∞ ρ(g(m)), Φg := lim
m→∞Φ(g(m)). (3.2)

The operator Hg is unitarily equivalent to the operator

Hg
1 := −ρjkg ∂xj∂xk

E + Φg
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(with the unitary equivalence given by the operator of multiplication by the func-

tion x 
→ exp(−i〈ag, x〉)), which in turn is unitarily equivalent to the operator
︷︸︸︷
Hg

1

of multiplication by the matrix-function︷︸︸︷
Hg

1 (ξ) := (ρjkg ξjξk)E + Φg

acting on L2(Rn,CN). Evidently,

sp
︷︸︸︷
Hg

1 =
N⋃
j=1

Γg
j

where Γg
j := μgj + R+ and the μgj , 1 ≤ j ≤ N , run through the eigenvalues of the

matrix Φg. Thus, specializing (2.2) to the present context we obtain the following.

Theorem 3.1. The essential spectrum of the Schrödinger operator H is given by

spessH =
⋃
g

N⋃
j=1

Γg
j (3.3)

where the union is taken with respect to all sequences g for which the limits in
(3.2) exist.

The description (3.3) of the essential spectrum becomes much simpler if Φ is
a Hermitian matrix function, in which case H is a self-adjoint operator.

Theorem 3.2. Let the potential Φ be a Hermitian and slowly oscillating matrix
function. Then

spessH = [dΦ,+∞)
where

dΦ := lim inf
x→∞ inf

‖ϕ‖=1
〈Φ(x)ϕ, ϕ〉.

Proof. Since Φg is Hermitian,

γg := inf
‖ϕ‖=1

〈Φgϕ, ϕ〉

is the smallest eigenvalue of Φg. Hence, spHg = [γg,+∞) and, according to (2.2),

spessH =
⋃
g

[γg,+∞) = [inf
g
γg,+∞).

It remains to show that
inf
g
γg = dΦ. (3.4)

Let g be a sequence tending to infinity for which the limit

Φg := lim
m→∞Φ(g(m))

exists. Then, for each unit vector ϕ ∈ CN ,

〈Φgϕ, ϕ〉 = lim
m→∞〈Φ(g(m))ϕ, ϕ〉 ≥ lim inf

x→∞ 〈Φ(g(m))ϕ, ϕ〉 ≥ dΦ,
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whence γg ≥ dΦ. For the reverse inequality, note that there exist a sequence g0
tending to infinity and a sequence ϕ in the unit sphere in CN with limit ϕ0 such
that

dΦ = lim
m→∞(Φ(g0(m))ϕm, ϕm) = (Φg0ϕ0, ϕ0) ≥ γg0 .

Thus, γg0 = dΦ, whence (3.4). �

3.2. Exponential estimates of eigenfunctions of the discrete spectrum

Again we suppose that the components ρjk of the Riemannian metric and the
coefficients aα are real-valued functions in SO1(Rn), that the weight w belongs to
R, and that Φ is a Hermitian slowly oscillating matrix function with components
in SO(RN ). Every limit operator (w−1Hw)g of w−1Hw is unitarily equivalent to
the operator

Hg
w := ρjkg (Dxj + i(∇v)gj )(Dxk

+ i(∇v)gk) + ΦgE,

where ρjkg and Φg are the limits defined by (3.2) and

(∇v)g := lim
k→∞

(∇v)(g(k)) ∈ Rn.

We set

|(∇v)|2ρ := ρjk(∇v)j(∇v)k and |(∇v)g |2ρg
:= ρjkg (∇v)gj (∇v)

g
k.

The operator Hg
w is unitarily equivalent to the operator of multiplication by the

matrix-valued function︷︸︸︷
Hg

w (ξ) := ρjkg (ξj + i(∇v)gj )(ξk + i(∇v)gk) + ΦgE, ξ ∈ Rn,

the real part of which is

R(
︷︸︸︷
Hg

w ) = ρjkg ξjξk + (Φg − |(∇v)g |2ρg
)E.

Corollary 2.4 implies the following.

Theorem 3.3. Let λ ∈ spdisH, and let w = exp v be a weight in R for which

lim sup
x→∞

|(∇v)(x)|ρ(x) <
√
dΦ − λ.

Then every λ-eigenfunction of H belongs to H2(Rn, w).

Proof. One has

R(
︷︸︸︷
Hg

wt(ξ)− λI) =
(
ρjkg ξjξk − t|(∇v)g|2ρg

− λ
)
I + Φg.

The hypotheses of the theorem imply that there exists ε > 0 such that, for every
ξ ∈ Rn,

R(
︷︸︸︷
Hg

wt(ξ) − λI) ≥ εE.
This estimate together with condition (3.1) yields λ /∈ spHg

wt for every t ∈ [0, 1]
and for every sequence g which defines a limit operator. �
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Corollary 3.4. Let λ ∈ spdisH, and let γ ∈ R satisfy

0 < γ <
√
dΦ − λ
ρsup

where

ρsup := lim inf
x→∞ sup

ω∈Sn−1
(ρjk(x)ωjωk)1/2.

Then the every λ-eigenfunction of H belongs to the space H2(Rn,CN , w) with
weight w(x) = eγ〈x〉.

As example we consider the Pauli Hamiltonian which describes particles with
spin- 12 (see for instance [7, p. 114], [14, p. 249]). Let

H := (i∂xj − aj)ρjk(i∂xk
− ak) + Φ

be a Schrödinger operator on R3 with magnetic potential −→a = (a1, a2, a3) and
the scalar electric potential Φ. As above we suppose that ρjk, aj,Φ ∈ SO(R3). We
consider the Pauli Hamiltonian of the form

P =HE +−→σ · −→B,

where
−→
B = ∇ × −→a is the magnetic field, −→σ = (σ1, σ2, σ3) is the matrix-vector

with the standard Pauli matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

E is 2× 2 unit matrix.
Note that the operator P is a self-adjoint operator on L2(R3,C2) with domain

H2(R3,C2). Because aj ∈ SO(R3),

lim
x→∞

−→σ · −→B = 0,

hence Theorem 3.2 implies that

spessP = spessH = [Φinf ,+∞] .

Let λ ∈ (−∞,Φinf) be an eigenvalue of P , and γ ∈ R satisfy

0 < γ <
√
dΦ − λ
ρsup

where

ρsup := lim inf
x→∞ sup

ω∈S2
(ρjk(x)ωjωk)1/2.

Then Corollary 3.4 implies that every λ-eigenfunction of P belongs to the space
H2(R3,C2, eγ〈x〉).
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4. Dirac operators

4.1. Essential spectrum of Dirac operators

In this section we consider the Dirac operator on R3 equipped with the Riemannian
metric tensor (ρjk) depending on x ∈ R3 (for a general account on Dirac operators
see, for example, [27]). We suppose that there is a constant C > 0 such that

ρjk(x)ξjξk ≥ C|ξ|2 for every x ∈ R3 (4.1)

where we use the Einstein summation convention again. Let ρjk be the tensor
inverse to ρjk, and let φjk be the positive square root of ρjk. The Dirac operator
on R3 is the operator

D :=
c

2
γk(φjkPj + Pjφjk) + γ0c2m− eΦ (4.2)

acting on functions on R3 with values in C4. In (4.2), the γk, k = 0, 1, 2, 3, are the
4× 4 Dirac matrices, i.e., they satisfy

γjγk + γkγj = 2δjkE (4.3)

for all choices of j, k = 0, 1, 2, 3 where E is the 4× 4 unit matrix,

Pj = Dj +
e

c
Aj , Dj =

�

i

∂

∂xj
, j = 1, 2, 3,

where � is the Planck constant, �A = (A1, A2, A3) is the vector potential of the
magnetic field �H, that is �H = rot �A, Φ is the scalar potential of the electric field
�E, that is �E = gradΦ, and m and e are the mass and the charge of the electron
and, finally, c = c(x) is the light speed in the media.

We suppose that ρjk, Aj , Φ and c are real-valued functions which satisfy the
conditions

ρjk ∈ SO1(R3), Aj ∈ SO1(R3), Φ ∈ SO(R3), c ∈ SO(R3), (4.4)

and c(x) ≥ c0 > 0. We consider D as an unbounded operator on the Hilbert space
L2(R3,C4) with domain H1(R3,C4). The conditions imposed on the magnetic and
electric potentials �A and Φ guarantee the self-adjointness of D. The main symbol
of D is a0(x, ξ) = c(x)φjk(x)ξjγk. Using (4.3) and the identity φjkφrtδkt = ρjr we
obtain

a0(x, ξ)2 = c2(x)�2φjk(x)φrt(x)ξjξrγkγt
= c2(x)�2φjk(x)φrt(x)δktξjξr
= c2(x)�2ρjr(x)ξjξrE ≥ c0C�2 |ξ|2E.

This equality shows that D is a uniformly elliptic differential operator on R3.
Conditions (4.4) imply that limit operators Dg of D defined by sequences

g : N→ Z3 tending to infinity are operators with constant coefficients of the form

Dg = cgγkφ
jk
g (Dj +

e

cg
Ag

j ) + γ0mc2g − eΦg
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where
φjkg := lim

l→∞
φjk(gl), Ag

j := lim
l→∞

Aj(gl)

and
Φg := lim

l→∞
Φ(gl), cg := lim

l→∞
c(gl).

The operator Dg is unitarily equivalent to the operator

D1
g = cgφgγ

jl
lgDj + γ0mc2g − eΦg,

and the equivalence is realized by the unitary operator

T �Ag : f 
→ ei
e
c
�Ag·xf, �Ag := (Ag

1 , A
g
2, A

g
3).

Let
Φsup := lim sup

x→∞
Φ(x), Φinf := lim inf

x→∞ Φ(x),

csup := lim sup
x→∞

c(x), cinf := lim inf
x→∞ c(x).

The intervals [Φinf , Φsup] and [cinf , csup] are just the sets of all partial limits Φg

and cg of the functions Φ and c as x→∞, respectively.

Theorem 4.1. Let conditions (4.4) be fulfilled. Then the Dirac operator

D : H1(R3,C4)→ L2(R3,C4)

is a Fredholm operator if and only if

[Φinf , Φsup] ⊂
(
−
mc2sup
e

,
mc2inf
e

)
. (4.5)

Proof. Set Dg
0(ξ) := cg�γkφ

jk
g ξj + γ0mc2g and ρjkg := limm→∞ ρjk(gm). Then

(Dg
0(ξ)− eΦgE) (Dg

0(ξ) + eΦgE)

=
(
c2g�

2ρjkg ξjξk +m2c4g − (eΦg)2
)
E. (4.6)

Let condition (4.5) be fulfilled. Then every partial limit Φg = limk→∞ Φ(gk) of Φ

lies in the interval (−mc2sup
e ,

mc2inf
e ). The identity (4.6) implies that

det(Dg
0(ξ)− eΦgE) �= 0

for every ξ ∈ R3. Hence, the operator D1
g : H1(R3,C4)→ L2(R3,C4) is invertible

and, consequently, so is Dg. By Theorem 2.1, D is a Fredholm operator.
For the reverse implication, assume that condition (4.5) is not fulfilled. Then

there exist a sequence g tending to infinity and a vector ξ0 ∈ R3 such that

c2gρ
jk
g ξ

0
j ξ

0
k +m2c4g − (eΦg)2 = 0.

Given ξ0 we find a vector u ∈ C4 such that v :=
(
Dg
0(ξ

0) + (eΦg)E
)
u �= 0.

Then (4.6) implies that
(
Dg
0(ξ

0)− eΦgE
)
v = 0, whence det(Dg

0(ξ
0)− eΦgE) = 0.

Thus, the operator Dg is not invertible. By Theorem 2.1, D cannot be a Fredholm
operator. �
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Let

λinf+ := lim inf
x→∞

(
−eΦ(x) +mc2(x)

)
,

λsup− := lim sup
x→∞

(
−eΦ(x)−mc2(x)

)
.

Theorem 4.2. If condition (4.4) is satisfied, then

spessD = (−∞, λsup− ] ∪ [λinf+ ,+∞).

Proof. Let λ ∈ C. The symbol of the operator Dg − λI is the function ξ 
→
Dg
0(ξ)− (eΦg + λ)E. Invoking (4.6) we obtain

(Dg
0(ξ)− (eΦg + λ)E) (Dg

0(ξ) + (eΦg + λ)E)

=
(
c2gρ

jk
g ξjξk +m2c4g − (eΦg + λ)2

)
E.

Repeating the arguments from the proof of Theorem 4.1, we find that the eigen-
values λg±(ξ) of the matrix Dg

0(ξ)− eΦg
1E are given by

λg±(ξ) := −eΦg ± (c2gρ
jk
g ξjξk +m2c4g)

1/2. (4.7)

From (4.7) we further conclude

{λ ∈ R : λ = λg−(ξ), ξ ∈ R3} = (−∞,−eΦg −mc2g],
{λ ∈ R : λ = λg+(ξ), ξ ∈ R3} = [−eΦg +mc2g,+∞).

Hence,
spDg = (−∞,−eΦg −mc2g] ∪ [−eΦg +mc2g,+∞),

whence the assertion via Theorem 2.2. �

Thus, if

Φsup − Φinf ≥
mc2sup
e

+
mc2inf
e

then spessD is all of R, whereas spessD has a proper gap in the opposite case.

4.2. Exponential estimates of eigenfunctions of the Dirac operator

Theorem 4.3. Let the conditions (4.4) be fulfilled. Let λ be an eigenvalue of D
which lies in the gap (λsup− , λinf+ ) of the essential spectrum. Further, let w = exp v
be a weight in R with limx→∞w(x) =∞ which satisfies

lim sup
x→∞

|∇v(x)|ρ(x) <
1
�

lim inf
x→∞

1
c(x)

√
m2c4(x)− (eΦ(x) + λ)2. (4.8)

Then every eigenfunction of D associated with λ belongs to H1(R3,C4, w).

Proof. Let λ ∈ (λsup− , λinf+ ) be an eigenvalue of D. As above, we examine the spectra
of the limit operators (Dw,t)g of Dw,t := wtDw−t for t running through [0, 1]. Let
(Dw,t)g be a limit operator of Dw,t with respect to a sequence g tending to infinity.
One easily checks that (Dw,t)g is unitarily equivalent to the operator

(D′w,t)g := At,g − eΦgE
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where
At,g := cγkφ

jk
g (Dj + it�(

∂v

∂xj
)g) + γ0mc2.

The operator At,g has constant coefficients, and its symbol is the function

Ât,g(ξ) = cγkφ
jk
g (�(ξj + it�(

∂v

∂xj
)g)) + γ0mc2.

Further,

R
[(
Ât,g(ξ)− (eΦg − λ)E

)(
Ât,g(ξ) + (eΦg − λ)E

)]
= R

[
c2�2ρjkg

(
ξj + it�(

∂v

∂xj
)g
)(

ξk + it�(
∂v

∂xk
)g
)]

+ R
[(
m2c4 − (eΦg + λ)2

)
E
]

=
[
c2�2ρjkg ξjξk − c2�2t2ρjkg (

∂v

∂xj
)g(

∂v

∂xk
)g +

(
m2c4 − (eΦg + λ)2

)]
E

=: γg,t(ξ, λ)E.

Assume that condition (4.8) is fulfilled. Then, since c2�2ρjkg ξjξk ≥ 0,

inf
ξ∈Rn

γg,t(ξ, λ) > 0

for all t ∈ [0, 1] and for all sequences g → ∞ for which the limit operators exist.
Hence, (4.8) implies that the matrix Ât,g(ξ) − (eΦg − λ)E is invertible for every
ξ ∈ R3. On the other hand, due to the uniform ellipticity of At,g one has λ ∈
sp
(
Ât,g(ξ)− (eΦg − λ)E

)
if and only if there exists a ξ0 ∈ R3 such that the

matrix Ât,g(ξ0) − (eΦg + λ)E is not invertible. Thus, λ /∈ sp (Dw,t)g for every
t ∈ [0, 1] and every sequence g →∞. Via Corollary 2.4, the assertion follows. �

We conclude by a special case. Let the conditions (4.4) be fulfilled, and let
λ be an eigenvalue of D in (λsup− , λinf+ ) and uλ an associated eigenfunction. If a
satisfies the estimate

0 < a <
1

�ρsup
lim inf
x→∞

1
c(x)

√
m2c4(x)− (eΦ(x) + λ)2

where
ρsup := lim sup

x→∞
sup
ω∈S2

(ρjk(x)ωjωk)1/2,

then uλ ∈ H1(R3,C4, ea〈x〉).
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Abstract. The aim of this work is to highlight a number of analytic problems
which make the analysis on manifolds with true cuspidal points much more
difficult than that on manifolds with conic points while such singularities are
topologically equivalent. To this end we discuss the Laplace-Beltrami operator
on a compact rotationally symmetric surface with a complete metric. Even
though the symmetry assumptions made here lead to a simplified situation
in which standard separation of variables works, it is hoped that the study of
this example can nevertheless bring to light some features which may subsist
in the more general framework of the calculus on compact manifolds with
cusps due to V. Rabinovich et al. (1997).
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Introduction

Calculus of pseudodifferential operators on manifolds with cuspidal points was
first elaborated in [17] although many concrete problems had been solved in the
early 1970s, see ibid. It is based on the concept of slowly varying symbols which
allows one to give a description of Fredholm operators in the calculus by using
Simonenko’s local principle. This latter reads that under properly chosen scale of
function spaces the Fredholm property is actually equivalent to local invertibility
of the operator.

One question still unanswered in [17] is whether this calculus is efficient
enough to construct explicit asymptotic expansions near cusps for solutions to
corresponding equations. This question is at present far from being solved even for
calculi on curves. Such asymptotic expansions can be derived if the “coefficients”
of the equations behave well at the singular points, for cuspidal singularities can
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be topologically reduced to conical ones. One may conjecture that in the case of
general equations with slowly varying symbols only a structure theorem is available
for solutions, see [19]. It is therefore of interest to know if asymptotic expansions
can be obtained for solutions of natural geometric equations, such as the Laplace-
Beltrami equation, cf. [13].

With this as our starting point, we examine in this paper a local calculus of
pseudodifferential operators on a manifold Z with cuspidal points. We restrict our
attention to rotation-symmetric cusps, and so we may think of Z as a rotation
surface in Rn, which is due to locality. As but one example we show the so-called
“citrus” z3(1 − z)3 = x2 + y2 in R3, where 0 ≤ z ≤ 1. It contains two singular
points, both the points being cusps, and the calculus developed is of independent
interest, cf. [18].

We define a complete Riemannian metric on the smooth part of Z and study
the corresponding Laplace-Beltrami operator. It is by no means obvious that there
is a change of variables t = δ(r) which reduces the Laplace-Beltrami operator on
Z to the operator −∂2t + ΔSn−2 on the cylinder C = R×Sn−2 over the unit sphere
in Rn−1. The standard change of coordinates fails to do so. Note that we have
not been able to find such a change of coordinates for the Laplace-Beltrami on
Z corresponding to the Riemannian metric which is induced by the Euclidean
metric on Rn.

The operator −∂2t +ΔSn−2 can be thought of as ordinary differential operator
with constant operator-valued coefficients. There are many excellent treatments
of such operators, the monograph [11] being among the latest. Our paper [18]
published independently gives even more, namely it treats also pseudodifferential
operators on the real axis whose symbols take their values in pseudodifferential
operators on Sn−2.

Pseudodifferential operators on a rotation surface in Rn can be specified
within global Fourier operators on an interval whose symbols take their values in
the space of parameter-dependent pseudodifferential operators on Sn−2. Using this
description, we have shown an index formula for Fredholm operators in weighted
Sobolev spaces, cf. [18]. This formula has the advantage of being quite explicit,
when compared with a sophisticated index formula for elliptic pseudodifferential
operators on an edged spindle proved in [6]. The latter requires well-elaborated
techniques of corner calculus, cf. ibid. The formula for the index of the Laplace-
Beltrami operator on Z given in the present paper is proved by a direct computa-
tion. It agrees to [18].

We also mention an explicit index formula of [2]. It applies to second-order
elliptic differential operators in unbounded cylinders C in Rn, the zero Dirichlet
conditions being posed on ∂C. This formula easily extends to unbounded cylinders
over smooth compact closed manifolds like Sn−1. It evaluates the index of operators
in Hölder spaces but falls short of providing an index formula in weighted Sobolev
spaces.

The same arguments still go when we replace Sn−2 by an arbitrary smooth
compact manifold X , called the link. No efficient pseudodifferential calculus is yet
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available if the link itself has singularities. Indeed, on multiplying these singu-
larities with the end singularities of the interval [0, 1] one obtains edges, corners,
etc. The symbols corresponding to higher-order singularities are pseudodifferential
operators on noncompact manifolds with singularities. The Fredholm property re-
quires the symbols to be invertible, which is a much more complicated problem
than the Fredholm property of original operators under study. Hence, mere con-
crete problems may be rich in content, as is pointed out by V. Kondratiev whose
paper of 1967 initiated the theory. One needs surprising examples rather than a
general theory.

1. Geometry

Let f be a positive differentiable function on the interval (0, 1) with the property
that f(0+) = f(1−) = 0.

We consider the rotation surface Z in the Euclidean space Rn given by
f(xn) = |x′|, where x′ = (x1, . . . , xn−1). It can parametrised under cylindrical
coordinates ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

x1 = f(r) cosω1 . . . cosωn−3 cosωn−2,
x2 = f(r) cosω1 . . . cosωn−3 sinωn−2,
x3 = f(r) cosω1 . . . sinωn−3,

. . .
xn−1 = f(r) sinω1,
xn = r,

where r ∈ [0, 1], ωk ∈ [−π/2, π/2] for k = 1, . . . , n − 3, and ωn−2 ∈ [0, 2π]. The
parameters ω = (ω1, . . . , ωn−2) form a global coordinate system on the unit sphere
Sn−2 in Rn−1 which however fails to be differentiable everywhere. This surface is
of spindle type, so it is smooth outside the points r = 0 and r = 1 which are
singular in general.

The surface Z bears the Riemannian metric induced by the Euclidean metric
(dx1)2 + · · ·+ (dxn)2 in Rn. In order to emphasize the particular character of the
points r = 0 and r = 1, we give Z its own Riemannian metric which may or not
be complete according to the singularities at r = 0 and r = 1. It is the product of
the Euclidean one by the factor 1/(f(r))2. In other words, this metric is defined as

(
gij

)
i=1,...,n−1
j=1,...,n−1

=

⎛⎜⎜⎜⎜⎜⎜⎝
1 + (f ′)2

f2
0 0 . . . 0

0 1 0 . . . 0
0 0 cos2 ω1 . . . 0
0 0 0 . . . 0
0 0 0 . . . cos2 ω1 . . . cos2 ωn−3

⎞⎟⎟⎟⎟⎟⎟⎠ .
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Lemma 1.1. The surface measure on Z corresponding to the Riemannian metric is

ds =
√
g11dr dσ

where dσ =
(

cosn−3 ω1 . . . cosωn−3
)
dω1 . . . dωn−2 is the standard surface measure

on Sn−2.

Proof. As is known, the surface measure is given by

ds =
√

det
(
gij

)
dr dω1 . . . dωn−2,

see for instance [16, p. 159]. On substituting the determinant of
(
gij

)
we arrive

at the desired formula. �

By the above, we get

√
g11 =

√
1 + (f ′)2

f
.

2. Laplace-Beltrami operator

Any Riemannian metric on Z gives rise to a class of differentiable mappings of
Z that multiply at each point ds2 by some scalar. They are called conformal and
can moreover be characterised by the property that their pullbacks on functions
commute with an elliptic second-order partial differential operator on Z called the
Laplace-Beltrami operator. On manifolds with singularities this is usually under-
stood on the smooth part, i.e., outside the singularities.

Write g for the determinant and
(
gij
)

for the inverse matrix of the metric
tensor. The Laplace-Beltrami operator on Z is defined by

Δu = − 1√
g

n−1∑
i,j=1

∂i

(√
g gij∂ju

)
,

see for instance [16, p. 164]. Since the metric tensor is diagonal, this expression
can be further simplified.

Lemma 2.1. The Laplace-Beltrami operator on Z is explicitly given by

Δu = −
( 1√

g11
∂1

)2
u+ ΔSn−2u

where ΔSn−2 is the Laplace-Beltrami operator on Sn−2.
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Proof. A trivial verification shows that

Δu = −
n−1∑
j=1

gjj∂2j u+
(1

2
∂jg

g
gjj + ∂jgjj

)
∂ju

= −
n−1∑
j=1

1
gjj
∂2j u+

1
2

1
gjj

(∂jg11
g11

+ · · · − ∂jgjj
gjj

+ · · ·+ ∂jgn−1,n−1
gn−1,n−1

)
∂ju,

only the jth term in parentheses being reduced.
The first summand is of key interest, for it is singular at r = 0 and r = 1

while the other terms are actually independent of the variable r. Hence it follows
that

Δu =
(
− 1
g11
∂21u+

1
2

1
g11

∂1g11
g11

∂1u
)

+ ΔSn−2u, (2.1)

ΔSn−2u being the sum over j = 2, . . . , n−1. This is precisely the Laplace-Beltrami
operator on the sphere Sn−2.

Since
1
g11
∂21u−

1
2

1
g11

∂1g11
g11

∂1u =
( 1√

g11
∂1

)2
u,

the lemma follows. �

On using Lemma 1.1 one easily sees that the Laplace-Beltrami operator on
L2(Z) is self-adjoint, if given an appropriate domain.

3. Weighted spaces

Lemma 2.1 implies that the Laplace-Beltrami equation on a general rotation sur-
face reduces to a canonical second-order ordinary differential equation with con-
stant operator-valued coefficients on R.

Namely, choose a mapping t = δ(r) of (0, 1) to the real axis with the property
that

∂

∂t
=

1√
g11

∂

∂r
(3.1)

for all r ∈ (0, 1). This is equivalent to δ′(r) =
√
g11(r) whence

δ(r) =
∫ r

r0

√
1 + (f ′(s))2

f(s)
ds,

for r ∈ (0, 1), where r0 ∈ (0, 1) is an arbitrary fixed point. From the assumptions
on f(r) it follows that t = δ(r) is a diffeomorphism of the interval (0, 1) onto the
interval (δ(0), δ(1)).

Example. Let f(r) = rp(1 − r)q with p, q > 0. This is a positive differentiable
function on (0, 1) which is continuous up to r = 0 and r = 1. It vanishes at the
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end points and√
1 + (f ′(s))2

f(s)
=

√
s2(1−p)(1 − s)2(1−q) + p2(1− s)2q − 2pqs(1− s) + q2s2p

s(1− s)
for all s ∈ (0, 1). Hence we deduce that δ(0) = −∞ and δ(1) = +∞ whenever p
and q are positive.

This example shows that δ(0) = −∞ happens not only in the case when the
singular point at r = 0 is a sharp cusp (p > 1) but also in the case if it a conic
point (p = 1) or even a smoothness point (p < 1) of Z. An analogous fact is
true for the singular point at r = 1. Note that for the commonly used change of
coordinates f(r) ∂/∂r = ∂/∂t the situation is quite different. Namely, the value of
t = δ(r) at r = 0 or r = 1 is infinite only in the case of true cuspidal singularities
at these points.

We shall make two standing assumptions on the functions f(r) under con-
sideration, namely δ(0) = −∞ and δ(1) = +∞. By the above, they are fulfilled in
most interesting cases.

Lemma 3.1. Under the change of variables t = δ(r), the Laplace-Beltrami operator
on Z transforms into

δ∗Δ = −∂2t + ΔSn−2 .

Proof. Combine Lemma 2.1 and equality (3.1). �

We are thus led to a second-order ordinary differential operator with constant
coefficients on the real axis, the coefficients taking their values in the space of
differential operators on the sphere Sn−2. This topic is nowadays well understood,
cf. [4], [11], etc.

Let (
hj,k

)
j=0,1,...
k=1,...,kj

(3.2)

be an orthonormal basis in the space L2(Sn−2) consisting of the restrictions of
homogeneous harmonic polynomials in Rn−1. The index j means the degree of
homogeneity, and the index k runs through the number of polynomials of degree
j in the basis. Every hj,k is an eigenfunction of the Laplace-Beltrami operator on
the unit sphere corresponding to the eigenvalue λj = j(j + n− 3), i.e., it satisfies

ΔSn−2hj,k = λjhj,k,

and kj =
(2j + n− 3)(j + n− 4)!

(n− 3)!j!
.

We look for a solution to the inhomogeneous equation δ∗Δu = f whose
Fourier expansion is

u(t) =
∞∑
j=0

kj∑
k=1

uj,k(t)hj,k
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for each t ∈ R. Assuming uj,k(t) smooth enough, we apply δ∗Δ termwise to the
right-hand side and equate the Fourier coefficients of δ∗Δu and f , thus obtaining
an infinite system of ordinary differential equations for the unknown functions
uj,k(t) on the real axis, namely

−u′′j,k(t) + λjuj,k(t) = fj,k(t) (3.3)

for all j = 0, 1, . . . and k = 1, . . . , kj .
The characteristic equation for (3.3) is τ2 + λj = 0 with roots τ± = ±ı

√
λj .

The solution of the initial value problem for (3.3) with data uj,k(0) = u′j,k(0) = 0 is

(Ij,kfj,k) (t) = −
∫ t

0

sinh
√
λj(t− s)√
λj

fj,k(s)ds,

and so the general solution to the inhomogeneous equation (3.3) on R can be
represented by

uj,k(t) = (Ij,kfj,k) (t) + c+j,k e
√

λj t + c−j,k e
−
√

λjt,

c±j,k being arbitrary constants.
We have thus proved that the equation δ∗Δu = f on the real axis possesses

a formal solution

u(t) =
∞∑
j=0

kj∑
k=1

(
(Ij,kfj,k) (t) + c+j,k e

√
λj t + c−j,k e

−
√

λjt
)
hj,k (3.4)

containing infinitely many arbitrary constants c±j,k. If we pose a proper restriction
on the growth of u(t) at t = −∞ then only finitely many constants c−j,k may be
different from zero, for λj → +∞ as j →∞. On posing a restriction on the growth
of u(t) at t = +∞ we obtain that all constants c+j,k vanish but finitely many. Hence,
the operator δ∗Δ, when acting in spaces of functions with growth restrictions at
both points ±∞, is Fredholm. Formula (3.4) makes it also evident what function
spaces are to be used.

Note that we use separation of variables here to merely write out the formal
solution (3.4) to δ∗Δu = f . To study the convergence of the series one requires
further arguments like those in [5, Ch. 6]. We use (3.4) just to motivate our choice
of functions spaces.

The functions u(t) under study are defined on all of R and take their values in
functions on the sphere Sn−2. Hence, they can actually be thought of as functions
on the cylinder C = R×Sn−2 over the sphere. For s = 0, 1, . . . and any real number
γ, we denote by Hs,γ(C) the completion of the space C∞comp(C) with respect to the
norm

‖u‖Hs,γ(C) =
(∫

R

∑
j+A≤s

‖∂j(e−γtu)‖2HA(Sn−2) dt
)1/2

. (3.5)

Obviously, this space is Hilbert. If s is a negative integer, we define Hs,γ(C)
to be the dual of H−s,−γ(C). For fractional s, the space Hs,γ(C) is defined by
(complex) interpolation.
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Lemma 3.2. The operator δ∗Δ extends to a continuous map Hs,γ(C)→ Hs−2,γ(C)
for each s ∈ R.

Proof. For s = 2, 3, . . ., this is proved by direct computation. It remains then to
apply duality and interpolation results. �

The operator δ∗Δ actually belongs to the calculus of pseudodifferential op-
erators on the cylinder C elaborated in [18]. For functions u ∈ H2,γ(C), it can be
written in the form

δ∗Δu (t) =
1
2π

∫
Γ−γ

eıtz
(
z2 + ΔSn−2

)
Fu(z) dz (3.6)

where Γ−γ = {z ∈ C : "z = −γ} and Fu stands for the Fourier transform of u. The
holomorphic function σ(Δ)(z) = z2 +ΔSn−2 taking its values in pseudodifferential
operators with parameter on the sphere Sn−2 is sometimes called the conormal
symbol of Δ. A more general designation is operator pencil.

4. Resolvent

Write a(z) = z2 + ΔSn−2 for the conormal symbol of Δ. This is a polynomial
of z ∈ C with values in pseudodifferential operators on Sn−2 which are elliptic
with parameter τ = #z. Given any s ∈ R, one can think of a(z) as an operator
Hs(Sn−2) → Hs−2(Sn−2). The particular choice of s is not important for both
the kernel and cokernel of a(z) consist of C∞ functions on the sphere. Thus, the
results of [8] apply.

A point z0 ∈ C is said to be a characteristic point of a(z) if there exists a
holomorphic function u(z) in a neighbourhood of z0 with values in Hs(Sn−2), such
that u(z0) �= 0 but a(z)u(z) is holomorphic at z0 and vanishes at this point. We
call u(z) a root function of a(z) at z0.

To find the characteristic points of a(z), we invoke the orthonormal basis
(3.2) in L2(Sn−2) and write

u(z) =
∑∞

j=0

∑kj

k=1
uj,k(z)hj,k

on the sphere. Then,

a(z)u(z) =
∑∞

j=0

∑kj

k=1

(
z2 + λj

)
uj,k(z)hj,k

which immediately shows that z0 is a characteristic point of a(z) if and only if
z0 = ±ı

√
λj for some j. Any function uj,k(z)hj,k holomorphic in a neighbourhood

of ±ı
√
λj and different from zero at this point is actually a root function of a(z)

at ±ı
√
λj .

Suppose z0 is a characteristic point of a(z) and u(z) is a corresponding root
function. The order of z0 as a zero of a(z)u(z) is called the multiplicity of u(z),
and u(z0) ∈ Hs(Sn−2) an eigenfunction of a(z) at z0. If supplemented by the zero
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function on Sn−2, the eigenfunctions of a(z) at z0 form a vector space. It is called
the kernel of a(z) at z0 and denoted by kera(z0). By the rank of an eigenfunction
u0 ∈ Hs(Sn−2) we mean the supremum of the multiplicities of all root functions
u(z) with u(z0) = u0.

The kernel of a(z) at ±ı
√
λj is spanned by hj,1, . . . , hj,kj . The rank of the

eigenfunction h0,1 at 0 is equal to 2. For j ≥ 1, the rank of the eigenfunction hj,k
at ±ı

√
λj is 1.

Suppose that kera(z0) is of dimensionK. By a canonical system of eigenfunc-
tions of a(z) at z0 is meant any system of eigenfunctions u0,1, . . . , u0,K with the
property that the rank of u0,1 is the maximum of the ranks of all eigenfunctions of
a(z) at z0 and the rank of u0,k is the maximum of the ranks of all eigenfunctions in a
direct complement in ker a(z0) of the linear span of the vectors u0,1, . . . , u0,k−1, for
k = 2, . . . ,K. Let rk be the rank of u0,k, for k = 1, . . . ,K. It is a simple matter to
see that the rank of any eigenfunction of a(z) at the characteristic point z0 is always
equal to one of the rk. Hence it follows that the numbers rk are determined uniquely
by the function a(z). Note that a canonical system of eigenfunctions is not, in gen-
eral, uniquely determined. The numbers rk are said to be partial multiplicities of
the characteristic point z0 of a(z). Their sum n(a(z0)) = r1 + · · ·+ rK is called the
multiplicity of z0. If a(z) has no root function at z0, we naturally set n(a(z0)) = 0.

Thus, hj,1, . . . , hj,kj is a canonical system of eigenfunctions of a(z) at both
characteristic points ±ı

√
λj and the multiplicity of these characteristic points of

a(z) just amounts to kj , if j ≥ 1, and 2, if j = 0.
For z ∈ C away from the characteristic points of a(z) this operator-valued

function is invertible. The inverse a−1(z) called the resolvent of a(z) takes its
values in the space of pseudodifferential operators of order −2 with parameter on
the unit sphere Sn−2, cf. [18]. We now rehearse the expansion of the principal part
of a−1(z) which is actually due to [8].

Theorem 4.1. For each characteristic point z0 = ±ı
√
λj of a(z) with j ≥ 1, the

principal part of a−1(z) at z0 is

p.p. a−1(z) =
1

2z0

kj∑
k=1

(·, hj,k)L2(Sn−2) hj,k

z − z0
. (4.1)

Proof. Cf. Proposition 4.2 in [18]. �

In the case j = 0 the rank of the only eigenfunction h0,1 of a(z) at z0 = 0 is
equal to 2, and so (4.1) needs a modification. It becomes

p.p. a−1(z) =
(·, h0,1)L2(Sn−2) h0,1

z2
,

as is easy to check.
We are now in a position to use the theory of [18] on the real axis and pull

it back to the interval (0, 1) by the diffeomorphism t = δ(r).
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5. Fredholm theory

Denote by Hs,γ(Z) = δ∗Hs,γ(C) the Hilbert space consisting of the pullbacks
δ∗u = u ◦ δ of functions u ∈ Hs,γ(C). It is easy to see that the norm in this space
is given by

‖u‖Hs,γ(Z) =
( ∫ 1

0

∑
j+A≤s

‖
( 1√

g11
∂1

)j
(e−γδ(r)u)‖2HA(Sn−2)

√
g11dr

)1/2
, (5.1)

provided that s = 0, 1, . . ..
The factor e−γδ entering into (5.1) can not control independently the be-

haviour of functions at both points r = 0 and r = 1. To this end, we introduce yet
another scale of weighted Sobolev spaces on Z, which includes two weight param-
eters. Namely, let w = (w0, w1) be a pair of real numbers to inspect the growth of
functions at r = 0 and r = 1. Fix an excision function χ(r) for the point r = 1 on
[0, 1], i.e., χ is a C∞ function on [0, 1] vanishing close to r = 1 and equal to 1 near
r = 0. For s ∈ R, set

Hs,w(Z) = χHs,w0(Z) + (1− χ)Hs,−w1(Z), (5.2)

the right-hand side being understood in the sense of nondirect sum of Fréchet
spaces. In particular, on choosing w = (γ,−γ) we recover Hs,w(Z) = Hs,γ(Z) for
all s, γ ∈ R.

The additive group structure of R induces under the diffeomorphism t = δ(r)
a group structure on the interval [0, 1]. This is given by r ◦ s = δ−1(δ(r) + δ(s))
for r, s ∈ [0, 1]. The corresponding invariant measure is a multiple of

√
g11dr, and

the abstract Fourier transform is

Fu (�) =
∫ 1

0

e−ı�δ(r)u(r)
√
g11dr

for � ∈ R.

Lemma 5.1. Given any u ∈ Hs,w(Z), the abstract Fourier transform Fu(z) is
holomorphic in the strip −w0 < "z < w1.

Proof. See Lemma 6.3 in [18]. �

Combining (5.2) and Lemma 3.2 we deduce that the Laplace-Beltrami oper-
ator Δ extends to a continuous mapping Hs,w(Z)→ Hs−2,w(Z) for all s ∈ R and
w ∈ R2.

If −w0 < w1 then the mapping Δ : Hs,w(Z)→ Hs−2,w(Z) is specified in the
pseudodifferential calculus on Z as

Δu (r) =
1
2π

∫
Γ−γ

eıδ(r)τ
(
�2 + ΔSn−2

)
Fu(�) d�

for r ∈ (0, 1), the integral being independent on the particular choice of the expo-
nent −γ in the interval (−w0, w1), cf. (3.6).
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Theorem 5.2. Suppose w0 and w1 are different from ±
√
λj for all j. Then the

mapping Δ : Hs,w(Z)→ Hs−2,w(Z) is Fredholm for all s ∈ R.

Proof. The hypotheses of the theorem are equivalent to saying that the conormal
symbol σ(Δ)(z) is invertible on the lines Γ−w0 and Γw1 . Since the Laplace-Beltrami
operator is a second-order elliptic operator on the smooth part of Z, the Fredholm
property follows for instance from [17]. �

If −w0 < w1, a sharper result is given by Corollary 6.8 in [18]. Namely, the
operator Δ : Hs,w(Z) → Hs−2,w(Z) is injective and has a closed range of finite
codimension,

codim imΔ =
∑

j=0,1,...
k=1,...,kj

−w0<±
√

λj<w1

(1 + δ0,j) . (5.3)

Note that the constant functions of r ∈ [0, 1] with values in Hs(Sn−2) belong
to the null-space of Δ : Hs,w(Z)→ Hs−2,w(Z) provided that both w0 and w1 are
negative.

6. Asymptotics

In this section we derive an explicit description of solutions of the homogeneous
equation Δu = 0.

Theorem 6.1. To every nonzero characteristic point ±ı
√
λj of σ(Δ)(z) lying in

the strip w1 < "z < −w0 there correspond kj linearly independent solutions of
Δu = 0, namely (

e∓
√

λjδ(r)hj,k

)
k=1,...,kj

. (6.1)

It is a simple matter to verify that each function of the form (6.1) belongs to
H∞,w(Z), provided that w1 < ±

√
λj < −w0.

Proof. For the proof, fix any integer k = 1, . . . , kj . We have

e∓
√

λjδ(r)hj,k =
(
eızδ(r)hj,k

)
z=±ı
√

λj

,

as is easy to check. When applying the operator Δ to the right-hand side of this
equality, we may interchange Δ and the evaluation in z. This implies

Δ
(
e∓
√

λjδ(r)hj,k

)
=
(
eızδ(r)a(z)hj,k

)
z=±ı
√

λj

= 0,

the right-hand side being zero because a(z)hj,k vanishes at the point ±ı
√
λj . To

complete the proof it is sufficient to note that Δ : H−s+2,−w(Z)→ H−s,−w(Z) is
the transpose of Δ : Hs,w(Z)→ Hs−2,w(Z). By Theorem 5.2, both the mappings
are Fredholm, and so the range of the former is the dual of the null-space of the
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latter. We now use formula (5.3) to conclude that the dimension of the null-space
of Δ : Hs,w(Z)→ Hs−2,w(Z) is

dimkerΔ =
∑

j=0,1,...
k=1,...,kj

w0<±
√

λj<−w1

(1 + δ0,j) . (6.2)

Hence, the system (6.1) actually encompasses the whole contribution of ±ı
√
λj to

the null-space of Δ. �

Note that to the zero characteristic point of σ(Δ)(z) there correspond two
linearly independent solutions of the Laplace-Beltrami equation on the surface Z,
namely h0,1 and δ(r)h0,1.

Not only highlight (6.1) the asymptotic behaviour at singular points of so-
lutions to the homogeneous equation Δu = 0 belonging to Hs,w(Z) but they also
describe the explicit structure of these solutions. The theorem gains in interest if we
realise that the Laplace-Beltrami operator on Z has variable coefficients, in which
case no asymptotics have been known for general cuspidal points. The explanation
of this phenomenon lies obviously in the fact that there is a surprising change of
variables which reduces the Laplace-Beltrami operator to an ordinary differential
operator with constant operator-valued coefficients. No attempt has been made
here to develop any general theory, we were rather going to motivate [18].

In [9] asymptotics of solutions to the Laplace-Beltrami equation on a rotation
surface with an incomplete metric are studied by the method of Green-Liouville
approximations, see [14].

The calculus of [17] encompasses much more general operators on manifolds
with singular points. Close to a singular point they are of the form

Au (r) =
1
2π

∫
Γ−γ

eıδ(r)za(r, z)Fu(z) dz (6.3)

for r > 0, where r is the coordinate along an axis of the singular point correspond-
ing to r = 0, and Fu is an abstract Fourier transform. In contrast to (3.6), the
symbol a(r, z) is a nonconstant smooth function of r > 0 with values in the space
of parameter-dependent pseudodifferential operators on the link X , the parameter
being � = #z. The behaviour of a(r, z) at r = 0 is of crucial importance. In [17]
we assume that (∂/∂δ)k a(r, z) tends to zero as r → 0+, for every k = 1, 2, . . ..
Operators (6.3) act in weighted Sobolev spaces with two weight functions, e−γδ(r)

and (δ′(r))μ, where γ, μ ∈ R. Under this assumptions, the local principle of Simo-
nenko works to characterise Fredholm operators within the calculus. The lack of
smoothness at r = 0 does not allow one to gain in the weight exponent γ. Hence,
one needs a scale of weaker weight factors which control “smallness” of remain-
ders. This is just (δ′(r))μ or (−δ(r))ν , with ν ∈ R. For a recent contribution to the
local principle we refer to [20] where a local principle is presented which describes
C∗ -algebras in terms of continuous sections of C∗ -bundles. In the case of conical
points we get δ(r) = log r, and so the scales e−γδ(r) and (δ′(r))μ coincide. In the
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case of true cusps the scale (−δ(r))ν provides us with stronger “glasses” to observe
the gain in behaviour at r = 0. This demonstrates rather strikingly that asymp-
totics of solutions to Au = 0 near cuspidal points are very subtle. Obstructions
arise when one looks for an asymptotic formula for the inverse symbol a−1(r, z)
as r → ∞. It is precisely the way at which small parameter problems enter into
analysis on manifolds with singularities. It is therefore surprising that the solu-
tions to the Laplace-Beltrami equation on a rotation hypersurface in Rn have very
transparent structure (6.1) independently of the nature of singular points at r = 0
and r = 1.

7. Index formula

Given any weight data w = (w0, w1), the Laplace-Beltrami operator determines a
bounded mapping Δ : Hs,w(Z) → Hs−2,w(Z), as described above. Theorem 5.2
states that if a(z) has no characteristic points on the lines Γ−w0 and Γw1 , then A
is a Fredholm operator. Hence the index of A is well defined and independent of
the choice of s. The following corollary provides us with an explicit formula for
the index.

Corollary 7.1. Suppose that σ(Δ)(z) is invertible on the lines Γ−w0 and Γw1 . Then,

indΔ =
∑

j=0,1,...
k=1,...,kj

w0<±
√

λj<−w1

(1 + δ0,j)−
∑

j=0,1,...
k=1,...,kj

−w0<±
√

λj<w1

(1 + δ0,j) . (7.1)

Proof. It is sufficient to combine formulas (6.2) and (5.3). Since the inequalities
w0 < −w1 and −w0 < w1 are incompatible, at most one sum on the right-hand
side of (7.1) is different from zero. �

Formula (7.1) is a rather particular case of the index theorem from [18], cf.
also a more general logarithmic residue formula of [7]. If Sw is the horizontal strip
bounded by Γw1 and −Γ−w0 then

indΔ = tr
1

2πı

∫
∂Sw

a−1(z)da(z). (7.2)

We emphasize that the integrals over single lines "z = w1 and "z = −w0

on the right-hand of (7.2) are divergent while their sum makes sense. Moreover,
the operators a−1(z)a′(z) are not of trace class on Sn−2 unless n = 2. However,
the operator-valued function a−1(z)a′(z) is holomorphic everywhere in the strip
between Γ−w0 and Γw1 , except possibly at a finite number of points which are
characteristic points of a(z). Thus, only the principal parts of Laurent expansions
of this function near characteristic points contribute to the sum of the integrals,
as is clear from the residue formula. To see that the integral in (7.2) is of trace
class it suffices to observe that these principal parts take their values in the space
of smoothing operators on Sn−2.
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The above theory still applies to the differential operator Δ − λ, with λ
a complex parameter. We are thus in a position to describe the spectrum of Δ
acting in L2,w(Z) := H0,w(Z) with domain H2,w(Z). For all −w0 = w1, the
spectrum of the Laplace-Beltrami operator in L2,w(Z) is empty. On the one hand,
if −w0 ≤ w1 then the point spectrum of Δ in L2,w(Z) is empty. For −w0 > w1,
we look for an eigenfunction of the Laplace-Beltrami operator in L2,w(Z) which
has the form u(r)h(ω). On separating the variables we arrive at the ordinary
differential equation

−
( 1√

g11
∂1

)2
u+ λju = λu

for determining u, where λj is an eigenvalue of the Laplace-Beltrami operator on
the sphere Sn−2, and h = hj,k for some k = 1, . . . , kj . The equation possesses two
solutions

uj(r) = eı
√

λ−λjδ(r)

which correspond to two different branches of the multivalent analytic function√
λ− λj . The function uj(r)hj,k(ω) belongs to L2,w(Z) if and only if λ satisfies

w1 < "
√
λ− λj < −w0. Each λ ∈ C satisfying this condition for some j belongs

to the point spectrum of Δ in L2,w(Z). On the other hand, for −w0 ≥ w1 the
continuous spectrum of Δ in L2,w(Z) is empty. If −w0 < w1 then the continuous
spectrum of Δ in L2,w(Z) contains all λ ∈ C satisfying −w1 < "

√
λ− λj < w0

for some j.
In either case, the spectrum of Δ in L2,w(Z) is purely point or purely contin-

uous. The papers [1], [3], [10], [12] contain necessary and sufficient conditions for
discreteness of the spectrum of the Laplace-Beltrami operator in L2 for a rather
big class of Riemannian manifolds.
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Abstract. We consider automorphic distributions on R2, a concept slightly
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these objects introduce themselves in a natural way in symbolic calculi of
operators such as Weyl’s or the horocyclic calculus, linked to the projective
discrete series of SL(2, R). We interpret in operator- theoretic terms various
constructions of number-theoretic interest, some of which raise quite deep
questions.

Mathematics Subject Classification (2000). 11F11, 11F27, 47G30.

Keywords. Automorphic distributions, horocyclic calculus, Berezin calculus.

1. Introduction

Consider the domain X , in the present text either the plane or the hyperbolic
half-plane: the group G = SL(2,R) acts on it by linear or fractional-linear trans-
formations. There is a variety of so-called covariant symbolic calculi, each of which
establishes a correspondence from a space of functions on X – hereafter called sym-
bols – to a space of (generally unbounded) linear endomorphisms of some Hilbert
space. Then, if H is a subgroup of G , it is natural to ask for a description of
operators with H-invariant symbols.

When the symbolic calculus under consideration is the Toeplitz (or Berezin)
calculus, and H is a one-parameter subgroup of G , one finds a commutative alge-
bra of operators, and the question has been answered neatly by N.Vasilevski in [9]
and related works. The case when H = Γ: = SL(2,Z) , or a more general arith-
metic group, is quite different, and our understanding of it is limited to examples.
However, these are connected to interesting questions of number theory; moreover,
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they provide some principles which should act as a guide towards a more general
study.

Trying to bring to light some questions these principles raise, rather than
giving genuine answers to them, is the limited object of the present paper. The
examples described below have all been developed towards a different aim (cf.
(4.3), (5.21)), namely, that of letting the zeta function with the Euler operator as
an argument, or more general L-functions, participate in the spectral theory of
interesting operators. Our emphasis on the concept of family of arithmetic coher-
ent states, viewed as generalizing that which may serve as an introduction to the
Berezin calculus, may, or so we hope, appeal to some readers of this volume in
honour of Nikolai Vasilevski. We shall have to leave to possible distinct publica-
tions whatever answers we may find to some of the – always difficult – arithmetic
questions raised here.

We first concentrate on the case of the Weyl calculus: then, X = R2 , and
it is necessary to consider Γ-invariant distributions S – to be called automor-
phic distributions – rather than functions. The Weyl operator Op(S) acts from
S(R) to S′(R) , and understanding how the composition of two such operators can
nevertheless be given some meaning (modulo the one-dimensional space of auto-
morphic distributions homogeneous of degree −1), and sometimes computed, had
been the main purpose of [7]. One interesting example of automorphic distribution
we wish to report about here – the one denoted as T∞ – was obtained in [8], as a
product of related, but different preoccupations: it is a good basis for doing away
with some easy conjectures one might be willing to make about the structure of
operators with automorphic symbols.

So as to link the present paper more closely to matters with which this
introduction started, we shall also indicate some results in the same direction
obtained in connection with calculi (it does not matter which, provided covariance
is ensured) associated with the discrete series of representations of G .

2. Operators with automorphic symbols

We here consider the one-dimensional Weyl calculus Op : this is the rule that
associates to a tempered distribution S ∈ S′(R2) in the plane the linear operator
Op(S) from S(R) to S ′(R) defined by the equation

(Op(S)u)(x) =
∫

R2
S

(
x+ y

2
, η

)
e2iπ(x−y)η u(y) dy dη : (2.1)

this definition is to be taken in the weak sense, i.e., after one has taken the scalar
product with v ∈ S(R) on both sides. With Γ = SL(2,Z) , we call a distribution
automorphic if it is invariant under the linear action of Γ in R2 . A complete
description of automorphic distributions is to be found in [7, Section 4]. It is es-
sentially equivalent – actually, slightly more precise – to the theory of automorphic
functions, with respect to the full modular group, on the hyperbolic half-plane Π .
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The correspondence associates with S the following pair of functions on the half-
plane: the set of diagonal matrix elements of Op(S) against the family (u1z)z∈Π
defined in (3.7) below, and the one obtained in the same way, replacing this family
by the appropriate family (uz)z∈Π of even (Gaussian) functions.

One may call a linear operator A from S(R) to S′(R) automorphic if and
only if its symbol S (there is always a uniquely defined such object) is an automor-
phic distribution. Using the covariance of the Weyl calculus under the metaplectic
representation, it is immediate (cf. [7, Section 2]) that this is the case if and only if
the operator A commutes with the following two automorphisms of S′(R) , at the
same time automorphisms of S(R) : (i) the operator T that multiplies functions
of x ∈ R by eiπx

2
; (ii) the Fourier transformation F , normalized in the way

associated to the integral kernel e−2iπxy .
Another important notion is that of homogeneous even distribution on R2 ,

a substitute for that of (generalized or not) eigenfunction, on the hyperbolic half-
plane, of the Laplacian, so that homogeneous automorphic distributions corre-
spond to non-holomorphic modular forms, more precisely to pairs of such (this
fits with the Lax-Phillips point of view [3], linked to scattering theory). A symbol
S ∈ S′(R2) is homogeneous of degree −1 − ν for some ν ∈ C if and only if the
associated operator A satisfies the equation

(x)A
d

dx
− d

dx
A (x) = νA , (2.2)

denoting as (x) the operator of multiplication by the variable x on the real line.
We have not yet transformed all concepts of importance in the classical the-

ory of non-holomorphic modular forms (for the full modular group) into notions
relative to operators A : the last operation which must be traced in this way is
that of Hecke operator, which defines the fundamental concept of Hecke eigen-
form. Recall that, on automorphic functions f in the half-plane, the operator TN
(N ≥ 2) is defined by the equation

(TNf)(z) = N−
1
2

∑
ad=N,d>0
b mod d

f

(
az + b
d

)
; (2.3)

on automorphic distributions on R2 , it transfers to the operator T dist
N , which

extends the operator defined on automorphic functions by the equation

(T dist
N h)(x, ξ) = N−

1
2

∑
ad=N,d>0
b mod d

h

(
ax+ bξ√

N
,
dξ√
N

)
. (2.4)

Finally, using the covariance of the Weyl calculus under the metaplectic represen-
tation again, and introducing for d > 0, b ∈ R , the operator H(N)

d,b defined by

(H(N)
d,b u)(x) =

(
d√
N

) 1
2

u

(
dx√
N

)
e

iπbdx2
N , (2.5)
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one sees that, already assuming S to be automorphic, the eigenvalue equation
T dist
N S = λS is equivalent, in terms of the operator A with symbol S , to

N−
1
2

∑
ad=N,d>0
b mod d

H
(N)
d,b A (H(N)

d,b )
−1

= λA . (2.6)

Though the interpretation of this condition is certainly not as obvious as that of
the previous ones regarding A , it shows the natural role played by the changes
x 
→ x√

N
: these will occur again.

Automorphic operators do not quite make up an algebra, which is actually
due to technicalities: they are too singular as distributions for this to be the case.
But, even bypassing this difficulty as is possible [7], one finds that they do not
commute, generally, which explains why a truly concrete description of these oper-
ators may probably be out of reach for some time to come. For instance, Eisenstein
distributions (cf. infra), the complete linear superpositions of which make up a
good part (cusp-distributions are still missing) of the space of automorphic dis-
tributions, are essentially familiar objects (not very different from the well-known
non-holomorphic Eisenstein series): but we do not have a genuine understanding of
the associated operators, even though loc. cit. contains an explicit formula for the
composition, in the sense of the Weyl calculus, of any two Eisenstein distributions.

As this will be needed in the present paper, let us recall the definition of the
Eisenstein distributions Eν . When ν ∈ C, Re ν < −1 , we define this tempered
distribution by the equation

〈Eν , h 〉 =
1
2

∑
m,n∈Z

|m|+|n|�=0

∫ ∞
−∞
|t|−ν h(tn, tm) dt , h ∈ S(R2) . (2.7)

One then shows that the map ν 
→ Eν extends as a meromorphic function (valued
into S′(R2)) in the whole plane, with poles only at ±1 : these are simple, and the
residues there are given as Resν=−1Eν = −1 and Resν=1Eν = δ , the unit mass at
the origin of R2 . One role of these distributions can be found in the fact that the
standard Dirac comb D0 on R2 , the sum of unit masses at points with integral
coordinates, can be written as

D0 = 1 + δ +
1
2π

∫ ∞
−∞

Eiλ dλ , (2.8)

a decomposition into homogeneous components since Eν is homogeneous of degree
−1− ν .

3. Some automorphic operators

Because of the covariance of the Weyl calculus under the metaplectic representa-
tion Met , one obvious way to build an automorphic operator is to consider the
rank-one operator u 
→ (d |u) d associated to a distribution d possessing the prop-
erty that, given any point g̃ of the metaplectic group (recall that this is the twofold
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cover of G) lying above some element g of Γ , one should have Met(g̃) d = ω d for
some g̃-dependent ω ∈ C with |ω| = 1 . One of the two simplest examples (there
is one such of each parity) is obtained if one takes

d(x) =
∑
m∈Z

χ(12)(m) δ
(
x− m√

12

)
, (3.1)

χ(12) being the Dirichlet character mod 12 such that χ(12)(m) = 1 if m ≡ ±1
mod 12 , and χ(12)(m) = −1 if m ≡ ±5 mod 12 . Then, introducing on R2 the
Euler operator 2iπE = x ∂

∂x + ξ ∂
∂ξ + 1 so that, for t > 0 , the operator t2iπE can

be defined on tempered distributions S by the equation

〈t2iπES , h〉 = 〈S , (x, ξ) 
→ t−1 h(t−1x, t−1ξ)〉 , h ∈ S(R) , (3.2)

one can show [8, Theorem 4.2] that the Weyl symbol W (d, d) of the above-defined
rank one operator is the image of D0 under the operator 12iπE [ 1− 2−2iπE ] [ 1−
3−2iπE ] .

This example immediately brings forward two questions. The first one starts
from the observation that the support of the measure W (d, d) is the set of points
( j√

12
, k√

12
) with (j, k) ∈ Z2 : could one, say, get rid of the factors

√
12 , at the

same time finding an operator with such a clear-cut interpretation ? The answer to
this question is negative: even such a simple operation as a rescaling S 
→ T , with
T(x, ξ) = eλ S(eλx, eλξ) , of symbols, in other words a transformation kS 
→ kT ,
with

kT(x, y) = kS(x coshλ+ y sinhλ, x sinhλ+ y coshλ) , (3.3)

of integral kernels, would destroy any interpretation of a given operator as being
associated in any simple way to the use of distributions possessing, just like d ,
any amount of “metaplectic automorphy”.

The next question concerns the possibility of generalizing the previous ex-
ample with the help of some algebra, substituting for the measure d a finite-
dimensional space of distributions on the line, globally invariant under the part
of the metaplectic representation lying above Γ . The (positive, this time) answer
starts with the consideration of an arbitrary finite set S of prime numbers in-
cluding 2 and, with N = 2

∏
p∈S p , of the (unique) character χ of the group

Λ = {μ ∈ (Z/NZ)× : μ2 = 1} taking the value −1 on each of the following ele-
ments μ : (i) the one such that μ ≡ −1 mod 4 and μ ≡ 1 mod p for every p ∈ S
with p �= 2 ; (ii) for every p ∈ S with p �= 2 , the one such that μ ≡ −1 mod p ,
μ ≡ 1 mod 4 and μ ≡ 1 mod q for every q ∈ S, q �= 2, q �= p . Then, for every
ρ ∈ (Z/NZ)× , consider the measure

�ρ(x) =
∑
μ∈Λ

χ(μ)
∑
�∈Z

δ

(
x− N�+ ρμ√

N

)
(3.4)

on the line. The linear space generated, for given N , by the distributions �ρ ,
satisfies the invariance condition aimed at. As a basis, one can take the set of �ρ ’s
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with ρ describing any set RN of representatives of Z/NZ)× mod Λ .We then
consider the operator

u 
→
∑

ρ∈RN

(�ρ |u)�ρ (3.5)

which, again, commutes with the part of the metaplectic representation above Γ .
Its Weyl symbol WN is given by the equation, obtained after some algebra:

WN = N iπE ∏
p∈S

(1− p−2iπE)D0 , (3.6)

a Γ-invariant measure supported in the set 1√
N

(Z × Z) .
Many readers of this volume are probably familiar with the way it is possible,

starting from the odd eigenfunction with lowest eigenvalue of the harmonic oscilla-
tor and using the metaplectic representation, to build in association with the odd
part of L2(R) – a variant of course exists for the even part as well – a “family
of coherent states”, a.k.a. an overcomplete set, parametrized by the homogeneous
space G/K, K = SO(2) , a model of which is the hyperbolic upper half-plane Π
with invariant measure dμ . Indeed, if one sets

u1z(t) = 2
5
4 π

1
2 (Im z)

3
4 t eiπz t2 , (3.7)

one has for every odd square-integrable function on the line the equation∫
Π

|(u1z |u)|2 dμ(z) = 8π ‖ u ‖2L2(R) . (3.8)

Now, as shown in [8, Theorem 12.4], denoting as �g
ρ , for g ∈ G , the image

of �ρ under the metaplectic transformation associated with any point of the
metaplectic group lying above g−1 (phase factors have no importance here), one
has whenever u ∈ L2(R) has the parity associated with the number of distinct
prime divisors of N the equation∑

ρ∈RN

∫
Γ\G
|〈�g

ρ , u〉|2 dg =
2π
3
N−

1
2 φ(N) ‖ u ‖2L2(R) , (3.9)

in which φ is Euler’s indicator function.
Comparing (3.8) with (3.9), one might look at the latter equation as the

starting point of an arithmetic counterpart of Berezin’s (or Toeplitz’s) quantization
theory, a space Γ\G of lattices taking the place of Π : however, this is rather
removed from our current point of view. Indeed, we consider that what is important
in a symbolic calculus is its abstract covariance group, not its explicit defining
equation or even its phase space (always a homogeneous space of the covariance
group): for all calculi with the same (sufficiently large) group of covariance are
related in an explicit way. This will show up, again, in Section 5 of the present
paper.
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4. The distribution T∞
Here is our favourite example: as will be seen, it is quite interesting as a distribu-
tion, while the associated operator is mysterious.

Definition 4.1. The distribution T∞ in the plane is defined by the equation

T∞(x, ξ) =
∑
j,k∈Z

|j|+|k|�=0

Γ(∞)
jk δ(x− j) δ(ξ − k) , (4.1)

where
Γ(∞)
jk =

∏
p prime
p|j, p|k

(1− p) . (4.2)

It is not difficult to see, as proved in [8, Theorem 12.5], that the decomposition
into homogeneous components of the distribution T∞ is given by the equation

T∞ =
1
2π

∫ ∞
−∞

(ζ(−iλ))−1 Eiλ dλ+
∑
j

Resμ=μj

(
E−μ

ζ(μ)

)
: (4.3)

here, μj is to vary over the set of non-trivial zeros of the Riemann zeta function
ζ . Performing a change of contour, one sees that the Riemann hypothesis just
means that it is possible to write a decomposition of T∞ as a generalized integral
(principal values, in Cauchy’s sense, are needed because of the critical zeros of
zeta) of automorphic distributions homogeneous of degrees −1− ν supported by
the line Re ν = 1

2 .
Of course, using the fact that the operator with symbol 1

2 δ(x) δ(ξ) is the
operator u 
→ ǔ, ǔ(x) = u(−x) , together with the covariance of the Weyl calculus
under the Heisenberg representation (which turns translations in the phase space
into an operator-theoretic notion), one can write the operator A∞ = Op(T∞)
as a series of “symmetry” operators: this certainly does not lead to any deep
understanding of A∞ , and we now formulate the question in a completely different
way.

Let N be any positive integer. Consider the distribution

TN(x, ξ) =
∑
j,k∈Z

|j|+|k|�=0

Γ(N)
jk δ(x− j) δ(ξ − k) , (4.4)

with
Γ(N)
jk =

∏
p prime |N

p|j, p|k

(1− p) . (4.5)

Clearly, TN → T∞ in S′(R2) if N → ∞ in such a way that every finite set of
prime numbers, from a certain point on, lies in the set of divisors of N . Let us
indicate the way TN decomposes into homogeneous components. As soon as N
is even, it is no loss of generality, since only the collection of prime factors of N
is relevant in the definition of this distribution, to assume that N is the product
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of 4 by a squarefree odd integer. Recalling the Eulerian expansion of zeta, to wit
ζ(ν) =

∏
p prime(1− p−ν)−1, Re ν > 1 , set

ζN (ν) =
∏

p prime |N
(1 − p−ν)−1 . (4.6)

Then [8, Section 12]

TN =
1
2π

∫ ∞
−∞

(ζN (−iλ))−1 Eiλ dλ+ Resμ=1

(
E−μ

ζN (μ)

)
: (4.7)

comparing (4.3) and (4.7), note that the pole at μ = 1 contributing to the right-
hand side of (4.7) disappears in the limit because, contrary to ζN , ζ has a pole
there. But infinitely many new poles, to wit the non-trivial zeros of zeta, make
their appearance.

In view of the spectral decomposition of the measure T∞ , a true understand-
ing of the operator with symbol TN would be interesting. However, it is only the
operator with symbol N iπE TN that has a close relation to the metaplectic rep-
resentation: indeed, one has

N iπE TN = WN −N−
1
2

∏
p∈S

(1− p) × δ (4.8)

in terms of the measure WN in Section 3 of the present paper, while, as has
already been recalled, 1

2 δ is the symbol of the operator u 
→ ǔ . As pointed out in
the paragraph around (3.3), a rescaling transformation of symbols such as N iπE

does not have any simple interpretation in terms of the associated operator.

5. Other symbolic calculi

Consider the measure d in (3.1). Identifying even functions u on the real line
with functions v on the half-line with the help of the quadratic change of variable
Sqeven : v 
→ u , where u(x) = 2−

3
4 |x| v(x2

2 ) , one may identify d with a measure s
on the half-line: the invariance of d , up to phase factors (i.e., up to multiplication
by complex numbers of absolute value 1), under the part of the metaplectic rep-
resentation lying above Γ , becomes under this transfer the fact that the measure
s is invariant, up to phase factors, under the part of the representation D 1

2
from

the (prolongation of the) holomorphic discrete series of the twofold cover of G .
We presently generalize the definition of such a measure s to the case when the
subscript 1

2 is replaced by a more general positive number.
Before recalling the definition of the unitary representations to be considered,

let us observe that we do not really care about phase factors, since we are only
going, here, to consider scalar products in which these will appear on both sides.
As a consequence, we do not have to substitute for the group G its universal
cover, since we are satisfied with so-called projective representations, in which the
basic homomorphism property is only assumed to be valid up to arbitrary phase
factors, depending on the two elements of G under consideration. Then, for every
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τ ∈ R , τ > −1 , there is an essentially unique unitary projective representation
Dτ+1 of G in the space L2((0, ∞); s−τ ds) given, in the case when b > 0 , by
the equation (involving the Bessel function Jτ )(
Dτ+1

((
a b
c d

))
v
)
(s) =

2π
b

∫ ∞
0

v(t)
(s
t

) τ
2

exp
(

2iπ
ds+ at
b

)
Jτ

(
4π
b

√
st

)
dt .

(5.1)
Under a Laplace transformation, this representation transfers to the projective rep-
resentation πτ+1 of G into an appropriate Hilbert space of holomorphic functions
f in the complex upper half-plane Π (that defined, only in the case when τ > 0 ,
by the condition f ∈ L2(Π, (Im z)τ+1dμ(z)) , with dμ(z) = (Im z)−2 dRe z dIm z),
with which most readers are probably more familiar:(

πτ+1

((
a b
c d

))
f
)
(z) = (−cz + a)−τ−1 f

(
dz − b
−cz + a

)
. (5.2)

Note that the determination, in Π , of the power (−cz+ a)−τ−1 , has an arbitrary
dependence on

(
a b
c d

)
, but is of course assumed to be a continuous function of z .

It is customary, in the theory of modular forms, to set q = e2iπz , so that
|q| < 1 when z ∈ Π . A holomorphic function f of the kind

f(z) = qκ
∑
m≥0

am q
m , (5.3)

where 0 < κ ≤ 1 (of course, qκ = e2iπκz by definition) is always periodic of
period 1 up to phase factors; it becomes a modular form of weight τ + 1 , for an
unspecified multiplier system, if one assumes that it is invariant, up to some phase
factor, under the transformation πτ+1

((
0 1−1 0

))
, defined by extending (5.2), and

if one also assumes that the sequence (am) of coefficients is controlled by some
power of m+1 . When κ = 1 and τ +1 is an even integer (so that, in particular,
the factor (−cz + a)−τ−1 ceases to be multi-valued), one gets back to the more
classical concept of holomorphic (cusp-) form for the full modular group. Then,
taking appropriate powers (when this is possible, i.e., starting from a function
without zeros in Π), one can find examples of such functions f satisfying the
required properties for any given τ > −1 . For instance, one may consider the
function

f(z) = q
τ+1
12

∏
n≥1

(1 − qn)2τ+2 , (5.4)

the fractional power with exponent τ+1
12 of the so-called Ramanujan Δ-function.

In general, one associates with f the measure sτ ,

sτ (t) =
∑
m≥0

am δ(t−m− κ) , (5.5)

of which f is the Laplace transform. When τ = − 1
2 and f is the function in (5.4),

in this case called the Dedekind eta function, this would lead to a construction of
the measure d in (3.1).
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Coming back to the general case, given g ∈ G , define the distribution sgτ
(up to a phase factor) as being the image of sτ under Dτ+1(g−1) . Setting

‖ v ‖2τ+1 =
∫ ∞
0

|v(s)|2 s−τ ds , (5.6)

one has the following equation [8, Theorem 9.3], which shows again the role of the
family (sgτ )g∈G as an arithmetic family of coherent states for the representation
Dτ+1 : ∫

Γ\G
|(sgτ | v)τ+1|2 dg =

(4π)τ+1

Γ(τ + 1)
‖ y τ+1

2 f ‖2L2(Γ\Π) ‖ v ‖2τ+1 . (5.7)

By the way, this equation gives the more serious of two reasons why, as the
reader may have asked himself, one could not use, in place of the distribution d in
(3.1), the “more natural” one-dimensional Dirac comb

∑
m∈Z

δ(x−m) : it is that
the associated function f , a standard theta-function, would not be a cusp-form,
i.e., would not satisfy the case τ = − 1

2 of the condition

‖ y τ+1
2 f ‖2L2(Γ\Π) =

∫
Γ\Π

yτ+1 |f(z)|2 dμ(z) <∞ . (5.8)

The other “reason”, to wit that the one-dimensional Dirac comb is not invariant
under multiplication by eiπx

2
, only under multiplication by e2iπx

2
, could be taken

care of by substituting for Γ an appropriate congruence subgroup: details are to
be found at the end of [8, Section 5].

Since this may be of some interest to practitioners of quantization theory,
we shall spend some more time discussing symbolic calculi associated with the
representation Dτ+1 . The most popular way to obtain a covariant calculus in this
context is Berezin’s, which can be defined as follows. For every z ∈ Π , set

φτ+1
z (s) = sτ e2iπsz̄

−1
, s > 0 , (5.9)

so that, given g ∈ G ,

Dτ+1

((
a b
c d

))
φτ+1
z = ω

(
a+

b

z̄

)−τ−1
φτ+1

az+b
cz+d

(5.10)

for some phase factor ω with |ω| = 1 depending only on g . At least when τ > 0 ,
one can substitute for φτ+1

z the normalized version

ψτ+1
z =

(4π)
τ+1
2

(Γ(τ + 1))
1
2

(
Im (−z−1)

) τ+1
2 φτ+1

z . (5.11)

One then has the equation, to be compared to (3.8) (which is actually just the
special case when τ = 1

2 of the identity that follows, rewritten after a quadratic
change of variable)

‖ v ‖2τ+1 =
τ

4π

∫
Π

|(ψτ+1
z | v)|2 dμ(z) (5.12)

for every v ∈ L2((0, ∞); s−τ ds) . Given a linear operator A from the linear space
generated by the functions ψτ+1

z to its algebraic dual – note that this is demanding
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very little from A – one defines the Berezin-covariant symbol f cov of A as the
function in Π such that

f cov(z) = (ψτ+1
z |Aψτ+1

z ) , z ∈ Π , (5.13)

a definition with a natural extension to the case when τ > −1 . Sometimes, one
uses the same definition with φτ+1

z substituted for ψτ+1
z : we here prefer the

present one, for which the covariance property (a consequence of (5.10)) takes the
following form: if f cov is the Berezin-covariant symbol of some operator A , that
of the operator Dτ+1

((
a b
c d

))
ADτ+1

((
a b
c d

))−1 is the function z 
→ f
(

dz−b
−cz+a

)
.

All this is extremely well known: also that, in conjunction with the covari-
ant symbol, one must consider the contravariant symbol (which, in some sense,
very seldom exists as a distribution), defined in such a way that the two maps
operator 
→ covariant symbol and contravariant symbol 
→ operator are adjoint
of each other, when the space L2(Π, dμ) as a space of symbols, and the space
of Hilbert-Schmidt operators on L2((0, ∞); s−τ ds) on the other hand, are con-
sidered. Some readers may also know that, in place of the pair of contravariant
and covariant Berezin symbols, one can consider the pair of active and passive
symbols: the advantage is that the gap between these two latter species is quite
tractable, while that between the first two ones is too considerable for the Berezin
calculus to be considered as a bona fide symbolic calculus of operators on the space
L2((0, ∞); s−τ ds) .

The point we wish to stress here, with a full realization that this point of
view may not appeal to many practitioners of quantization theory, is that the
hyperbolic upper half-plane Π does not seem to be the “right” phase space to use
in order to define a symbolic calculus of operators on L2((0, ∞); s−τ ds) . A much
better choice, in two respects, is the plane R2 , on which G acts under linear,
rather than fractional-linear, transformations. Our first argument is based on the
fact that it is impossible to build a manageable symbolic calculus, with Π as a
phase space, which would establish an isometry between L2(Π, dμ) and the space
of Hilbert-Schmidt operators on L2((0, ∞); s−τ ds) (a desirable property as it
would suppress the need to consider a pair of symbols). The situation, however,
can be saved if one introduces the isometric horocyclic symbolic calculus, which
we now proceed towards defining.

First, let us recall the definition of the Radon transformation V from func-
tions on Π to functions on R2 : provided convergence is ensured, one sets, given
a function f on Π ,

(V f)(x, ξ) =
∫ ∞
−∞

f
( ((

x b
ξ d

)
( 1 t
0 1 )
)
. i
)
dt ,

(
x b
ξ d

)
∈ G , (5.14)

where ( p q
r s ) . i = pi+q

ri+s . It is immediate that, indeed, the right-hand side does not
depend on the choice of the pair (b, d) subject to the stated condition, and that the
Radon transformation exchanges the two quasiregular actions of G on functions
defined on Π or on R2 . With the help of the Euler operator 2iπE introduced in
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Section 3, we also define, on functions on R2 , the operator

T =
(π

2

) 1
2 Γ(12 − iπE)

Γ(−iπE) = π−
1
2 (−iπE)

∫ ∞
0

t−
1
2 (1 + t)−1+iπE dt , (5.15)

and the first equation in [4, p. 91] gives a similar integral expression for the ratio
of Gamma functions which occurs in (5.16) below. We then define the isometric
horocyclic symbol hiso of an operator A on L2((0, ∞); s−τ ds) in terms of its
covariant symbol f cov by the equation

hiso = 2−τ−1
2 Γ(τ + 1)πiπE

Γ( τ2 + 1
4 − iπ

2 E)
Γ( τ2 + 3

4 + iπ
2 E)

.

TV

⎡⎣(Γ

(
τ

2
+

1
4

+
i

2

√
Δ− 1

4

)
Γ

(
τ

2
+

1
4
− i

2

√
Δ− 1

4

))−1
f cov

⎤⎦ . (5.16)

Before coming to some technical points regarding this definition, let us empha-
size the basic properties of the isometric horocyclic symbol. Besides the already
mentioned fact that it establishes an isometry between a natural Hilbert space
of symbols and a natural Hilbert space of operators – we shall have to state this
with some more precision presently – it connects, in the case when τ = ∓ 1

2 , to
the Weyl symbol of an operator on the line, as follows: given an operator A on
L2((0, ∞); s

1
2 ds) , and identifying this latter space with the space L2

even(R) under
the isometry Sqeven mentioned in the beginning of the present section (of course,
a variant exists for the odd case), one can see that the isometric horocyclic symbol
(considered with τ = − 1

2 ) of an operator A : L2
even(R)→ L2

even(R) coincides with
the Weyl symbol of the extension of A as an operator on L2(R) which is zero on
the space L2

odd(R) .
Recall that the Gamma function is rapidly decreasing at infinity on vertical

lines in the complex planes, so that the operator, the inverse of a product of

Gamma functions in which the argument is close to ± i
2

√
Δ− 1

4 , which occurs
on the right-hand side of (5.16), is extremely far from being a bounded operator
in L2(Π, dμ) : this is not surprising since, as already mentioned, the covariant
symbol of an operator can be defined under extremely large conditions: in other
words, it is in some sense “too nice” a function. To give the right-hand side of
(5.16) a meaning, one may start with the consideration of functions on Π the
decomposition of which, into generalized eigenfunctions of Δ , is supported in a
compact interval of [1

4 , ∞[ .
Now, the space of symbols to be considered in the isometric horocyclic calcu-

lus is not the whole of L2(R2) : for instance, in the case when τ = − 1
2 , it is only

the space of even functions in L2(R2) , invariant under the rescaled version G of
the symplectic Fourier transformation defined by the equation

(G h)(x, ξ) = 2
∫

R2
h(y, η) e4iπ(xη−yξ) dy dη . (5.17)
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This can be explained by the fact that, in the Weyl calculus, these two prop-
erties characterize the symbols of operators which commute with the map u 
→
ǔ , ǔ(x) = u(−x) , and which kill all odd functions. In the general case, the pre-
cise statement is that the isometric horocyclic symbols of Hilbert-Schmidt opera-
tors on L2((0, ∞); s−τ ds) exactly describe, in an isometric way, the subspace of
L2
even(R

2) consisting of functions invariant under the (unitary) symmetry

Γ(iπE) Γ(τ + 1
2 − iπE)

Γ(−iπE) Γ(τ + 1
2 + iπE) G . (5.18)

What is probably the main benefit of using symbols living on R2 rather than
Π is that, under the Radon transformation, the operator Δ − 1

4 on functions
defined in Π transfers to the operator π2 E2 on functions defined in the plane:
this makes it possible to define a simple operator playing the role of a “square
root” of Δ − 1

4 . Then, one may substitute for the decomposition of functions
on Π , as integral superpositions of generalized eigenfunctions of Δ , the simpler
decomposition of functions (or distributions) in the plane, into their homogeneous
components.

This makes it possible to perform computations which would hardly, if at all,
have been feasible in the context of the half-plane, in particular when arithmetic
is present. With

(sτ |w)τ+1 = 〈 sτ , s 
→ s−τ w(s) 〉 , (5.19)

consider the operator Psτ , sτ defined by the equation

Psτ , sτ w = (sτ |w)τ+1 sτ : (5.20)

the scalar product makes sense, for instance, if the function w on the real line
lies in the space of C∞ vectors of the representation Dτ+1 . As a consequence of
the assumptions made about the function f , the operator Psτ , sτ commutes with
the operators Dτ+1(g) with g ∈ Γ . In view of the covariance of the isometric
horocyclic symbolic calculus, the symbol (in this calculus) W (sτ , sτ ) of this op-
erator, a distribution in the plane, is invariant under linear changes of coordinates
associated to elements of Γ .

The following theorem shows that, just like the symbol WN from the Weyl
calculus (cf. (3.6)), the symbol W (sτ , sτ ) is the image of the Dirac comb D0

under some operator B , a function (in the spectral-theoretic sense) of the Euler
operator. In the case when 2Nκ is an integer for some N = 1, 2, . . . , B is again
the product of N iπE by a Dirichlet series with the operator iπE as an argument.

Theorem 5.1. For every τ > −1 , one has the equation

W (sτ , sτ ) = 2−iπE− 3
2
L(f ⊗ f, 1

2 + iπE)
ζ(2iπE) D0 , (5.21)
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where the function s 
→ L(f ⊗ f, s) is defined by analytic continuation, starting
in the case when Re s > 1 from the equation

L(f ⊗ f, s) =
∑
m≥0
|am|2 (m+ κ)−s−τ , (5.22)

where κ and the coefficients am have been defined in (5.3).

Proof. The lengthy proof of a slightly different formulation of this theorem has
been given in [8, Corollary 11.6], and we now provide the missing details. First, we
must recall that the introduction of L-functions such as the one appearing here,
properly called convolution L-functions, is an important subject in the theory of
modular forms: their analytic extension is a classical application [1, 2] of the so-
called Rankin-Selberg unfolding method; the method also shows that the function

L∗(f ⊗ f, s) =
Γ(s+ τ)
(4π)s+τ

π−s Γ(s) ζ(2s)L(f ⊗ f, s) (5.23)

extends as a meromorphic function in the complex plane, with simple poles only at
s = 0 and s = 1, invariant under the change s 
→ 1−s. Denote as Ress=1(L(f⊗ f, s))
the residue of the L-function into consideration at s = 1 . Incidentally, this number
can be connected to the coefficient on the right-hand side of (5.7) by the equation

Ress=1(L(f ⊗ f, s)) =
3
π

(4π)τ+1

Γ(τ + 1)
‖ y τ+1

2 f ‖2L2(Γ\Π) . (5.24)

The result of [8, Corollary 11.6] was the following spectral decomposition of
the symbol W (sτ , sτ ) :

W (sτ , sτ ) =
1
2π

∫ ∞
−∞

2
iλ−3

2
L(f ⊗ f, 1−iλ

2 )
ζ(−iλ) Eiλ dλ+

1
2

Ress=1 (L(f⊗ f, s)) (1−τ δ) .
(5.25)

To obtain the present statement, we just have, starting from the decomposi-
tion (2.8), to consider the way the operator

B = 2−iπE− 3
2
L(f ⊗ f, 1

2 + iπE)
ζ(2iπE) (5.26)

acts on any of the distributions (all eigendistributions of the Euler operator) 1,
δ and Eiλ . The eigenvalues corresponding to these three operators, in this order,
are 1 , −1 and −iλ in view of their degrees of homogeneity. Hence, setting

B(s) = 2
−s−3

2
L(f ⊗ f, 1+s

2 )
ζ(s)

(5.27)

and observing that B(−iλ) coincides with the coefficient of Eiλ in the integrand
on the right-hand side of (5.25), all we have to do is to check the pair of equations

B(1) =
1
2

Ress=1(L(f ⊗ f, s)) , B(−1) = −τ
2

Ress=1(L(f ⊗ f, s)) . (5.28)

The first equation is immediate since the residue of the zeta function at s = 1 is 1 .
On the other hand, the functional equation of the L-function under consideration
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shows that L(f ⊗ f, 0)) is the value at s = 1 of the function

Γ(s+ τ)
Γ(1− s+ τ)

(4π)1−s+τ

(4π)s+τ
π1−2s Γ(s)

ζ(2s)
ζ(2 − 2s)

L(f ⊗ f, s)
Γ(1 − s) , (5.29)

hence (using ζ(0) = − 1
2 )

L(f ⊗ f, 0)) =
τ

12
Ress=1(L(f ⊗ f, s)) . (5.30)

Now, one has (as shown by the functional equation of the zeta function) ζ(−1) =
− 1

12 , so that the second equation (5.28) is proved as well. �

Remark 5.1. When τ = − 1
2 and s coincides with the image, under Sq−1even , of the

distribution d on the line associated, in Section 3, to the non-trivial even Dirichlet
character mod 12 (then, κ = 1

24 ), one obtains

B = 12iπE [ 1− 2−2iπE ] [ 1− 3−2iπE ] , (5.31)

which fits with the result quoted right after (3.2). That, taking the first factor
aside, the right-hand side appears as a Dirichlet “series” in the variable 2iπE ,
rather than iπE , is due to the very special fact that, in this case, the only non-zero
coefficients am (cf. (5.33) infra) are obtained in the case when 24m+1 = (6�−1)2

for some integer � , as seen from the expansion of the Dedekind eta function.

Remark 5.2. For r = 1, 2, . . . , set μ(r) = (−1)ν(r) , where ν(r) is the number
of distinct prime divisors of r , in the case when r is squarefree, while setting
μ(r) = 0 if r is divisible by the square of an integer ≥ 2 : this is the Möbius
function, which occurs in the formula

1
ζ(s)

=
∑
r≥1

μ(r)
rs

, Re s > 1 . (5.32)

Hence, when Re s > 2 ,

B(s) = 2−
3
2− s

2

∑
r≥1

μ(r) r−s
∑
m≥0
|am|2 (m+ κ)−τ− s+1

2 , (5.33)

generally not a Dirichlet series in terms of the variable s
2 , becomes one in the case

when κ = 1 . Indeed, one has in this case, when Re s > 2 ,

B(s) =
∑
�≥1

B� (2�)−
s
2 (5.34)

with
B� = 2−

3
2

∑
m≥0, r≥1
r2(m+1)=�

μ(r) |am|2 (m+ 1)−τ−1
2 . (5.35)

It then follows from (3.2) that one has

W (sτ , sτ )(x, ξ) =
∑
�≥1

(2�)
1
2 B�

∑
(j,k)∈Z2

δ(x − j
√

2�) δ(ξ − k
√

2�) . (5.36)



248 A. Unterberger

The expression of W (sτ , sτ ) is more complicated when κ < 1 . It is to be noted
that when κ = 1 , τ + 1 is an even integer and f is a modular form for the full
modular group in the usual sense, also an eigenfunction of every Hecke operator
(from the holomorphic theory), the zeros of the function L(f⊗ f, s) on the spectral
line Re s = 1

2 include those on the same line of the zeta function (the so-called
critical zeros): this, as explained in [2, p. 250], is as a consequence of results of
Shimura [5].

As a conclusion, we wish to stress the fact that, though it would be possible
to rephrase Theorem 5.1 (at the price of inserting some Gamma factors and substi-
tuting non-holomorphic Eisenstein series for Eisenstein distributions) in terms of
any covariant symbolic calculus using the hyperbolic half-plane as a phase space,
arithmetic results have both a neater formulation and an easier proof when ex-
pressed in terms of the horocyclic calculus, with the plane as a phase space.
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culi, Progress in Math., Birkhäuser, Basel–Boston–Berlin, 2002.

[8] A. Unterberger, Quantization and Arithmetic, Progress in Math., Birkhäuser, Basel–
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Abstract. We study Hilbert spaces of holomorphic functions, generalizing the
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domains and Jordan algebras, using the concept of projectively flat connexion
on a Hilbert subbundle.
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0. Introduction

In this paper we introduce the concept of Hilbert subbundle and associated canon-
ical connexion, in the sense of differential geometry, and show that the unipotent
“singular” holomorphic representations of semi-simple Lie groups, arising in the
theory of hermitian symmetric domains and Jordan algebras, can be described by
such a canonical Hilbert subbundle connexion which is projectively flat, i.e., its
curvature is a scalar operator. This concept is well known in mathematical physics
[2] and the theory of modular functions [11].

Of course, there is an extensive literature [3], [13], expressing these represen-
tations in geometric or Jordan algebraic terms. However, the approach presented
here has some new features. Notably, the general construction (Section 4) is carried
out in the bounded (Harish-Chandra) realization of a symmetric domain instead
of the more familiar unbounded Siegel domains. In the bounded model, the rep-
resentations are not given by measures on boundary orbits, but instead one needs
distributions [1] or, as proposed here, projectively flat Hilbert bundles. Also, the
bounded model treats all unbounded (Cayley transform) realizations on an equal

This work was completed with the support of the German-Israeli Foundation (GIF), I-415-
023.06/95.
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level. This is important for a study of geodesics and their behavior near the bound-
ary.

In order to stay close to operator theory, we include a detailed discussion of
the “classical” Fock space bundles over K = R, C and H (quaternions), the real
case being the (even) metaplectic representation. These Hilbert spaces are given
via representations of euclidean Jordan algebras of self-adjoint matrices over K,
as explained in Section 3. In Section 4 we outline the general construction of a
Hilbert subbundle for any hermitian Jordan triple.

1. The canonical connexion on a Hilbert subbundle

For the basic setup, let D be a smooth manifold and H a complex Hilbert space.
Let L(H) be the C∗-algebra of bounded operators onH , andH(H) be the subspace
of all self-adjoint operators. Consider a smooth map

D % z 
→ Pz ∈ H(H) (1.1)

such that
Pz = Pz Pz (1.2)

is a (self-adjoint) projection for every z ∈ D. Since D is finite-dimensional, the
notion of differentiability is the standard one, with values in a Banach space. For
each z ∈ D, we consider the closed subspace

Hz := Ran Pz = PzH (1.3)

of H , and call the family of Hilbert spaces

(Hz)z∈D (1.4)

the Hilbert subbundle (of the trivial bundle D×H) determined by the map (1.1).
Of course, one has to impose additional conditions to ensure that (1.4) is locally
trivial. For example, if the bundle is “covariant” under a transitive Lie group
action, local triviality follows from Lie theoretic arguments, cf. the following Sec-
tions 2 and 3. We will only use the smooth field (1.1) of projections, not (local)
trivializing maps.

By definition, a section of the Hilbert subbundle (1.4) is a smooth map

Φ : D → H, z 
→ Φz (1.5)

such that
Φz = Pz Φz ∈ Hz (1.6)

for every z ∈ D. We write the z-variable as a subscript, since in applications H
is itself a Hilbert function space and Φz depends on an extra variable. Note that,
although Φ takes values in a Hilbert space, we do not endow D with a measure
to obtain “square-integrable” sections. For every smooth function f : D → C, the
pointwise product

z 
→ (f · Φ)z := f(z) Φz (1.7)
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is again a (smooth) section of the Hilbert subbundle, since Pz is a linear operator
on H . Let

T (D) = {(z, ż) : z ∈ D, ż ∈ TzD} (1.8)
be the tangent bundle of D. Consider the derivative

P ′z ż ∈ H(H) (1.9)

of the smooth map (1.1) at (z, ż) ∈ T (D). Applying the product rule to (1.2), we
obtain

P ′z ż = (P ′z ż)Pz + Pz(P ′z ż) (1.10)
as an operator relation in L(H). This implies

Pz(P ′z ż)Pz = 0, (1.11)

so that P ′z ż maps Hz into H⊥z . Similarly, for a section Φ of the Hilbert subbundle,
let

Φ′z ż ∈ H (1.12)
denote the derivative at (z, ż) ∈ T (D). Applying the product rule to (1.6), we
obtain

Φ′z ż = Pz(Φ′z ż) + (P ′z ż)Φz. (1.13)
This shows that

Pz(P ′z ż)Φz = 0 (1.14)
or, equivalently,

(P ′z ż)Φz ∈ H⊥z . (1.15)

Definition 1.1. The canonical connexion ∇ on the Hilbert subbundle (1.15) is
defined by the covariant derivative

(∇żΦ)z := Pz(Φ′z ż) = Φ′z ż − (P ′z ż)Φz (1.16)

at (z, ż) ∈ T (D), applied to any (smooth) section Φ.
By construction, we have (∇ż Φ)(z) ∈ Hz for all (z, ż) ∈ T (D). In order to

check the Leibniz rule, let f : D → C be a smooth function and consider the
product section f ·Φ. Then

(f ·Φ)′z ż = (f ′z ż)Φz + f(z)(Φ′z ż) (1.17)

as vectors in H , where
f ′z ż = (Tz f)ż (1.18)

is the differential of f at z. Applying Pz to (1.17) we obtain

(∇ż(f ·Φ))z := (f ′z ż)Φz + f(z)(∇ż Φ)z (1.19)

in view of (1.6). Finally, if X is a smooth tangent field on D, the associated
covariant derivative is given by

(∇XΦ)z := (∇Xz Φ)z = Pz(Φ′z Xz) (1.20)

for all z ∈ D, where Xz ∈ TzD is the value of X at z. Since (1.20) depends
smoothly on z, it follows that ∇X Φ is a smooth H-valued mapping. In summary,
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we have shown that (1.16) (or (1.20)) define a (Hilbert) bundle connexion on D
in the sense of differential geometry.

The curvature Ω of a connexion ∇ is a smooth operator-valued 2-form on D,
denoted by

Ωz(ż, z̈) ∈ L(Hz) (1.21)
for all z ∈ D and ż, z̈ ∈ TzD. It is defined via the formula

(∇X ∇Y Φ)z − (∇Y ∇X Φ)z − (∇[X,Y ]Φ)z = Ωz(Xz , Yz)Φz (1.22)

for tangent fields X,Y on D, with commutator bracket

[X,Y ]z := Y ′z Xz −X ′z Yz . (1.23)

In our applications D is an open subset of a vector space Z, hence TzD ≈ Z for
all z ∈ D and X ′z ∈ L(Z) is the usual derivative. Of course, one can give a more
intrinsic definition which is, for example, important when studying quotients of D
by discrete subgroups (moduli spaces [2]).

Our first result shows that the curvature of the canonical connexion of a
Hilbert subbundle can be neatly expressed via the underlying field (1.1) of projec-
tions.

Proposition 1.2. For any z ∈ D and ż, z̈ ∈ TzD, the commutator [P ′z ż, P ′z z̈] ∈
L(H) commutes with Pz, and the canonical connexion (1.16) has the curvature
2-form

Ωz(ż, z̈) = Pz[P ′z ż, P
′
z z̈]Pz . (1.24)

Proof. As a consequence of (1.10) it follows that the operator product (P ′z ż)(P ′z z̈)
(and a fortiori the commutator) commutes with Pz .

Now let X,Y be tangent fields on D, and let Φ be a section of the Hilbert
subbundle. Applying ∇X to the smooth section

(∇Y Φ)z = Φ′z Yz − (P ′z Yz)Φz (1.25)

we obtain, denoting the second derivative by ′′,

(∇X ∇Y Φ)z = (Φ′Y − (P ′Y )Φ)′z Xz − (P ′zXz)(Φ′zYz − (P ′zYz)Φz)

= Φ′′z (Yz, Xz) + Φ′z(Y
′
zXz)− P ′′z (Yz, Xz)Φz − P ′z(Y ′zXz)Φz − (P ′zYz)(Φ

′
zXz)

− (P ′zXz)(Φ′zYz) + (P ′zXz)(P ′zYz)Φz .

A similar formula holds for (∇Y ∇X Φ)z . On the other hand, (1.23) implies that
the tangent field [X,Y ] induces the covariant derivative

(∇[X,Y ] Φ)z = Φ′z[X,Y ]z − (P ′z [X,Y ]z)Φz

= Φ′z(Y
′
zXz −X ′zYz)− P ′z(Y ′zXz −X ′zYz)Φz

= Φ′z(Y
′
zXz)− Φ′z(X

′
zYz)− P ′z(Y ′zXz)Φz + P ′z(X

′
zYz)Φz .

The symmetry of the second derivatives

Φ′′z (Xz, Yz) = Φ′′z (Yz, Xz) ∈ H,
P ′′z (Xz, Yz) = P ′′z (Yz, Xz) ∈ H(H)
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implies

Ωz(Xz , Yz)Φz = (P ′zXz)(P ′zYz)Φz − (P ′zYz)(P
′
zXz)Φz = [P ′zXz , P

′
zYz] Φz .

Putting ż = Xz, z̈ = Yz , the assertion follows. �

The above construction is easily adapted to include unitary group actions.
More precisely, let T be a compact Lie group acting isometrically on H such that
the projections (1.1) commute with the group action

t� (Pz ψ) = Pz(t� ψ) (1.26)

for all t ∈ T, z ∈ D and φ ∈ H . Let

HT := {ψ ∈ H : t� ψ = ψ ∀ t ∈ T }
denote the closed subspace of all T -invariant vectors in H . By (1.26), Pz commutes
with the orthogonal projection

PT ψ :=
∫
T

dt t� ψ (1.27)

from H onto HT (here dt is the normalized Haar measure on T ). Therefore the
bundle

HT
z := PT PzH = PT Hz = Pz H

T (1.28)

of T -invariant elements is a Hilbert subbundle of D × HT , with corresponding
projection field

PT
z := Pz P

T = PT Pz = PT Pz P
T (1.29)

The canonical connexion 'T associated to (1.28), in the sense of Definition 1.1, is
just the restriction of ' acting on T -invariant smooth sections

z 
→ Φz ∈ HT
z . (1.30)

This follows from the fact that Φ′z ż ∈ HT for such sections which implies

('T
ż Φ)z := PT

z (Φ′z ż) = Pz P
T (Φ′z ż) = Pz (Φ′z ż) = ('ż Φ)z.

Similarly, we have
[PT , P ′z ż] = 0

for all (z, ż) ∈ T (D) which, in view of (1.24), implies that the curvature 2-form
(1.24) commutes with PT . Thus the curvature 2-form ΩT of 'T is just the restric-
tion

ΩT
z (ż, z̈) = PT Ωz (ż, z̈)PT ∈ H(HT

z )

of Ω. If U : H → H̃ is an isometric isomorphism of Hilbert spaces, a Hilbert
subbundle (Hz) of D×H , with projection field (Pz), can of course be mapped to
the Hilbert subbundle

H̃z := U Hz ⊂ H̃
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with corresponding projection field P̃z = U Pz U
∗. Since U is independent of z ∈ D,

the canonical connexion and curvature of (H̃z) change only by a conjugation under
U . As a special case, let

H = L2(M,λ), H̃ = L2(M,μ)

where λ and μ = δ−1 λ are equivalent measures on M , with strictly positive
Radon-Nikodym density function δ. Then ψ 
→ ψ̃ =

√
δ ψ defines an isometric

isomorphism U : H → H̃ .

Lemma 1.3. The integral kernels of (Pz) and (P̃z) are related by

P̃z(ξ, η) =
√
δ(ξ) Pz(ξ, η)

√
δ(η)

for all ξ, η ∈M .

Proof. Since P̃z ψ = P̃z ψ̃, we have∫
M

dμ(η) P̃z(ξ, η) ψ̃(η) = (P̃z ψ̃)(ξ)

= P̃zψ(ξ) =
√
δ(ξ) (Pzψ)(ξ) =

√
δ(ξ)
∫
M

dλ(η)Pz(ξ, η)ψ(η)

=
√
δ(ξ)
∫
M

dμ(η) δ(η)Pz(ξ, η)ψ(η) =
√
δ(ξ)
∫
M

dμ(η)
√
δ(η) Pz(ξ, η) ψ̃(η). �

2. The Fock bundle of entire functions

The classical example of a Hilbert subbundle endowed with a projectively flat
connexion is the Fock bundle over a hermitian vector space E. Let ζ 
→ ζ be a
(conjugate-linear) conjugation in E, with real form

ER = {ζ ∈ E | ζ = ζ}.
Let (ξ|η) denote the scalar product, anti-linear in η. Consider the convex un-
bounded domain

D := {w = u+ iv ∈ L(E)
∣∣wt = w, u 0} (2.1)

in the space Z of complex symmetric endomorphisms w of E, where we put

u :=
w + w∗

2
, v :=

w − w∗
2i

(2.2)

and define
wt ζ := w∗ζ

for all ζ ∈ E. Consider the Hilbert space

H := L2(E) (2.3)
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for the Lebesgue measure, with inner product conjugate-linear in the first variable.
The Fock subbundle of D × L2(E) is defined as follows: Let

H2
F (E) =

⎧⎨⎩φ : E → C holomorphic :
∫
E

dξ e−(ξ|ξ) |φ(ξ)|2 < +∞

⎫⎬⎭ (2.4)

denote the standard multi-variable Fock space in the “complex wave” realization.
For the unit matrix e ∈ D, the fibre He ⊂ L2(E) consists of all functions

ξ 
→ e−(ξ|ξ)/2 φ(ξ), (2.5)

where φ ∈ H2
F (E). The reproducing property

φ(ξ) =
∫
E

dσ e(ξ|σ) e−(σ|σ) φ(σ) (2.6)

shows that the orthogonal projection Pe : L2(E)→ He has the integral kernel

Pe(ξ, σ) = exp
[
(ξ|σ)− (ξ|ξ)

2
− (σ|σ)

2

]
(2.7)

for all ξ, σ ∈ E. In general, we have

Proposition 2.1. For any w ∈ D, Pw : L2(E)→ L2(E) is the operator with integral
kernel

Pw(ξ, σ) = exp
(

(ξ|σ)w −
(ξ|ξ)w

2
− (σ|σ)w

2

)
(2.8)

for ξ, σ ∈ E, where we put

4(ξ|σ)w = (ξ + ξ + w(ξ − ξ)
∣∣u−1(σ + σ + w(σ − σ))). (2.9)

Proof. Consider the complex symplectic group

GC := Sp2r(C) =

{(
a b

c d

)
∈ GL2r(C) :

(
a b

c d

)t( 0 1
−1 0

)(
a b

c d

)
=
(

0 1
−1 0

)}
written as 2× 2 block matrices, and the real subgroup

G :=
{(
a b

c d

)
∈ Sp2r(C)

∣∣ a, d real, b, c imaginary
}
≈ Sp2r(R).

This group acts on D by holomorphic (Möbius) transformations(
a b

c d

)
(z) := (az + b)(cz + d)−1. (2.10)

(Note that D is a generalized “right” half-space instead of the usual “upper” half-
space; therefore b and c are imaginary r × r-matrices.) For any w = u + iv ∈ D,
with u > 0, the matrix

γw :=
(
u1/2 iv u−1/2

0 u−1/2

)
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belongs to G since

γtw

(
0 1
−1 0

)
γw =

(
u1/2 0

iu−1/2 v u−1/2

)(
0 1
−1 0

)(
u1/2 iv u−1/2

0 u−1/2

)
=
(

0 u1/2

−u−1/2 iu−1/2 v

)(
u1/2 iv u−1/2

0 u−1/2

)
=
(

0 1
−1 0

)
.

Moreover, γw(z) = (u1/2 z + iv u−1/2)u1/2 = u1/2 z u1/2 + iv. Putting z = e, we
obtain γw(e) = u+ iv = w. Via the identification

Cr % ζ ≡
( ζ+ζ

2

ζ−ζ
2

)
∈
(

Rr

iRr

)
the R-linear action (

a b

c d

)(
ξ

η

)
=
(
aξ + bη
cξ + dη

)
of
(
a b
c d

)
∈ G can be written as(

a b

c d

)
· ζ ≡

(
a b

c d

)( ζ+ζ
2

ζ−ζ
2

)
=
(
a ζ+ζ

2 + b ζ−ζ
2

c ζ+ζ
2 + d ζ−ζ

2

)
≡ (a+ c)

ζ + ζ
2

+ (b+ d)
ζ − ζ

2

Note that b and c have to be imaginary for the correct identification. Specializing
to g = γ−1w ∈ G, for w ∈ D fixed, we obtain γ−1w (w) = e and

γ−1w · ζ =
(
u−1/2 − i u−1/2 v
0 u1/2

)
· ζ

= u−1/2
ζ + ζ

2
+ (u1/2 − i u−1/2 v) ζ − ζ

2
= u−1/2

(
ζ + ζ

2
+ w

ζ − ζ
2

)
,

since w = u− iv. Thus we define for ξ, σ ∈ E

(ξ|σ)w := (γ−1w · ξ | γ−1w · σ)e

=
(
u−1/2

(
ξ + ξ

2
+ w

ξ − ξ
2

) ∣∣∣ u−1/2(σ + σ
2

+ w
σ − σ

2

))
(2.11)

=
(
ξ + ξ

2
+ w

ξ − ξ
2

∣∣∣u−1(σ + σ
2

+ w
σ − σ

2

))
to obtain the G-invariant kernel

Pw(ξ, σ) = exp
(

(ξ|σ)w −
(ξ|ξ)w

2
− (σ|σ)w

2

)
= Pe (γ−1w · ξ, γ−1w · σ). �

Lemma 2.2. For g ∈ G we have the invariance property

(g · ξ|g · σ)g(w) = (ξ|σ)w .
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Proof. The stabilizer subgroup K := {k ∈ G|k(e) = e} can be identified with the
unitary group Ur(C) under the map

Ur(C) % a+ ib 
→
(

a ib

−ib a

)
∈ G.

It follows that
(k · ξ | k · σ) = (ξ|σ) (2.12)

for all k ∈ K and ξ, σ ∈ E. Now let g ∈ G and w ∈ D. Then k := γ−1g(w) g γw ∈ G
satisfies

k (e) = γ−1g(w) g γw(e) = γ−1g(w) g(w) = e.

Hence k ∈ K and (2.12) yields

(g · ξ | g · σ)g(w) := (γ−1g(w) · g · ξ | γ
−1
g(w) · g · σ)

= (k · γ−1w · ξ | k · γ−1w · σ) = (γ−1w · ξ | γ−1w · σ) = (ξ|σ)w . �

Applying Lemma 1.3 to the (G-invariant) Lebesgue measure λ on E, and the Gauss
measure dμ(η) = dλ(η) e−(η|η) with δ(η) = exp (η|η), we obtain

P̃e(ξ, η) =
√
δ(ξ) Pe(ξ, η)

√
δ(η) = exp

(ξ|ξ)
2

Pe(ξ, η) exp
(η|η)

2
= exp (ξ|η)

and, more generally

P̃w(ξ, η) =
√
δ(ξ) Pw(ξ, η)

√
δ(η) =

√
δ(ξ) Pe(γ−1w · ξ, γ−1w · η)

√
δ(η)

= μw(ξ) exp (γ−1w · ξ | γ−1w · η) μw(η)

where

μw(ξ) =
δ(ξ)

δ(γ−1w · ξ)
is the Radon-Nikodym density of the image measure of μ under γw. This follows
from the fact that λ = δ · μ is G-invariant and therefore∫

E

dμ(ξ)
δ(ξ)

δ(γ−1w · ξ)
f(ξ) =

∫
E

dλ(ξ)
f(ξ)

δ(γ−1w · ξ)
=
∫
E

dλ(η)
f(γw · η)

δ(γ−1w · γw · η)

=
∫
E

dλ(η)
f(γw · η)
δ(η)

=
∫
E

dμ(η) f(γw · η) =
∫
E

d(γw · μ)(ξ) f(ξ).

For any fixed ξ, σ ∈ E

(ξ|σ)w =
(
ξ + ξ

2
+ w

ξ − ξ
2

∣∣∣u−1 (σ + σ
2

+ w
σ − σ

2

))
=
(
σ + σ

2
+ w

σ − σ
2

∣∣∣ u−1 (ξ + ξ
2

+ w
ξ − ξ

2

))
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defines a “sesqui-polynomial” function on D, with derivative given as follows:

(ξ|σ)′w ẇ =
(
ẇ
σ − σ

2

∣∣∣ u−1 (ξ + ξ
2

+ w
ξ − ξ

2

))
−
(
σ + σ

2
+ w

σ − σ
2

∣∣∣u−1 ẇ + ẇ∗

2
u−1
(
ξ + ξ

2
+ w

ξ − ξ
2

))
(2.13)

+
(
σ + σ

2
+ w

σ − σ
2

∣∣∣u−1 ẇ ξ − ξ
2

)
.

Here we use the fact that the map w 
→ u−1 = (w+w∗
2 )−1 has the derivative

ẇ 
→ −u−1
( ẇ + ẇ∗

2

)
u−1 (2.14)

at w ∈ D. Specializing to w = u = e we obtain

2(ξ|σ)′e ẇ = (ẇ(σ − σ)|ξ)− (σ|(ẇ + ẇ∗) ξ) + (σ|ẇ(ξ − ξ))
= −(ẇσ|ξ)− (σ|ẇξ).

(2.15)

In view of (2.8) it follows that

4
(P ′eẇ)(ξ, σ)
Pe(ξ|σ)

= 4 (ξ|σ)′e ẇ − 2 (ξ|ξ)′e ẇ − 2 (σ|σ)′e ẇ

= −2(ẇσ|ξ)− 2(σ|ẇξ) + (ẇξ|ξ) + (ξ|ẇξ) + (ẇσ|σ) + (σ|ẇσ) (2.16)

= (ξ − σ|ẇ(ξ − σ)) + (ẇ(ξ − σ)|ξ − σ)

since (ẇσ|ξ) = (ẇξ|σ) and (ξ|ẇσ) = (σ|ẇξ) because ẇ is symmetric.
For any fixed a ∈ E, let

(∂a f)(ζ) :=
1
2
(f ′(ζ) a− i f ′(ζ) ia) (2.17)

denote the holomorphic Wirtinger derivative of a smooth function f on E, and let

(ιa f)(ζ) = (a|ζ) f(ζ) (2.18)

be the multiplication operator with (anti-linear) symbol ζ 
→ (a|ζ). Note that
both operators ∂a and ιa depend C-linearly on a ∈ E. It follows that there exists
a C-linear map

E ⊗ E → DC (E ⊗ R), A 
→ DA (2.19)
into the complex Weyl algebra DC(E ⊗R) of all polynomial differential operators
on the real vector space E ⊗ R, which is uniquely determined by

Da⊗b = (ιa − ∂a)(ιb − ∂b)
for all a, b ∈ E. Since ιa(ζ) is anti-linear in ζ, the operators ιa − ∂a and ιb − ∂b
commute and we may restrict to symmetric tensors E ∨E ⊂ E ⊗ E. Put

(a at)(ζ) := a(ζ|a).
Then E ∨ E can be identified with the space

Ls(E) = {w ∈ L(E) |wζ = w∗ζ}
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of all symmetric endomorphisms of E, via the map a⊗a 
→ a at. Thus (2.19) yields
a map

Ls(E)→ DC (E ⊗ R), w 
→ Dw (2.20)
which is uniquely determined by

Da at = (ιa − ∂a)2

for all a ∈ E.

Lemma 2.3. For any ξ, η ∈ E we have

(Dw e
(·|η))(ξ) = (w(ξ − η)

∣∣ξ − η) e(ξ|η). (2.21)

Proof. We may assume that w = a at for some a ∈ E. Then

((ιa − ∂a) e(·|η))(σ) = (a|σ) e(σ|η) − (∂a e(·|η))(σ) = (a|σ − η) e(σ|η) (2.22)

and hence, since (a|σ − η) is anti-holomorphic in σ,

((ιa − ∂a)2 e(·|η))(ξ) = (a|ξ)(a|ξ − η) e(ξ|η) − (a|ξ − η)(∂a e(·|η))(ξ) (2.23)

= (a|ξ − η)2 e(ξ|η) = (aat(ξ − η) | ξ − η) e(ξ|η). �

Proposition 2.4. The operator P ′eẇ, restricted to He, has the form

((P ′eẇ)(e−(·|·)/2φ))(ξ) = e−(ξ|ξ)/2(Dẇ φ)(ξ) (2.24)

for all φ ∈ H2
F (E) and ẇ ∈ Ls(E).

Proof. In view of (2.16) we have for any fixed ξ ∈ E
e(ξ|ξ)/2((P ′e ẇ)(e−(·|·)/2φ))(ξ) (2.25)

= e(ξ|ξ)/2
∫
E

dσ Pe(ξ, σ) e−(σ|σ)/2φ(σ)[(ẇ(ξ − σ)|ξ − σ) + (ξ − σ|ẇ(ξ − σ))]

=
∫
E

dσ e−(σ|σ) e(ξ|σ)φ(σ)[(ẇ(ξ − σ)|ξ − σ) + (ξ − σ|ẇ(ξ − σ))] = P ((f + f)φ)(ξ).

Here P is the orthogonal projection onto H2
F (E), with respect to the measure

e−(σ|σ)dσ on E, and f(σ) = (ẇ(ξ−σ)|ξ−σ) is a holomorphic polynomial vanishing
at ξ. Since φ ∈ H2

F (E), it follows that

P (fφ)(ξ) = (fφ)(ξ) = f(ξ)φ(ξ) = 0. (2.26)

The adjoint T ∗f φ = Tf φ = P (f φ) of the Toeplitz operator Tf φ = P (fφ) = fφ

is the holomorphic differential operator induced by f via the scalar product [14].
Therefore, by Lemma 2.3

P (f e(·|η))(ξ) = (T ∗f e
(·|η))(ξ) = f(η) e(ξ|η) = (ξ− η

∣∣ẇ(ξ−η)) e(ξ|η) = (Dẇ e
(·|η))(ξ)

whenever η ∈ E is fixed. Using e(·|η) as the reproducing kernel, we obtain

P (fφ)(ξ) = (Dẇ φ)(ξ). (2.27)

In view of (2.25) and (2.26), the assertion follows. �
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In order to compute the curvature 2-form Ω of the canonical Fock subbundle
connexion, consider first the base point e ∈ D.

Proposition 2.5. Let ẇ, ẅ ∈ Z. Then we have

(P ′e ẇ)(P ′e ẅ)
∣∣
He

= trE (ẇ ẅ∗) id . (2.28)

Proof. Let η ∈ E be fixed. Applying (2.24), we obtain for the L2(E)-inner product

(e−(·|·)/2 e(·|η)
∣∣(P ′e ẇ)(P ′e ẅ)(e−(·|·)/2 e(·|η)))

= ((P ′e ẇ)(e−(·|·)/2 e(·|η))
∣∣(P ′e ẅ) (e−(·|·)/2 e(·|η)))

= (e−(·|·)/2 (Dẇ e
(·|η))
∣∣e−(·|·)/2 (Dẅ e

(·|η)))

=
∫
E

dσ e−(σ|σ) (Dẇ e
(·|η))(σ) (Dẅ e

(·|η))(σ)

=
∫
E

dσ e−(σ|σ) (ẇ(σ − η)|σ − η) e(η|σ) (σ − η|ẅ(σ − η)) e(σ|η)

= e(η|η)
∫
E

dσ e−(σ−η|σ−η) (ẇ(σ − η)|σ − η) (σ − η|ẅ(σ − η))

= e(η|η)
∫
E

dτ e−(τ |τ) (ẇτ |τ ) (τ |ẅτ) = e(η|η) trE(ẇẅ∗)

as the Fock inner product of the quadratic polynomials (ẇτ |τ ) and (ẅτ |τ ) in
τ ∈ E. Here we put τ = σ − η, where η is fixed. By polarization, we obtain

(e−(·|·)/2 e(·|η1)
∣∣(P ′eẇ)(P ′eẅ)(e−(·|·)/2 e(·|η2))) = e(η1|η2) trE(ẇẅ∗)

= trE(ẇẅ∗)
∫
E

e−(σ|σ) e(η1|σ) e(σ|η2) = trE(ẇẅ∗)(e−(·|·)/2 e(·|η1)
∣∣e−(·|·)/2 e(·|η2)).

The reproducing kernel property implies

(e−(·|·)/2 φ
∣∣(P ′eẇ)(P ′eẅ)(e−(·|·)/2 ψ)) = trE(ẇẅ∗)(e−(·|·)/2 φ

∣∣e−(·|·)/2ψ)

for all φ, ψ ∈ H2
F (E). Since the operator (P ′eẇ)(P ′eẅ) leaves He invariant, as a

consequence of Proposition 1.2, the assertion

(P ′eẇ)(P ′eẅ)(e−(·|·)/2 ψ) = trE(ẇẅ∗) e−(·|·)/2 ψ (2.29)

follows. �

Theorem 2.6. The Fock subbundle over D, with projection field (2.8), has a canon-
ical connexion which is projectively flat. More precisely, the curvature form Ωw is
a scalar operator which coincides (up to a constant multiple) with the Sp2r(R)-
invariant symplectic form ω on D.
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Proof. By Proposition 2.5 the curvature 2-form Ω at the base point e ∈ D is the
scalar operator 2-form

Ωe(ẇ, ẅ) = trE(ẇẅ∗ − ẅẇ∗) idHe (2.30)

on He. Since trE(ẇẅ∗−ẅẇ∗) coincides (up to a constant factor) with the Sp2r(R)-
invariant symplectic form ω on D, evaluated at e, and the projection field (2.8) is
G-invariant, the assertion follows. �

3. Fock bundles for Jordan algebra representations

In this section we generalize the above construction in a Jordan algebraic setting,
starting with the three “classical” cases K = R, C or H (quaternions). Let Kr×r

denote the (r × r)-matrices over K and consider the euclidean Jordan algebra of
all hermitian matrices

X := Hr(K) = {x ∈ Kr×r : x∗ = x}. (3.1)

Then

DK := {w = u+ iv : u, v ∈ Hr(K), u > 0 positive definite} = G/K

is a well-known symmetric tube domain generalizing the Siegel half-space (K = R).
Let S1 denote the compact manifold of all rank 1 tripotents (partial isometries) u
in XC. It carries a transitive K-action, with invariant probability measure du.

Consider a representation

X × ER → ER, (x, ζ) 
→ xζ (3.2)

of X (in the sense of [5]) such that

(x ζ1|ζ2) = (ζ1|x ζ2) (3.3)

for all ζ1, ζ2 ∈ ER. By complexification, (3.2) extends to a representation

XC × E → E, (w, ζ) 
→ wζ

on E = EC

R
such that (w ζ1|ζ2) = (ζ1|w∗ζ2).

Lemma 3.1. For all ẇ ∈ XC and ξ, σ ∈ E
(ẇ ξ|σ) = (ẇ σ|ξ) (3.4)

and, hence,
(ξ|ẇ σ) = (σ|ẇ ξ). (3.5)

Proof. Since (3.4) is conjugate-linear in ẇ ∈ XC we may assume ẇ ∈ X . In this
case ẇ is hermitian and commutes with the conjugation. It follows that

(ẇ ξ|σ) = (ξ|ẇσ) = (ẇσ|ξ) = (ẇσ|ξ).
The relation (3.5) follows by complex conjugation. �
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For the Fock spaces over K = R,C,H studied in Section 2 we will now
construct a quadratic map

E
Q−→ XC

∪ ∪
ER −→ X

(3.6)

where E is a complex representation space of dimension ar, a = dimR K, having
a real form

ER = {ζ ∈ E : ζ� = ζ}
with respect to a suitable conjugation ζ 
→ ζ�.

For K = R, the euclidean Jordan algebra

X = Hr(R) = {x ∈ Rr×r |xt = x} ⊂ XC = {z ∈ Cr×r | zt = z}
has the representation space E = Cr and

ER = Rr = {ζ ∈ E | ζ = ζ},
where ζ denotes the usual conjugation. The quadratic map Q(ζ) := ζζt = ζζ

∗

satisfies (3.6).

Proposition 3.2. Let f : XC → C be continuous with at most polynomial growth.
Then ∫

Cr

dζ e−(ζ|ζ)f(ζζt) =
πr

Γ(r)

∞∫
0

dt

t
tr e−t

∫
S1

du f(tu).

Proof. Using polar coordinates ζ = sσ, with s > 0 and σ ∈ S2r−1, we have
according to [12, 1.4.3 and Remark on p. 17]∫

Cr

dζ F (ζ) =
2πr

Γ(r)

∞∫
0

ds

s
s2r
∫

S2r−1

dσ F (sσ) =
πr

Γ(r)

∞∫
0

dt

t
tr
∫

S2r−1

dσ F (t1/2 σ) (3.7)

by making the change of variables t = s2, with dt
t = 2 ds

s . Since the map Q :
S2r−1 → S1, σ 
→ σσt, is equivariant under K = Ur(C) and hence preserves the
normalized Haar measures, it follows that∫

Cr

dζ e−(ζ|ζ) f(ζζt)

=
πr

Γ(r)

∞∫
0

dt

t
tr e−t

∫
S2r−1

dσ f(t σσt) =
πr

Γ(r)

∞∫
0

dt

t
tr e−t

∫
S1

du f(tu).

�
For K = C, the euclidean Jordan algebra

X = Hr(C) = {x ∈ Cr×r |x∗ = x} ⊂ XC = Cr×r

has the representation space E = Cr × C
r

= {(ξ, η) : ξ, η ∈ Cr} and

ER = {(ξ, ξ) : ξ ∈ Cr} = {ζ ∈ E|ζ# = ζ},
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where
(ξ, η)# = (η, ξ), ξ, η ∈ Cr

denotes the flip involution. The quadratic map Q(ξ, η) = ξη∗ satisfies (3.6).

Proposition 3.3. Let f : XC → C be continuous with at most polynomial growth.
Then we have for the Bessel function K0 [4]∫

Cr

dξ

∫
Cr

dη e−(ξ|ξ)−(η|η)f(ξη∗) =
4π2r

Γ(r)2

∞∫
0

dxx2r−1 K0(2x)
∫
S1

du f(xu).

Proof. Using polar coordinates ξ = sσ, η = tτ with s, t > 0 and σ, τ ∈ S2r−1 we
obtain in view of (3.7)∫

Cr

dξ

∫
Cr

dη e−(ξ|ξ)−(η|η)f(ξη∗)

=
4π2r

Γ(r)2

∞∫
0

ds s2r−1 e−s2
∞∫
0

dt t2r−1 e−t2
∫

S2r−1

dσ

∫
S2r−1

dτ f(stστ∗)

=
4π2r

Γ(r)2

∞∫
0

ds s2r−1 e−s2
∞∫
0

dt t2r−1 e−t2
∫
S1

du f(stu)

since du is the unique probability measure on S1 which is invariant under K =
Ur(C) × Ur(C). The change of variables x = st > 0, y = s/t > 0 with xy =
s2, x/y = t2 and

dx dy =
∣∣det

(
xs ys
xt yt

)∣∣ ds dt = 2y ds dt

yields
∞∫
0

ds s2r−1 e−s2
∞∫
0

dt t2r−1 e−t2 g(st)

=
1
2

∞∫
0

dx x2r−1
∞∫
0

dy

y
e−xy−x

y g(x) =

∞∫
0

dx x2r−1 K0(2x) g(x)

using formula (23) of [4, p. 82]. Putting

g(x) :=
∫
S1

du f(xu),

the assertion follows. �

For K = H, the euclidean Jordan algebra

X = Hr(H) = {u+ vj : u, v ∈ Cr×r, u∗ = u, vt = −v}
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has the complexification XC = {z ∈ C2r×2r : Jzt = zJ} via the map

u+ vj 
→
(
u v

−v u

)
.

Here J :=
(

0 1

−1 0

)
. Put

E = C2r×2 =
{(
α β

γ δ

)
: α, β, γ, δ ∈ Cr

}
and

ER =
{(

α β

−β α

)
: α, β ∈ Cr

}
= {ζ ∈ E|ζ˜ = ζ}.

Here we define the conjugation ζ˜ = JζJ−1, with components(
α β

γ δ

)˜
= J

(
α β

γ δ

)
J−1 =

(
δ − γ
−β α

)
for all α, β, γ, δ ∈ Cr. Then the quadratic map Q(ζ) = ζζ̃∗ = ζJζtJ−1, with
components

Q

(
α β

γ δ

)
=
(
α δt − β γt βαt − αβt
γ δt − δ γt δαt − γβt

)
satisfies (3.6). Note the analogy with the real case.

Proposition 3.4. Let f : XC → C be continuous with at most polynomial growth.
Then we have for the Bessel function K1 [4]∫

C2r×2

dζ e−tr ζ ζ∗f(ζ ζ̃∗) =
4π4r

Γ(2r) Γ(2r − 1)

∞∫
0

dt t4r−2 K1(2t)
∫
S1

du f(tu).

Proof. The space E = C2r×2 carries the Jordan algebra representation

E ×H2(C)→ E, ζ, x 
→ ζx

in the sense of [5, Section IV.4], with associated quadratic map qζ := ζ∗ζ ∈ H2(C)
in view of the identity

(ζx|ζ)E := tr(ζxζ∗) = tr(x ζ∗ζ) = (x qζ) = (x|qζ)H2(C).

The action of K = U2r(C) on XC is given by [k · (w J−1)] J = k w kt for all
k ∈ U2r(C), w ∈ C2r×2r

asym . Equivalently, k · z = k z J ktJ−1 for z ∈ XC. Since

Qkζ = (kζ)(k̃ζ)∗ = (kζ)(J kζ J−1)∗ = k ζ (J k ζ J−1)∗ = k ζ J ζt kt J−1

= k ζ J ζt J−1 J kt J−1 = kQζ J k
t J−1 = k ·Qζ

we see that the map Q : E → XC is K-equivariant. The compact submanifold

S(E) := {σ ∈ E : qσ =
∗
σ σ = 12} ⊂ E

is called the Stiefel manifold [5, p. 351]. For k ∈ U2r(C) we have

qkζ = (kζ)∗k ζ = ζ∗k∗k ζ = ζ∗ζ = qζ
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which shows that U2r(C) acts (transitively) on S(E). Let dσ denote the normalized
U2r(C)-invariant measure on S(E). By [5, Proposition XVI.2.1] we have for any
integrable function F on E∫

E

dζ F (ζ) =
π4r

ΓΩ(2r)

∫
H+

2 (C)

dx det(x)2r−2
∫

S(E)

dσ F (σ x1/2)

since dimR E = 8r and H2(C) has dimension 4 and rank 2. The normalizing Γ-
factor is computed as ΓΩ(2r) = (2π)

4−2
2 Γ(2r) Γ(2r − 1) = 2π Γ(2r) Γ(2r − 1). We

have

tr(σ x1/2)(σ x1/2)∗ = tr (σ xσ∗) = tr(xσ∗ σ) = tr(x 12) = tr x

and

(σ x1/2)(σ̃ x1/2)∗ = (σ x1/2)(σ̃ x̃1/2)∗ = σ x1/2 x̃1/2 σ̃∗ = (det x)1/2 σ σ̃∗.

Therefore∫
E

d ζ e−tr ζ ζ∗f(ζ ζ̃∗)

=
π4r−1

2Γ(2r) Γ(2r − 1)

∫
H+

2 (C)

dx det (x)2r−2 e−tr x

∫
S(E)

dσ f((det x)1/2 σ σ̃∗)

=
π4r−1

2Γ(2r) Γ(2r − 1)

∫
H+

2 (C)

dx (det x)2r−2 e−tr x

∫
S1

du f((det x)1/2u)

(3.8)

since, by K-invariance, du is the image measure of dσ under Q. By [5, Corollary
VII.1.3] we have for s > 1∫
H+

2 (C)

dx e−tr x (det x)s−2 = ΓΩ(s) = 2π Γ(s) Γ(s− 1) = 8π

∞∫
0

dt t2s−2K1(2t)

using formula (27), p. 51, of [11]. A Stone-Weierstrass argument implies∫
H+

2 (C)

dx e−tr x (det x)−2 g(det x) = 8π

∞∫
0

dt t−2K1(2t) g(t2) (3.9)

for suitably bounded continuous functions g on R+. Applying (3.9) to the function

g(t) =
∫
S1

du f(t1/2 u)
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we obtain from (3.8)∫
E

d ζ e−tr ζ ζ∗ f(ζ ζ̃∗) =
π4r−1

2Γ(2r) Γ(2r − 1)
8π

∞∫
0

dt t−2K1(2t) t4r
∫
S1

du f(tu)

=
4π4r

Γ(2r) Γ(2r − 1)

∞∫
0

dt t4r−2K1(2t)
∫
S1

du f(tu). �

For K = R,C,H consider the (right) action

ER × U(K)→ ER, (ζ, ϑ) 
→ ζϑ

of the compact Lie group U(K) ≈ Sa−1 on ER, extended to a C-linear action on
E. By Theorem 2.6, the “invariant” Fock bundle

HU(K)
z ⊂ {ψ ∈ L2(E) |ψ(ζϑ) = ψ(ζ) ∀ ϑ ∈ U(K)} (3.10)

carries a projectively flat canonical connexion. Since

Qζϑ = Qζ ∀ ϑ ∈ U(K)

and a holomorphic U(K)-invariant function on E factorizes through Q, it follows
that this projectively flat Hilbert subbundle can also be realized, via the quadratic
map Q, on the Jordan algebra XC, more precisely on the subvariety of rank 1
elements. This motivates the general construction of the next Section 4.

For K = R, we have U(R) = {±1} and (3.10) consists precisely of the even
functions. In the other cases, we have invariance under U(C) ≈ T and U(H) ≈
SU2(C), respectively.

4. The Jordan theoretic framework

In this section we present a general construction of projectively flat Hilbert subbun-
dles in the framework of Jordan algebras, which generalize the Fock type bundles
associated with the Jordan matrix algebras (3.1). The main result (Theorem 4.2)
determines the underlying measure μ on the Jordan algebra, more precisely its
rank 1 elements, and the projection P0 at the “origin” 0 of the unit ball B. At
the other points z ∈ B, the projections Pz are constructed by invariance under
the group G of biholomorphic automorphism of B, similar as in Proposition 2.1.
In order to identify the fibre H0, we need the following result (compare also [16,
Theorem 2.18].

Theorem 4.1. Let Z be an irreducible hermitian Jordan triple of rank r and di-
mension d. Put

d

r
= 1 +

a

2
(r − 1) + b
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where a and b are the characteristic multiplicities of Z. Then, for any 1 ≤ � ≤ r−1,
the Hilbert space

H2
� (Z) = H2(SC

� ) =
∑
m∈N�

+

Pm(Z) (4.1)

of “�-harmonic” holomorphic functions has the reproducing kernel

E�(z, w) =
∑
m∈N�

+

(d/r)m (ra/2)m
(�a/2)m

Em(z, w)

for all z, w ∈ Z, where Em is the Fock reproducing kernel of

Pm(Z) ⊂ H2(Z)

in the complex Segal-Bargmann space of Z.

Proof. Put
dm = dim Pm(Z).

By [6, Theorem 2.1] there exists a unique polynomial φm ∈ Pm(Z) which is
invariant under the group

L := {k ∈ K : ke = e}
and is normalized by φm(e) = 1. Here e = e1 + · · · + er. By [6, Lemma 3.3], we
have ∫

K

dk |φm(k · x)|2 =
1
dm

φm(x2) (4.2)

for all x =
r∑

j=1

xj ej, and

Em(z, e) =
dm

(d/r)m
φm(z) (4.3)

by [6, Lemma 3.1 and Theorem 3.4]. Therefore

Em(e, e) =
dm

(d/r)m
φm(e) =

dm
(d/r)m

.

Putting x = u� = e1 + · · ·+ e� in (4.2), we obtain for partitions m ∈ N�
+ of length

≤ � ∫
S�

du |φm(u)|2 =
∫
K

dk |φm(k · u�)|2 =
1
dm

φm(u2�) =
1
dm

φm(u�) (4.4)

since S� = K · u�. By [1, Proposition 3.7], we have

φm(u�) =
(�a/2)m
(ra/2)m

. (4.5)

On the other hand, by (4.3), the Fischer-Fock norm ‖ · ‖F satisfies

‖φm‖2F =
(d/r)2m
d2m

‖Em(−, e)‖2F =
(d/r)2m
d2m

Em(e, e) =
(d/r)m
dm

.
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Combining (4.4) and (4.5), it follows that∫
S�

du |φm(u)|2 =
(�a/2)m

dm(ra/2)m
=

(�a/2)m
(d/r)m(ra/2)m

‖φm‖2F . (4.6)

Since Pm(Z) is irreducible under K this implies∫
S�

du q(u) p(u) =
(�a/2)m

(d/r)m (ra/2)m
(q|p)F

for all p, q ∈ Pm(Z). In particular, putting q = Em(−, z) for some fixed z ∈ Z,
we have∫
S�

duEm(u, z) p(u) =
(�a/2)m

(d/r)m (ra/2)m
(Em(−, z)|p)F =

(�a/2)m
(d/r)m (ra/2)m

p(z)

whenever p ∈ Pm(Z) and m ∈ N�
+. Since (4.6) is an orthogonal sum, the assertion

follows. �

Theorem 4.2. Let Z be an irreducible hermitian Jordan algebra with unit ball B =
G/K, having rank r, dimension d and characteristic multiplicity a. Let S1 be
the compact manifold of all rank 1 tripotents in Z, with K-invariant probability
measure du, and let

Z1 = {t · u | t ∈ R+, u ∈ S1}
denote the space of all rank 1 elements in Z. Then the Hilbert space H = L2(Z1, dμ)
on Z1, with respect to the measure

dμ(t · u) =
4 dt du

Γ(dr ) Γ( ra2 )
ta(r−

1
2 )K a

2−1 (2t) (4.7)

on Z1, has a G-equivariant Hilbert subbundle (Hz)z∈B defined over the unit ball
B ⊂ Z. The fibre at the base point 0 ∈ B consists of holomorphic functions

H0 =
∞∑

m=0

Pm0...0(Z) [Hilbert sum] (4.8)

and the associated projection, realized as an integral operator on Z1, has the kernel

P0(u, v) =
∞∑

m=0

(u|v)m
m!(a2 )m

= 0F1(
a

2
)((u|v)). (4.9)

The canonical connexion on this field is projectively flat, with curvature at 0
given by

Ω0(ż, z̈) = (ż|z̈)− (z̈|ż)
for all ż, z̈ ∈ Z = T0(B). Here (z|w) is the normalized K-invariant measure on Z.



Hilbert Bundles and Flat Connexions 269

Proof. Specializing Theorem 4.1 to � = 1, and choosing polynomials p(u) =
(u|e1)m, q(u) = (u|v)m for fixed v ∈ Z1 we have∫
S1

du (v|u)m (u|e1)m =
(a/2)m

(d/r)m (ra/2)m
(q|p)F =

(a/2)mm!
(d/r)m (ra/2)m

(v|e1)m (4.10)

for all m ≥ 0. This follows from the fact that p, q ∈ Pm0...0(Z), and the well-known
value

((−|v)m | (−|e1)m)F = m!(v|e1)m

for the Fock inner product [14]. By (4.8), the fibre H0 ⊂ L2(Z1, dμ) over 0 ∈ B is
generated by the functions (−|v)m, for v ∈ Z1, or equivalently by the K-translates
of (−|e1)m, since S1 = K · e1. Expressing the underlying measure on Z1 in the
form

dμ(t · u) = K(t) dt du
for some density function K on R+, it follows that the orthogonal projection P0
onto H0 satisfies

(v|e1)m =

∞∫
0

dtK(t)
∫
S1

duP0(v, t · u)(t · u|e1)m

=

∞∫
0

dtK(t) tm
∫
S1

duP0(v, t · u)(u|e1)m.

Writing

P0(v, u) =
∑
k≥0

(v|u)k
ck

as a power series in (v|u), we obtain

(v|e1)m =
∑
k≥0

1
ck

∞∫
0

dtK(t) tm+k

∫
S1

du (v|u)k (u|e1)m

= 1
cm

∞∫
0

dtK(t) t2m
∫
S1

du (v|u)m (u|e1)m
(4.11)

since different powers are orthogonal over S1. Using (4.10) for the S1-integral we
obtain

(v|e1)m =
(v|e1)m
cm

(a/2)mm!
(d/r)m (ra/2)m

∞∫
0

dtK(t) t2m

and therefore

cm =
(a/2)mm!

(d/r)m (ra/2)m

∞∫
0

dtK(t) t2m.
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By (4.7) the density function K(t) has the form

K(t) =
4

Γ(dr ) Γ ( ra2 )
ta(r−

1
2 )K a

2−1(2t).

Since d
r = 1 + a

2 (r − 1), formula (16) in [8, p. 668] implies
∞∫
0

dtK(t) t2m =
4

Γ(dr ) Γ( rar )

∞∫
0

dt t2m+a(r− 1
2 ) K a

2−1(2t)

=
Γ(m+ ar

2 ) Γ(m+ d
r )

Γ(dr ) Γ( ra2 )
=
(ar

2

)
m

(
d

r

)
m

.

Therefore cm = m! (a/2)m, as asserted �

For the classical Fock type spaces over K = R,C,H, our general result yields
the correct measure as well as the projection formula (4.9), as will now be shown. If
K = R, we have a = 1 and hence d = r(r+1)

2 (symmetric r× r-matrices). Therefore

P0(u, v) =
∞∑

m=0

(u|v)m
(12 )mm!

=
∞∑

m=0

4m(u|v)m
(2m)!

and the measure μ on Z1 is given by dμ(t · u) = tr−1 e−t as shown in Lemma 3.2.
This case (the classical one!) is slightly exceptional since a

2 < 1 and K−1/2(2t) is
replaced by t−1/2 e−t. If K = C, we have a = 2 and hence d = r2 (all r×r-matrices).
Applying Theorem 4.2 we obtain

P0(u, v) =
∞∑

m=0

(u|v)m
(1)mm!

=
∞∑

m=0

(u|v)m
m!2

and dμ(t · u) = dt du t2r−1K0(2t) in accordance with Lemma 3.3. If K = H, we
have a = 4 and hence d = r(2r − 1) (skew-symmetric 2r × 2r-matrices). In this
case Theorem 4.2 yields

P0(u, v) =
∞∑

m=0

(u|v)m
(2)mm!

=
∞∑

m=0

(u|v)m
m!2(m+ 1)

and dμ(t · u) = dt du t4r−2K1(2t) in accordance with Proposition 3.4.
In order to construct the field (Hz) at all points z ∈ B, and compute its

connection and curvature, we use invariance under a suitable G-action on Z1 =
R+ S1, similar as in Proposition 2.1. In order to explain the G-action, we need
some Jordan algebraic concepts explained in [10, Chaper 6]. For every tripotent
u ∈ S1, the Jordan triple Z admits a Peirce decomposition [8]

Z = Z1
u ⊕ Z1/2

u ⊕ Z0
u (4.12)

and, putting B0
u := B ∩ Z0

u = {z ∈ B : {uu∗z} = 0}, the set

u+B0
u ⊂ ∂B (4.13)
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is called the boundary component with center u. The (disjoint) union

∂1B =
·⋃

u∈S1

u+B0
u (4.14)

is a G-invariant stratum of ∂B, which is open in ∂B, cf. [10]. It follows that for
every g ∈ G we have

g(u+B0
u) = g̃(u) +B0

g̃(u) (4.15)

for a unique tripotent g̃(u) ∈ S1. In this way we obtain a real analytic action

G× S1 → S1
g, u 
→ g̃(u). (4.16)

For a careful study of this action, more precisely its infinitesimal version, we refer
to [15].
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