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The Life and Work of Nikolai Vasilevski

Sergei Grudsky, Yuri Latushkin and Michael Shapiro

Nikolai Leonidovich Vasilevski was born on January 21, 1948 in Odessa, Ukraine.
His father, Leonid Semenovich Vasilevski, was a lecturer at Odessa Institute of
Civil Engineering, his mother, Maria Nikolaevna Krivtsova, was a docent at the
Department of Mathematics and Mechanics of Odessa State University.

In 1966 Nikolai graduated from Odessa High School Number 116, a school
with special emphasis in mathematics and physics, that made a big impact at his
creative and active attitude not only to mathematics, but to life in general. It was
a very selective high school accepting talented children from all over the city, and
famous for a high quality selection of teachers. A creative, nonstandard, and at the
same time highly personal approach to teaching was combined at the school with
a demanding attitude towards students. His mathematics instructor at the high
school was Tatjana Aleksandrovna Shevchenko, a talented and dedicated teacher.
The school was also famous because of its quite unusual by Soviet standards sys-
tem of self-government by the students. Quite a few graduates of the school later
became well-known scientists, and really creative researchers.

In 1966 Nikolai became a student at the Department of Mathematics and
Mechanics of Odessa State University. Already at the third year of studies, he
began his serious mathematical work under the supervision of the well-known
Soviet mathematician Georgiy Semenovich Litvinchuk. Litvinchuk was a gifted
teacher and scientific adviser. He, as anyone else, was capable of fascinating his
students by new problems which have been always interesting and up-to-date. The
weekly Odessa seminar on boundary value problems, chaired by Prof. Litvinchuk
for more than 25 years, very much influenced Nikolai Vasilevski as well as others
students of G.S. Litvinchuk.

N. Vasilevski started to work on the problem of developing the Fredholm the-
ory for a class of integral operators with nonintegrable integral kernels. In essence,
the integral kernel was the Cauchy kernel multiplied by a logarithmic factor. The
integral operators of this type lie between the singular integral operators and the
integral operators whose kernels have weak (integrable) singularities. A famous
Soviet mathematician F.D. Gakhov posted this problem in early 1950ies, and it
remained open for more than 20 years. Nikolai managed to provide a complete so-
lution in the setting which was much more general than the original. Working on
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this problem, Nikolai has demonstrated one of the main traits of his mathematical
talent: his ability to achieve a deep penetration in the core of the problem, and
to see rather unexpected connections between different theories. For instance, in
order to solve Gakhov’s Problem, Nikolai utilized the theory of singular integral
operators with coefficients having discontinuities of first kind, and the theory of
operators whose integral kernels have fixed singularities — both theories just ap-
peared at that time. The success of the young mathematician was well recognized
by a broad circle of experts working in the area of boundary value problems and
operator theory. In 1971 Nikolai was awarded the prestigious M. Ostrovskii Prize,
given to the young Ukrainian scientists for the best research work. Due to his solu-
tion of the famous problem, Nikolai quickly entered the mathematical community,
and became known to many prominent mathematicians of that time. In particular,
he was very much influenced by the his regular interactions with such outstanding
mathematicians as M.G. Krein and S.G. Mikhlin.

In 1973 N. Vasilevski defended his PhD thesis entitled “To the Noether theory
of a class of integral operators with polar-logarithmic kernels”. In the same year he
became an Assistant Professor at the Department of Mathematica and Mechanics
of Odessa State University, where he was later promoted to the rank of Associate
Professor, and, in 1989, to the rank of Full Professor.

Having received the degree, Nikolai continued his active mathematical work.
Soon, he displayed yet another side of his talent in approaching mathematical
problems: his vision and ability to use general algebraic structures in operator
theory, which, on one side, simplify the problem, and, on another, can be used in
many other problems. We will briefly describe two examples of this.

The first example is the method of orthogonal projections. In 1979, study-
ing the algebra of operators generated by the Bergman projection, and by the
operators of multiplication by piece-wise continuous functions, N. Vasilevski gave
a description of the C*-algebra generated by two self-adjoint elements s and n
satisfying the properties s> + n? = e and sn + ns = 0. A simple substitution
p=(e+s—n)/2and ¢ = (e — s —n)/2 shows that this algebra is also generated
by two self-adjoint idempotents (orthogonal projections) p and ¢ (and the identity
element e). During the last quarter of the past century, the latter algebra has been
rediscovered by many authors all over the world. Among all algebras generated
by orthogonal projections, the algebra generated by two projections is the only
tame algebra (excluding the trivial case of the algebra with identity generated by
one orthogonal projection). All algebras generated by three or more orthogonal
projections are known to be wild, even when the projections satisfy some addi-
tional constrains. Many model algebras arising in operator theory are generated
by orthogonal projections, and thus any information of their structure essentially
broadens the set of operator algebras admitting a reasonable description. In par-
ticular, two and more orthogonal projections naturally appear in the study of
various algebras generated by the Bergman projection and by piece-wise contin-
uous functions having two or more different limiting values at a point. Although
these projections, say, P, Q1, ..., Qn, satisfy an extra condition Q1 +---+ @, = I,



The Life and Work of Nikolai Vasilevski 3

they still generate, in general, a wild C*-algebra. At the same time, it was shown
that the structure of the algebra just mentioned is determined by the joint prop-
erties of certain positive injective contractions Cy, k = 1,...,n, satisfying the
identity ZZ=1 Cy = I, and, therefore, the structure is determined by the structure
of the C*-algebra generated by the contractions. The principal difference between
the case of two projections and the general case of a finite set of projections is
now completely clear: for n = 2 (and the projections P and Q + (I — Q) = 1)
we have only one contraction, and the spectral theorem directly leads to the de-
sired description of the algebra. For n > 2 we have to deal with the C*-algebra
generated by a finite set of noncommuting positive injective contractions, which is
a wild problem. Fortunately, for many important cases related to concrete oper-
ator algebras, these projections have yet another special property: the operators
PP, ..., PQ,P mutually commute. This property makes the respective algebra
tame, and thus it has a nice and simple description as the algebra of all n x n
matrix-valued functions that are continuous on the joint spectrum A of the oper-
ators PQ1 P, ..., PQ,P, and have certain degeneration on the boundary of A.

Another notable example of the algebraic structures used and developed by
N. Vasilevski is his version of the Local Principle. The notion of locally equiva-
lent operators, and localization theory were introduced and developed by I. Si-
monenko in mid-sixtieth. According to the tradition of that time, the theory was
focused on the study of individual operators, and on the reduction of the Fred-
holm properties of an operator to local invertibility. Later, different versions of the
local principle have been elaborated by many authors, including, among others,
G.R. Allan, R. Douglas, I.Ts. Gohberg and N.Ia. Krupnik, A. Kozak, B. Silber-
mann. In spite of the fact that many of these versions are formulated in terms of
Banach- or C*-algebras, the main result, as before, reduces invertibility (or the
Fredholm property) to local invertibility. On the other hand, at about the same
time, several papers on the description of algebras and rings in terms of continuous
sections were published by J. Dauns and K.H. Hofmann, M.J. Dupré, J.M.G. Fell,
M. Takesaki and J. Tomiyama. These two directions have been developed inde-
pendently, with no known links between the two series of papers. N. Vasilevski
was the one who proposed a local principle which gives the global description of
the algebra under study in terms of continuous sections of a certain canonically
defined C*-bundle. This approach is based on general constructions of J. Dauns
and K.H. Hofmann, and results of J. Varela. The main contribution consists of
a deep re-comprehension of the traditional approach to the local principles uni-
fying the ideas coming from both directions mentioned above, which results in a
canonical procedure that provides the global description of the algebra under con-
sideration in terms of continuous sections of a C*-bundle constructed by means of
local algebras.

In the eighties and even later, the main direction of the work of Nikolai
Vasilevski has been the study of multi-dimensional singular integral operators with
discontinuous coefficients. The main philosophy here was to study first algebras



4 S. Grudsky, Y. Latushkin and M. Shapiro

containing these operators, thus providing a solid foundation for the study of var-
ious properties (in particular, the Fredholm property) of concrete operators. The
main tool has been the described above version of the local principle. This princi-
ple was not merely used to reduce the Fredholm property to local invertibility but
also for a global description of the algebra as a whole based on the description of
the local algebras. Using this methodology, Nikolai Vasilevski obtained deep re-
sults in the theory of operators with Bergman’s kernel and piece-wise continuous
coefficients, in the theory of multi-dimensional Toeplitz operators with pseudo-
differential presymbols, in the theory of multi-dimensional Bitsadze operators, in
the theory of multi-dimensional operators with shift, etc. In 1988 N. Vasilevski
defended the Doctor of Sciences dissertation, based on these results, and entitled
“Multi-dimensional singular integral operators with discontinuous classical sym-
bols”.

Besides being a very active mathematician, N. Vasilevski has been an excel-
lent lecturer. His lectures are always clear, and sparkling, and full of humor, which
so natural for someone who grew up in Odessa, a city with a longstanding tradi-
tion of humor and fun. He was the first at Odessa State University who designed
and started to teach a class in general topology. Students happily attended his
lectures in Calculus, Real Analysis, Complex Analysis, Functional Analysis. He
has been one of the most popular professor at the Department of Mathematics
and Mechanics of Odessa State University. Nikolai is a master of presentations,
and his colleagues always enjoy his talks at conferences and seminars.

In 1992 Nikolai Vasilevski moved to Mexico. He started his career there as
an Investigator (Full Professor) at the Mathematics Department of CINVESTAV
(Centro de Investagacion y de Estudios Avansados). His appointment significantly
strengthen the department which is one of the leading mathematical centers in
Mexico. His relocation also visibly revitalized mathematical activity in the country
in the field of operator theory. Actively pursuing his own research agenda, Nikolai
also served as the organizer of several important conferences. For instance, let us
mention the (regular since 1998) annual workshop “Anélisis Norte-Sur”, and the
well-known international conference IWOTA-2009. He initiated the relocation to
Mexico a number of active experts in operator theory such as Yu. Karlovich and
S. Grudsky, among others.

During his tenure in Mexico, Nikolai Vasilevski produced a sizable group of
students and younger colleagues; five of young mathematicians received PhD under
his supervision.

The contribution of N. Vasilevski in the theory of multi-dimensional singular
integral operators found its rather unexpected development in his work on quater-
nionic and Clifford analysis, published mainly with M. Shapiro in 1985-1995, start-
ing still in the Soviet Union, with the subsequent continuation during the Mexican
period of his life. Among others, the following topics have been considered: The
settings for the Riemann boundary value problem for quaternionic functions that
are taking into account both the noncommutative nature of quaternionic multi-
plication and the presence of a family of classes of hyperholomorphic functions,
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which adequately generalize the notion of holomorphic functions of one complex
variable; algebras, generated by the singular integral operators with quaternionic
Cauchy kernel and piece-wise continuous coefficients; operators with quaternion
and Clifford Bergman kernels. The Toeplitz operators in quaternion and Clifford
setting have been introduced and studied in the first time. This work found the
most favorable response and initiated dozens of citations.

During his life in Mexico, the scientific interests of Nikolai Vasilevski mainly
concentrated around the theory of Toeplitz operators on Bergman and Fock spaces.
In the end of 1990ies, N. Vasilevski discovered a quite surprising phenomenon in
the theory of Toeplitz operators on the Bergman space. Unexpectedly, there exists
a rich family of commutative C*-algebras generated by Toeplitz operators with
non-trivial defining symbols. In 1995 B. Korenblum and K. Zhu proved that the
Toeplitz operators with radial defining symbols acting on the Bergman space over
the unit disk can be diagonalized with respect to the standard monomial basis
in the Bergman space. The C*-algebra generated by such Toeplitz operators is
therefore obviously commutative. Four years later N. Vasilevski also showed the
commutativity of the C*-algebra generated by the Toeplitz operators acting on
the Bergman space over the upper half-plane and with defining symbols depend-
ing only on Imz. Furthermore, he discovered the existence of a rich family of
commutative C*-algebras of Toeplitz operators. Moreover, it turned out that the
smoothness properties of the symbols do not play any role in commutativity: the
symbols can be merely measurable. Surprisingly, everything is governed by the
geometry of the underlying manifold, the unit disk equipped with the hyperbolic
metric. The precise description of this phenomenon is as follows. Each pencil of
hyperbolic geodesics determines the set of symbols which are constant on the cor-
responding cycles, the orthogonal trajectories to geodesics forming the pencil. The
C*-algebra generated by the Toeplitz operators with such defining symbols is com-
mutative. An important feature of such algebras is that they remain commutative
for the Toeplitz operators acting on each of the commonly considered weighted
Bergman spaces. Moreover, assuming some natural conditions on “richness” of the
classes of symbols, the following complete characterization has been obtained: A
C*-algebra generated by the Toeplitz operators is commutative on each weighted
Bergman space if and only if the corresponding defining symbols are constant on
cycles of some pencil of hyperbolic geodesics. Apart from its own beauty, this result
reveals an extremely deep influence of the geometry of the underlying manifold on
the properties of the Toeplitz operators over the manifold. In each of the mentioned
above cases, when the algebra is commutative, a certain unitary operator has been
constructed. It reduces the corresponding Toeplitz operators to certain multiplica-
tion operators, which also allows one to describe their representations of spectral
type. This gives a powerful research tool for the subject, in particular, yielding
direct access to the majority of the important properties such as boundedness,
compactness, spectral properties, invariant subspaces, of the Toeplitz operators
under study.
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The results of the research in this directions became a part of the monograph
“Commutative Algebras of Toeplitz Operators on the Bergman Space” published
by N. Vasilevski in Birkhauser in 2008.

Nikolai Leonidovich Vasilevski passed his sixties birthday on full speed, and
being in excellent shape. We, his friends, students, and colleagues, wish him further
success and, above all, many new interesting and successfully solved problems.

Principal publications of Nikolai Vasilevski
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1. Introduction and main results

Given a function @ in L' on the complex unit circle T, we denote by a, the fth
Fourier coefficient,

1

Ay =
2

27
/ a(e®)e " dx (0 € Z),
0

and by T,(a) the n x n Toeplitz matrix (a;_x)7,_;. We assume that a is real-
valued, in which case the matrices T;,(a) are all Hermitian. Let

)\g”) < /\gl) <... < /\gln)
be the eigenvalues of T),(a) and let

{v%n), vén), . ,v,(L”)}
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16 A. Bottcher, S.M. Grudsky and E.A. Maksimenko

be an orthonormal basis of eigenvectors such that Tn(a)v(-n) = )\;n)vj(-n). The

J
present paper is dedicated to the asymptotic behavior of the eigenvectors vj(-n)

as n — oQ.

- To get an idea of the kind of results we will establish, consider the function
a(e®) = 2—2cosx. The range a(T) is the segment [0, 4]. It is well known that the
eigenvalues and eigenvectors of T}, (a) are given by

)\5.") —2_92¢cos ™ , xé.") = \/ sin " . (1.1)
n—+1 n+1 n+1

m=1
(We denote the eigenvectors in this reference case by xén) and reserve the notation

v§n) for the general case.) Let ¢ be the function

©:[0,4] — [0,7], @(A) = arccos 2-A

We have <p()\§-n)) = 7mj/(n + 1) and hence, apart from the normalization factor
V2/(n+1), 2™ is the value of sin(me(A)) at A = )\§-n). In other words, an

,m

eigenvector forj)\ is given by (sin(me(A)))?, _;. A speculative question is whether
in the general case we can also find functions €2,, such that, at least asymptotically,
(2 (M) —; is an eigenvector for A. It turns out that this is in general impossible
but that after a slight modification the answer to the question is in the affirmative.
Namely, we will prove that, under certain assumptions, there are functions €,,,
®,,, and real-valued functions o, 1 such that an eigenvector for A\ = A§n) is always
of the form

(Qm()\)+<1>m()\)Jr(—l)j“‘le—i(”‘*‘l)"()‘)e_i"()‘)‘pn+1—m(>\)+err0r term)n v (1.2)

m=

The error term will be shown to decrease to zero exponentially fast and uniformly
in j and m as n — oo. Moreover, we will show that ,,(\) is an oscillating function
of m for each fixed A and that ®,,(A\) decays exponentially fast to zero as m — oo
for each A (which means that ®,,11_,,(\) is an exponentially increasing function
of m for each \). Finally, it will turn out that

mi:l |<I>m<A>2/mi=1 o7 =0 })

as n — oo, uniformly in A. Thus, the dominant term in (1.2) is £,,,(\), while the
terms containing ®,,(\) and ®,41_,,(\) may be viewed as twin babies.

If a is also an even function, a(e’®) = a(e~*) for all z;, then all the matrices

T, (a) are real and symmetric. In [4], we conjectured that then, again under addi-

tional but reasonable assumptions, the appropriately rotated extreme eigenvectors

(n) (
v
J

are all close to the vectors xj"). To be more precise, we conjectured that if

n — oo and j (or n — j) remains fixed, then there are complex numbers T](n) of
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modulus 1 such that
HT](n)vj(n) _ xgn)

, = o), (1.3)

where || - ||2 is the £% norm. Several results related to this conjecture were estab-
lished in [3] and [4]. We here prove this conjecture under assumptions that will be
specified in the following paragraph. We will even be able to show that the o(1)
in (1.3) is O(j/n) if j/n — 0 and O(1 — j/n) if j/n — 1.

Throughout what follows we assume that a is a Laurent polynomial

alt)= Y apt" (t=e"€T)
k=—r

with r > 2, a, # 0, and ax = a_j for all k. The last condition means that a is
real-valued on T. We assume without loss of generality that a(T) = [0, M] with
M > 0 and that a(1) = 0 and a(e’#°) = M for some ¢, € (0,27). We require that
the function g(z) := a(e®®) is strictly increasing on (0, ¢p) and strictly decreasing
on (¢, 2m) and that the second derivatives of g at x = 0 and x = (g are nonzero.
Finally, we denote by [«, 5] C [0, M] a segment such that if A € [a, (], then the
2r — 2 zeros of the Laurent polynomial a(z) — A that lie in C\ T are pairwise
distinct.

Note that we exclude the case r = 1, because in this case the eigenvalues
and eigenvectors of T),(a) are explicitly available. Also notice that if » = 2, which
is the case of pentadiagonal matrices, then for every A € [0, M] the polynomial
a(z) — A has two zeros on T, one zero outside T, and one zero inside T. Thus,
in this situation the last requirement of the previous paragraph is automatically
satisfied for [«, ] = [0, M].

The asymptotic behavior of the extreme eigenvalues and eigenvectors of
T,(a), that is, of )\;") and vj(-") when j or n — j remain fixed, has been stud-
ied by several authors. As for extreme eigenvalues, the pioneering works are [7],
[9], [11], [12], [18], while recent papers on the subject include [3], [6], [8], [10], [13],
[14], [15], [19], [20]. See also the books [1] and [5]. Much less is known about the
asymptotics of the eigenvectors. Part of the results of [4] and [19] may be inter-
preted as results on the behavior of the eigenvectors “in the mean” on the one hand
and as insights into what happens if eigenvectors are replaced by pseudomodes on
the other. In [3], we investigated the asymptotics of the extreme eigenvectors of
certain Hermitian (and not necessarily banded) Toeplitz matrices. Our paper [2]
may be considered as a first step to the understanding of the asymptotic behavior
of individual inner eigenvalues of Toeplitz matrices. In the same vein, this paper
intends to understand the nature of individual eigenvectors as part of the whole,
independently of whether they are extreme or inner ones.

To state our main results, we need some notation. Let A € [0, M]. Then there
are uniquely defined ¢;(A) € [0, po] and @2(N) € [po — 2, 0] such that

g1 (V) = gp2(N)) = N
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recall that g(x) := a(e™®). We put
R I R P eY)

2 ’ 2
We have
a(z)— A = z_’"(arz% +-+ (a0 = N)z" —|—---+a_,«)
2r
= apz " H(z —z(N)),
k=1

and our assumptions imply that we can label the zeros z(\) so that the collection
Z(A) of the zeros may be written as

{z1(N), .oy 21 (M), 20 (N, 2r41 (N, 2rg2(A)y ooy 220 (N) }
= {ur(N), .. up 1 (A), €1 2D g (V) 1 fue (N} (1.4)

where |u,(A\)] > 1 for 1 < v < r —1 and each u,(A\) depends continuously on
A € [0, M]. Here and in similar places below we write ug(\) := ug(X). We define
50 >0 by

do

e® = min_ min |u, (M)

A€(0,M] 1<v<r—1

Throughout the following, ¢ stands for any number in (0, dp). Further, we denote

by hy the function
r—1
z
ha(z) =[] <1 UV(A)> .

v=1
The function O(\) = hy (et V) /hy(e?2(V) is continuous and nonzero on [0, M]
and we have ©(0) = ©(M) = 1. In [2], it was shown that the closed curve
[0, M] = C\ {0}, A—O())
has winding number zero. Let #(\) be the continuous argument of ©(\) for which
0(0)=6(M)=0.
In [2], we proved that if n is large enough, then the function
fo [0, M] =00, (n+ D), fu(A) = (n+1)p(X) +6(N)

)
Js*
fn()\y;)) = 74, then the eigenvalues )\;n) satisfy

is bijective and increasing and that if A’ is the unique solution of the equation

N =AY < Kemo

Js*
for all j € {1,...,n}, where K is a finite constant depending only on a. Thus, we
have
(n+ 1)) + 005" = mj + 0(e™™), (L5)

uniformly in j € {1,...,n}.
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Now take A from (a, 8). For j € {1,...,n} and v € {1,...,r — 1}, we put

Al ew’()\) B0 eia’()\)
W= 2i hy(eier(N)’ W= 2i hy(eie2(V)’
2io(N)
Dy(\) = e sin ()

(un () — €1 M) (u, (N) — e?2)RA (u, (X))
F(\) = sin ()

(a (A) = =990, () — e=i%200 ) (1, (M)

)
|ha(e w1(>\))h)\( w2(>\))
h)\(gNOl()\))h)\(gHOz()\))

and define the vector w§-n)()\) ( (n) (A _q by

(n) _ —imer (A —imepa (A
win(A) = AX)e e — B(y)emimez()
r—1 ; ;
1 (_1)J+1e—z(n+1)0()\)
D, F, .
+Z( N, ogm TEAT L ypiem

The assumption that zeros u, (A\) are all simple guarantees that h'(u,) # 0. We
denote by || - [|2 and || - || the 2 and ¢*° norms on C", respectively.

Here are our main results.

Theorem 1.1. Asn — oo and if >\§»n) € (a, 8),

() (y(m)yy2 _ T 1 1
[[w; (A7)l = 4 (|h>\(ei¢1(>‘))|2 + |hA(6w"’(’\))|2)

uniformly in j.

+O(1),

—(n)
Af)\j

Theorem 1.2. Let n — oo and suppose /\gn) € (o, B). Then the eigenvectors (™

J
are of the form
(n) (n)
A
vj(-n) = T;n) ( (n) ( ( ) ) +Ooo(€_6n)>
[lw;™ (A7)l

where T;n) € T and Ou(e™%") denotes vectors fj(-n) € C" such that ||§j(-n)||oo <

Ke 9" for all j and n with some finite constant K independent of j and n.

Note that the previous theorem gives (1.2) with
Qm(A) = AN)e ™) — B(\)e 2N, (\) =

|hA(e“P1(A))hA(eW2(*) )|

e = , , .
h)\(elSDl()\))hA (613920\))
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Things can be a little simplified for symmetric matrices. Thus, suppose all
ay, are real and ay, = a_y, for all k. We will show that then {ui(N),...,u—1(N\)} =

{ur(N), ..., ur—1(N)}. Put
[ha(e? ™) sin ()
(uy () — M) (w, (A) — eV R) (u (V)

and let y(n)()\) (y](-t,)l()\))fnzl be given by
)i+t
o) =i (e + 37 ) - ZQ" s * anan ) 09

Theorem 1.3. Let n — oo and suppose )x(-") € (a,B). If a, = a—y, for all k, then

Qu(A) =

oz =" , TO0)

(n)

uniformly in j, and the eigenvectors v; " are of the form

(") (n)
)\
lly; (A2

where T ( ) €T and Ou (e=°") is as in the previous theorem.

Let J be the n x n matrix with ones on the counterdiagonal and zeros else-
where. Thus, (Jv)y, = Upt1-m. A vector v is called symmetric if Jv = v and

skew-symmetric if Jv = —v. Trench [17] showed that the eigenvectors vﬁ") , vén), .

are all symmetric and that the eigenvectors vén), vfln), ... are all skew-symmetric.

From (1.5) we infer that

(n)
sin <(n +1- m)go()\;n)) + 0(); )>

. 0
= (—=1)"*'sin <mcp(>\§")) + > +0(e™)
and hence (1.6) implies that

Ty A = (—1) 1 ) 1 O(e0m).
(n)

Consequently, apart from the term O(e="), the vectors Y, (A§n)) are symmetric
for j = 1,3, ... and skew-symmetric for j = 2,4, . ... This is in complete accordance
with Trench’s result.

Due to (1.5), we also have

sin <m@(A§”>) + H(Aén))> — sin <(m _n ; 1) W%) + 0.
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Thus, Theorem 1.3 remains valid with (1.6) replaced by

yh() = sin ((m _ ”;fl> SO0 + 7;])
_:z_:iQ”()\) (uy(lA)m T uu((;)lgﬁlm> : (1.7)

In this expression, the function 6 has disappeared.

(n)

Define y;* again by (1.6). The following theorem in conjunction with Theo-

rem 1.3 proves (1.3).

Theorem 1.4. Let n — oo and suppose )\g-n) € (o, B). If ar, = a—y, for all k, then
(n) (y(n) .
‘ yi () _ M —O<]).
, n

ly ")

The rest of the paper is as follows. We approach eigenvectors by using the
elementary observation that if A is an eigenvalue of T, (a), then every nonzero
column of the adjugate matrix of T,,(a) — A\l = T,,(a — \) is an eigenvector for A.
In Section 2 we employ “exact” formulas by Trench and Widom for the inverse and
the determinant of a banded Toeplitz matrix to get a representation of the first
column of the adjugate matrix of T, (a — A) that will be convenient for asymptotic
analysis. This analysis is carried out in Section 3. On the basis of these results,
Theorems 1.1 and 1.2 are proved in Section 4, while the proofs of Theorems 1.3
and 1.4 are given in Section 4. Section 6 contains numerical results.

2. The first column of the adjugate matrix
The adjugate matrix adj B of an n x n matrix B = (bjy)};_, is defined by
(adj B)jk = (—1)j+k det My

where My, is the (n — 1) x (n — 1) matrix that results from B by deleting the kth
row and the jth column. We have

(A=Al adj(A— M) = (det(A — A\I))I.
Thus, if X is an eigenvalue of A, then each nonzero column of adj (A — A\I) is an
eigenvector. For an invertible matrix B,
adj B = (det B)B~ . (2.1)

Formulas for det T}, (b) and T, 1(b) were established by Widom [18] and Trench
[16], respectively. The purpose of this section is to transform Trench’s formula for
the first column of T}, 1 (b) into a form that will be convenient for further analysis.
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Theorem 2.1. Let

q p+q
b(t)= Y bt =bt [t —2) (teT)
k=—p j=1
wherep>1,q>1,b, #0, and 21, . .., 2pyq are pairwise distinct nonzero complex

numbers. If n > p+q and 1 < m < n, then the mth entry of the first column of
adj T, (b) is

adi Tp(Dlma = > C;WFD Spme (2.2)
JCZ,|J|=p zeJ
where Z = {z1,...,2pyq}, the sum is over all sets J C Z of cardinality p, and,

with J :=Z\ J,

c=11+ ]I Z_1w7 Wy = (=1)b, [[ 2

zeJ zeJweJ zeJ

Sm’Jﬁzszl 1n H —1w

b 2 wEJ\{z}z

Proof. It suffices to prove (2.2) under the assumption that det 7, (b) # 0 because
both sides of (2.2) are continuous functions of z1, ..., zp44. Thus, let det T, (b) # 0.
We will employ (2.1) with B = T,,(b).

Trench [16] proved that [T,,1(b)],.1 equals

1 Dgiyprqy (0,00 sg—=1,g4n,...,qg+n+p—2,g+n—m)

(2.3)
by D{l,___7p+q}(0,...,q71,q+n,...,q+n+p71)

where Dy; . i1(s1,...,5%) denotes the determinant
S1 S2 Sk
J1 2 J1
S1 S2 Sk
det J2 j2 J2
S S S
Zin e e Z

Note that

Djy(s1+&,...,8.+&) = Hzf Dj(s1,-..,58k),
JjeJ

Doy (0,1,. k=1 = J] (2 — ).
JledJ
>4
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We first consider the denominator of (2.3). Put Z = {1,...,p + ¢}. Laplace
expansion along the last p columns gives

Dz(0,....,q—1,g+n,...,.q+n+p—1)
— Z (—1)iI‘V(J’J)DJ(q+n,...,q—|—n—|—p—1)DJ(O,...,q—1)

JCZ,|J|=p
_ Z (71)inv(J,J) H ZZJrn H (ZZ _ Zk) H (Z[ _ Zk),
JCZ,|J|=p keJ kteJ ke

>k 0>k

where inv(J, J) is the number of inversions in the permutation of length p + ¢
whose first ¢ elements are the elements of the set J in increasing order and whose
last p elements are the elements of the set J in increasing order. A little thought
reveals that inv(J,J) is just the number of pairs (k,¢) with k € J, £ € J, k < £.

We have
II Gi—20= 1] =2 [ (x—2)
jedsed ted ket keJted
>k >k
= (—1)inv(J’J) H (z¢ — z1) H (z¢ — 2z1) (2.4)
teg ke teJ ke
>k >k

and hence the denominator is equal to

. —1)
R, Z C;W5 with R, := ( bT? H(zz — 2k)-
JCZ,|J|=p P >k

A formula by Widom [18], which can also be found in [1], says that
detTo(b) = > C,WF.
JCZ,|J|=p
Consequently, the denominator of (2.3) is nothing but R,, det T),(b).

Let us now turn to the numerator of (2.3). This time Laplace expansion along
the last p columns yields

Dz(0,....q—1,g+n,...,qg+n+p—2,g+n—m)

= Y (1)™UIDs(g+n,....q+n+p—1,g+n—m)D,(0,...,q—1)
JCZ,|J|=p

S ™D, =1 [ ]| Ds0,. . p—2,—m).
JCZ,|J|=p jeJ

Expanding D;(0,...,p — 2, —m) by its last column we get

Dy (0,...,p—2,—m) =Y (1™ D s 0(0,...,p—2)  (25)
jeJ
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with inv(J\ {4}, j) being the number of s € J\ {;j} such that s > j. Thus, (2.5) is
Z(—l)m"(‘]\{j}’j)z;m H (20 — 21)

jeJ ke J\{j}
>k
_ 1
=> 5" [ Ge-20 11 | °,
jed ke se\{j} 7 s
>k

This in conjunction with (2.4) shows that the numerator of (2.2) equals
bRy > CyWED S
JCZ|J|=p zeJ
In summary, from (2.3) we obtain that

1

—1 o n
[TTL (b)]m71 - detTn(b) Z CJWJ ZSTYL,J,Z7
JCZ,|J|=p z€J
which after multiplication by det T}, (b) becomes (2.2). O

3. The main terms of the first column

We now apply Theorem 2.1 to

2r

b(t) = a(t) = A =a,t™" J](t = 2(N) (3.1)

k=1
where A € (a, 8). The set Z = Z(\) is given by (1.4). Let

r—1
do(A) = (—=1)"ape™ TT ur(N). (3.2)
k=1

In [2], we showed that dp(A) > 0 for all A € (0, M). The dependence on A will
henceforth frequently be suppressed in notation. Let

Ji={ur, .. up_q,e Y, Jo = {uy, ... ur_q, €%}
and for v € {1,...,r — 1}, put
J0 = {1, 1, 1/ u, )
Lemma 3.1. If JC Z, |J| =71, J & {J1,J2,J0,..., J°_,}, then

dn
|CJW]‘TLSm,J,z| < K . 0 €_6n
sin
forallze J,n>1,1<m<n, X € (a,3) with some finite constant K that does
not depend on z,n,m, .
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Proof. If both e’#* and e?? belong to J, then
J=1{tyy, oy, € €2 1 ug, ... 1/ ug, }
with k + ¢ = r — 2. Since

min  min |uj, (A) —u;, (A)| > 0,
min min fu, () = w3, (V)

we conclude that |Cy| < K;. Here and in the following K; denotes a finite constant
that is independent of A € [a, §]. We have k < r — 2 and thus

Uy, - . U dge™?
Wy = fa ] < | (33)
[tsy - s, | T |usy - us, |
If 2 € {up,, ... Uy, €91, %2}, then obviously |Sy, s.| < Ka/sin¢ and hence
ne—én
|CJW5LSm,J,z| < KlKQ 0. .
sin
In case z € {1/us,,...,1/us, }, say z = 1/ug,, we have |Sy, .| < Kslu,, |™, which

gives

n n 76n|ul’1|m n_—on dgeitsn
|CJWJSm’J’z| SKlKgdoe §K1K3d06 SKlKg

[y, | singp
The only other possibility for J is to be of the type
J={tpyy sty €9V ug, oo 1 ug,

with kK +¢ < r—1,k < r—2, ¢ > 1. (The case where €' is replaced by
e?2 is completely analogous.) This time, |C;| < K;/sinp and (3.3) holds again.

For 2 € {uy,,...,u,,,e¥} we have |Sy, j.| < K5 and thus get the assertion. If

z = 1/us for some s € {s1,...,8¢}, say s = s1, then |Sp, .| < Kglus, |™, and the

assertion follows as above, too. O
Let

1 r—1 1 -1
W) =1 (i1 )y (e )| 11 (1 N Uk(/\)us(/\)> '

k,s=1

It is easily seen that dj(A) > 0 for all A € [0, M].

Lemma 3.2. If \ = )\;n) € (0, M), then

did? 1 . )
CrW3 S, cier = ;in‘)@ [(—1)7 Ae=™#1 4 O(e=™M)]
I dldg_l j+1 —imepa —on
CJ?Wstm,J%eiw - sin [(_1) Be +O(e )]

uniformly in m and \.
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Proof. We abbreviate H};: to [[,. Clearly,

Wi, = (=1, (H w) ¢ = (~1)'a, <H u> 67 — doc'®.
k k

We have
(ITg up) e

Cn= ) . .
(et — o) Ty o (we = ) T Cus = et9) T, (e = L)
eirWI
eio(ete — =) [, (1=, 5 ) T (1= 507 ) e I, (1= <07

4
2i sinp ], , (1 - uklus) h(e?2)h(eisr)

and because

h(e'?2)h(eier) = |h(ewl)h(eiwﬂe_w7 (3.4)
it follows that o
Cy = d21.€ ) .
1 sin @
Furthermore,
g , B 1 1
A =g gme [T (e )
1 e~ imer
ap (CD) ([T ) TT (1 — e fug)
e—im(o+e) e—im(o+y) gio

(—1)rar ([T ur) he'#) ~  doh(e#1)
Putting things together we arrive at the formula
dydd™t ,

CJ1W§L15m7J17ei<P1 = Slr?sp Ae am( +¢)€l((n+1)W+a).

Obviously, o + ¢ = ¢1. By virtue of (1.5),
et — (14 O(e™™)) = (=1) (1 4+ O(e™™)).
This proves the first of the asserted formulas. Analogously,
, dye~ile+0) o—im(o—¢) gic
Wy, =doe™%, Cj,=— S iy = . ,
Jp =o€ T T 2 sing T T T gop(eivr)

which gives the second formula. O

Lemma 3.3. If1<v<r—1and A= )\gn) € (o, 8), then, uniformly in m and \,

dydp~! | s
CJIW}Z Sngl"UfV + CJ2W}LQSm1J27uV = Sin(p —]‘)JDV u;,;n + 0(6 n)
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Proof. By definition,

S ! 1
o [¢28 u:/n(ul/ - eiwl) Hs;éu(ul/ - U’S)
u="m

v

(=171 (T uw) ar(uy — e1)R! (w,))

Since —h/(z) equals

1 1
(1—z>...(1— § )+---+ (1—z>...(1— § )
Ui U2 Ur—1 Ur—1 Uy Ur—2

we obtain that

Thus,

uy uy—mezo

S, dyu, = (=1)rar ([T), ur) (up — €)W (uy,)  do(uy — €)1 (uy,)”

Changing ¢1 to ¢ we get

—m 0
u, e

Smdats = o, — eten )b ()

These two expressions along with the expressions for Cy,, Wy, ,Cy,, W, derived
in the proof of Lemma 3.2 show that the sum under consideration is

v

dldgfl u-melto ei((n—&-l)ap—&-@) e—i((n+1)g9+9)
2 singp h'(uy) [ u, — eiP1 U, — ei¥P2 }
Because of (1.5), the term in brackets equals

1 1

_1)J _ —on
( ]‘) |:uu _ eigpl U, — eigpQ + O(e ):|

e'?2isin @

—on
(g — €91 (1 — i) +O0(e™™). O

= -1y
Lemma 3.4. For 1 <v<r—1and X € (o, ),

dldnfl e—i(n+1)o
0
CoWioSm,g01/u, = =

. v — N
sin ¢ untimm
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Proof. We have C o = (][], uy.) /(u;, P1 P P3) with

_ oty _ —ipa
po_ L I (uy —e ™) (u, —e )
1 = e e = 9 2% 5
Uy Uy u, e =7

P, = H(Uk - eitpl)H(uk _eisﬁ'z _ <Hu ) upl eup2)7

no- g( o)L ()

- () () (o)

1 " ur—Q 1 1
= Ty M) (H ‘ >d1|h<ewl>h<em>| L1~ 1/ (wxa))’

Thus, Cjo equals
B die” 2| h(e1)h(e?)] H ( >
uy (uy — e="1) (u, — e~ "*2)h (u, ) h(e'?r)h(ete2) = UgUy

Since Wjo = doe™ /u, and

S b 1
IO,/ u, ar ¥ (1 uy — ug)
um
(—1)7“0/1- (Hk» uk) Hk} (1 - Ukluu)
umew'

doTTe (1= %, )

we obtain that C ;0 W7, Sy, j0,1/4, 18 equal to
B dldgfl e—iae—inoIh(ei¢1)h(eiap2)|
ynti-m (uy, — e=%1)(u, — e—"%"Q)h’(uu)h(ewl)h(ewz’).
Lemma 3.5. If 1<k <r—1and X € (o, 3),

n dldgil —on
CJBWJOSm,JB,uk = . O(e )
v sin

uniformly in m and \.
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Proof. This time

S 1 1 1
m,JD ug ar uil (Uk _ 1/uy) Hs;ék(uk _ us)
_ uy, "
(—1)T_1a7-Uk- (1 - ukluu) (Hs#k Us) Hs;ék (1 - Zf)
1 1

B dou™ 1 u ’
0 (1= L ) T (1= 25)
Expressions for Cjo and W o were given in the proof of Lemma 3.4. It follows that

dydd™t 1

CroW5%Sm j0u. =Gur .
oW 500m, g9 uy, Fosing untlym

where G, 1 equals

€27 e~ | p(e¥1)h(e'2)| sin ¢ [Tos (1 - uluu)
(u, — e=11) (u,, — e=¥2) 1/ (u, )h(ei#1)h(eie2) Il (1 _ Z;z)

Since
1 Uy
W (u,) = — 11— "),
==, T(1-7)

we see that G, remains bounded on [a, §]. Finally,

1 1
n+1l, m =< n < 6*5774. 0
Jup ™t T |

Corollary 3.6. If A = /\;n) € (a, 8), then

j Ndg ™ (V)

[adj To(a = Nlma = (=17 70 20

[wjm(A) +O(e™)]
uniformly in m and \.

Proof. This follows from Theorem 2.1 and Lemmas 3.1 to 3.5 along with the fact
that d; is bounded and bounded away from zero on [a, f3]. O

4. The asymptotics of the eigenvectors

We now prove Theorem 1.1. There is a finite constant K3 such that |D,| < K;
and |F,| < K for all v and all A € («, 8). Thus, summing up two finite geometric
series, we get

>

m=1

(71)j+167i(n+1)a' 2 1 1— 1/|UV|2(n+1)

K
)2 11/, 2 2

< 2K}

1
D + F
v u;’;n v uﬁ+1_m
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for all v,n, \. We further have

n n

EIMfm%—Bﬁm”f=§I
. 1 m=1

X:QMew *%MWWW>

1

721m<p e2im<p
- + . . .
Z 4h(eter)h(ete2)  4h(e¥1)h(ei#?)

The first sum is of the form Y _ (y/4) and therefore equals (n/4)y. Hence,
because of (3.4) we are left to prove that

n
Z ew(xg’”) e2im<p()\;">)

m=1

for all n and j such that >\§»n) € (a, ). The sum in (4.1) is

e—imgm e—imgog 2

2h(ei¥1)  2h(eiv2)

< K3 (4.1)

: (n)
il D) +o(a () SIRRP(AT)
sin cp()\§-n))
Thus, (4.1) will follow as soon as we have shown that
sin mp()\;n) )
sin cp()\§-n))
for all n and j in question. From (1.5) we infer that
np(\) = mj = () = 00V) + 0™,
which implies that

sin ngo()\gn)) = (1) sin (go()\é-n)) + 9()\§."))) +0(e™m).

3

Suppose first that 0 < cp()\§-n)) < 7/2. Then
: (n) (n) n n n
sin (") + 605) |2 1o + 005 _m (0]
' (n) < ) (n) < ) 1+ i | (4.2)
sinp(A;") (A5 (A5

In [2], we proved that |0/¢| is bounded on (0, M). Thus, the right-hand side of
(4.2) is bounded by some K3 for all n and j. If 7/2 < ga()\gn)) < m, we may replace

(4.2) by the upper bound
(10
o |15 )
[T = (A;7)]

We know again from [2] that |8/(m — ¢)| is bounded on (0, M). This completes the
proof of Theorem 1.1.
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Here is the proof of Theorem 1.2. By virtue of Theorem 1.1, ||wj( )||2 > 1
whenever n is sufficiently large. Corollary 3.6 therefore implies that the ﬁrst column

of adj Ty (a — )\g-n)) is nonzero and thus an eigenvector for )\;n) for all n > ng and

all 1 < j < n such that /\gn) € (a, B). Again by Corollary 3.6, the mth entry of
this column is

di(A\)dg =1 (N w; (n)
sin (V) [wWj,m(N) + &0 N

where |§ | < Ke™%" for all n and j under consideration and K does not depend
on m,n j It follows that

wi )+ (60) = wi ) + Onele™™)
is also an eigenvector for /\gn)' Consequently,

wi(AY) + O0ce(e™) (W)

= Ouo(e™) (4.3)
lw; (A7) + Ose(e=)l2 [y (A2

is a normalized eigenvector for A§n). From (1.5) we deduce that all eigenvalues

of T, (a) are simple. Thus, v](-n) is a scalar multiple of modulus 1 of (4.3). This

completes the proof of Theorem 1.2.

5. Symmetric matrices

The matrices T),(a) are all symmetric if and only if all aj are real and ay, = a_y, for
all k. ObViously, this is equivalent to the requirement that the real-valued function
g(z) := a(e”) be even, that is, g(x) = g(—x) for all z. Thus, suppose g is even. In
that case

o=, ©1(A) =—p2(A) = ¢(A), o(A)=0.
Moreover, for t € T we have

art™" H(t —zk(A)) =a(t) = A=a(l/t) —
k=1
27 2r
=a,t" [ 1/t — 2() (sz > "I - 1/20),
k=1 k=1

which in conjunction with (1.4) implies that

(s, w1 )} = fun (Vs e (V) (5.1)

The coefficients of the polynomial hy(t) are symmetric functions of

L/ur(N), .., 1 up_1(N).
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From (5.1) we therefore see that these coefficients are real. It follows in particular
that hy(e=N) = hy(e?*(N), which gives () = 2arg hy(e"?M)) and thus

h,\(e“"(’\)) — |hA(ei<p(/\))|ei9(/\)/27 hA(e*“p(’\)) — |h/\(eiw(/\))|87i0(/\)/2.
We are now in a position to prove Theorem 1.3. To do so, we use Theorem 1.2.
Consider the vector wj()\g»")). We now have

e~ ime elme

2ih(e¥)  2ih(e~i¥)

= 1 eiim@f e = — 1 sin [ m —1—0
= 2ilh(e)| \ ei®/2 T e=it/2 ) T T |n(eiv))| P )

Ae™ime — Bem Mo —

Furthermore,
oo sin g @
o (w—e®)(uy —em) (w,)  |h(e?)]]
o sin g (Bt )h(e=%)|
T =€), — e (w,) BE)h(e)
sin

(i = €19) =39 ()
Consequently, from (5.1) we infer that
r—1 r—1
F,
; u;n—&-l—m - Vz:l n+1 m ; |h 6“’0 |un+1 m"*

In summary, it follows that

(n) 1 (n)
wi(A)=— YA ). (5.2)
J J |h(e“p(>‘; )))| J J

Thus, the representation
(n)
v (A7) én
o =7 l ROV G )]
llys (A5 )2

is immediate from Theorem 1.2. Finally, put h;, = |h(ew()‘§'n)))| = |h(e_i“0()‘§'n)))|.
Theorem 1.1 shows that

(n) n 1 1
b0 = (o * o)

whence, by (5.2), y;(AY)I13 = h2,, lw;(AS) 13 = n/2 + O(1). The proof of The-
orem 1.3 is complete.

ro(1)=_"

- o),
A:A(”') Qh?,n - ( )

Here is the proof of Theorem 1.4. We first estimate the “small terms” in

y](.n). Summing up finite geometric series and using the assumption that |u, ()]
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are separated from 1 we come to

where K is some positive number depending only on a. since @(A§"))

it follows that

<Z¥MM(

1 (=1)*t

uﬂAyn*uAAV”*””)>m=1

We next consider the difference between the “main term” of Y;

— 1 (—1)7+1 ’
ZQVO‘) (uu()\)m + uy()\)n-ﬂ—m)‘

2
< Ksin? p(\)

()

2
(n)

Using the elementary estimate

-B L,A+B

|sin A — sin B|? = 4sin? cos

<4 sin?

we get

n

S

sin (mgo()\gn)) + Q(Agn))) — sin

2 2
- B
=2—2cos(A — B),

.2
mjm
n+1

%_2z)m< (AW) jl>+mxw>.

To simplify the last sum, we use that

Z cos(mé + w)

In our case

Consequently,

n

m=1

sin (mgp()\gn)) + 9()\§-"))) —sin T
n

i :—“w%+0@%%=0<j)

Cn+1

sin " 2 cos (("H)& +w)

3

sin 2

n (1+0(n*¢?)) <1+O<(n—;1)§ —|—w) )

=o()=0()

n+1

and sin

33

=0 (j/n),
(5.3)

mjm
n+1"
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that is,
i (n) ) gy ™"
H (bll’l (m(p()\j ) +0(); )) —sin % 1>m1
Combining (5.3) and (5.4)we obtain that

P ool -o(l) e

which implies in particular that

WPte=y" 5" (1+0 (7). (56)

Clearly, estimates (5.5) and (5.6) yield the asserted estimate. This completes the
proof of Theorem 1.4.

().

6. Numerical results
Given T),(a), determine the approximate eigenvalue )\g-ﬁk) from the equation
(n+)pA\") +0(A") = 7.

In [2], we proposed an exponentially fast iteration method for solving this equation.
Let wj(-n)()\) € C™ be as in Section 1 and put

w8
Wi OINONEE
[[w;™ (A7) |2

We deﬁne the distance between the normalized eigenvector v](-n) and the normalized

vector w by

o0t = min [l — w2 = (/2= 20", )
and put
A = max |)\( m) )\;TQL
1<j<n ’
ALY = max o(v]”, wﬂ)),
AP = max [|T(@)uy)) = A5 wg) o

The tables following below show these errors for three concrete choices of the
generating function a.
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For a(t) = 8 — 5t — 5t~ + 2 +t=2 we have

n =10 n = 20 n = 50 n = 100 n = 150
A 541077 1.1-1071 52-10725 1.7-107%6 9.6-10~08
Al 2.0-1075 1.1-107° 20-10723 1.9-107% 2.0-10-%
A 80.1076 2.7.1071° 34.1072% 22.10% 1.9.10-%

If a(t) = 8 4 (—4 — 2i)t + (—4 — 2i)t =1 + it — it~ ! then

n =10 n = 20 n = 50 n = 100 n = 150
A" 38.1078 2.8-10713 29.10730 5.9.107°8 1.6-10~%
Al 1.8-1077 4.7-1071 20102 7.0-107°7 2.4.10-%
A™ 541077 1.3-10712 2.7-1072 6.7-10757 1.9.10~%*

In the case where a(t) = 24 + (=12 — 3i)t + (=12 + 3d)t ! +it® — it =3 we get

n =10 n =20 n = 50 n = 100 n = 150
A 6.6-1076 1.2-10710 7.6-1072* 1.4-107% 3.3.10797
Al 1.9-1075 1.3.1071° 20-10723 721074 2.8.107
A 25.107% 86-10710 7.3.1072% 1.9.10~% 5.9.107%6
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Complete Quasi-wandering Sets
and Kernels of Functional Operators

Victor D. Didenko

To Nikolai Vasilevski on the occasion of his 60th birthday

Abstract. Kernels of functional operators generated by mapping that possess
complete quasi-wandering sets are studied. It is shown that the kernels of the
operators under consideration either consist of a zero element or contain a
subset isomorphic to a space Loo(S), where S C R™ has a positive Lebesgue
measure. Consequently, such operators are Fredholm if and only if they are
invertible.

Mathematics Subject Classification (2000). Primary 47B33, 39A33, 45E10; Sec-
ondary 42C40, 39B42.

Keywords. Quasi-wandering set, homogeneous equation, solution.

1. Introduction

Let X be a domain in R™ provided with the Lebesgue measure u, and let a: X +—
X be a measurable mapping satisfying the compatibility condition. Thus if F is a
Lebesgue measurable subset of X and if y(E) = 0, then pu(a=1(E)) = 0. Assume
that Ag, A1, ..., As 1 X — C%*? are matrix functions, and consider the functional
equation

Ao(z)p(x) + Ar(z)p(a(@)) + - + As(@)p(a®(2)) = f(x) (L.1)

where ¢ : X +— C? is an unknown vector function and f : X +— C? is a given
vector function. Equations of the form (1.1) arise in various fields of mathematics
and its applications, and there is vast literature where different properties of such
equations and the corresponding operators are studied. For details, the reader can
consult [1, 2, 4, 5, 9, 10, 12] and literature therein.

Let us mention a few functional operators relevant to our following discussion.
Let A = A(x),x € R"™ be a matrix function and M € R™*™ a non-singular integer
expansive matrix — i.e., all eigenvalues A;,7 = 1,2,...,n of the matrix M satisfy
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the inequality |A;] > 1. Equations of the form
p(x) = A(z)p(Mz) (1.2)

appear in most publications concerning wavelets or their applications. In particu-
lar, equation (1.2) arises in discussions of the discrete refinement equation

()= ap(Mz—k), z€R", (1.3)

kezn
or the continuous refinement equation

ve) = [ clo-Mpu@)dy. s er (1.4)

Note that the refinement equation (1.3) is associated with the functional equa-
tion (1.2), where the matrix A has a uniformly convergent Fourier series; whereas
equation (1.4) leads to the equation (1.2), with the matrix A that is the Fourier
image of the matrix ¢ € L{*¥(R™).

Let us also recall another class of functional equations. Consider X = R" and
choose an h € R™ h # 0. The difference equations

Ao(z)p(x) + Ar(x)p(z +h) + - + As(2)p(x + sh) = f(z),

that often arise in applications have been investigated by various authors.

In the present paper, the kernel spaces and the Fredholm properties of the
equations mentioned are studied from a unified point of view.

Let

U =Y _ A;T) (1.5)
j=0

be the operator defined by the left-hand side of equation (1.1), where

Top(z) = pla(z)),

and A;,7 =0,1,...,s are the operators of multiplication by the matrices A;(x).
In the present paper, the operator U, is considered on the space LI(X) of all
Lebesgue measurable square summable vector functions. We study the kernel space
of the functional operators for mappings « that possess the so-called complete
quasi-wandering set. For such mappings, the kernel space of the above-mentioned
operator U, has a distinctive property — viz. it either consists of the single element
o = 0 or it contains a subset isomorphic to a space L (S), where S is a subset of
R™ with a positive Lebesgue measure. Note that it was conjectured in [3] that the
kernel of any operator (1.5) on L, space is either infinite-dimensional or only has
the zero element. However, an example from [11] shows that this conjecture is not
true in general. On the other hand, the problem mentioned is closely connected to
the hypothesis that any operator (1.5) is Fredholm if and only if it is invertible.
Although valid for a number of operator algebras [1, 8], this hypothesis is also not
true in general [6]. Thus, this paper presents another class of operators when both
hypotheses are true. Moreover, our approach shows that the kernel space of the
operators under consideration can include subspaces as ‘massive’ as Lo (S).
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2. The kernel space of the operator U,

Now let us assume that the mapping « : X — X is invertible, and the inverse
mapping o~ ! also satisfies the compatibility condition.

Definition 2.1. A Lebesgue measurable set £ C X is a quasi-wandering set for the
mapping « if, for any j,k € Z,j # k, either o/ (E) N a*(E) = 0, or if o' (E) N
¥ (E) # § for some ji, k1 € Z, then o/t (x) = o1 (z) for all z € E.

If o/ (E)Na®f(E) =0 for all j,k € Z,j # k, the set E is called the wandering
set for a.

Definition 2.2. A quasi-wandering set E is called complete if
X =Jd(B).
JEZ
It is clear that if a mapping « : X +— X possesses a complete quasi-wandering
set E and for some indices 7, k, j # k, o/ (z) = o (z) for all z € E, then

N .
X = L_JOaJ(E)

for an N € N.
Let us now consider a few mappings with complete quasi-wandering sets.

Example 1. Suppose X = R and « : R — R is the shift operator
alz) =z —1.

The mapping « satisfies all of the conditions mentioned. It is invertible and the
interval [0,1) is a complete wandering set for a.

Example 2. Let X = R?, and let A be a diagonal matrix
()
where A1 # 0 and As > 1. Consider the mapping
ap(z) = Ax.
Then the set
Ep:={(z,y) eR>,z €Rand y € [-1,-1/A2) U (1/As, 1]}
is a complete wandering set for the mapping .
Ezample 3. Let X =R3, m € N, m > and let
agr(z) := Rz,

where R is the rotation matrix

1 0 0
R=1| 0 cos(m/m) —sin(m/m)
0 sin(w/m) cos(m/m)
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Then the set
Er = {(x,y,z) ER?*:z€R,y>0,2>0, and 0 < arctan(z/y) < w/m}

is a complete quasi-wandering set for the mapping ar and

2m—1

R* = | ) o}(ER).
=0

Ezample 4. Let X = EyUFEs, F1NEy = () and p(Ey) # 0 and p(Es) # 0. Consider
a homomorphism « : X — X satisfying the compatibility condition and such that

L] Q(El) = EQ, O[(EQ) = El.
e o?(r) =z forallz € X.

Then F; and FEs are complete quasi-wandering sets for the mapping a.

Now we can study the kernel spaces of the operators (1.1) when the corre-
sponding mapping a possesses a complete quasi-wandering set.

Theorem 2.3. Let Ay, Ag, ..., Ay € LY%YX) and o : X — X be a mapping such
that Ty, : Lo(X) — Lo(X) is a continuous operator. If the mapping o has a
complete quasi-wandering set, then either

kerU, =0

or there is a subspace & C kerU, and a set S, C X, the Lebesque measure of
which is positive such that & is isomorphic to the space Loo(Sy).

Proof. Let E,, be a complete quasi-wandering set for the mapping «. Assume that
the kernel of the operator U, contains a non-zero element g. For simplicity, also
suppose that d = 1. Thus

| teo(@) do >0,

X

so there is at least one index jy € Z and an € > 0 such that the set
Sa =S¢, := {z € &?°(Ey,) : [po(z)| > €}

has a positive Lebesgue measure. Consider now the space Lo, (a0 (E,)). For any
m € Loo(a??(E,)), such that the restriction of m on the set S is a non-zero
element of Lo (S5), define an extension m of the element m on the whole X by

m(z) :=m(a(x)) if © € a?T(E,).

Note that the element m is well defined and belongs to the space Lo (X). Moreover,
it satisfies the equation

m(z) = m(a(x)), x€X. (2.1)

Consider now the element mpq. Taking into account equation (2.1), one can easily
check that myy € kerU,. It remains to show that myo # 0. However, if the
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restriction of m on the set S, is a non-zero element of Lo (S, ), then

[r@e@ta= [ m@a@rtez [ E@o

al0 (Bq)
> / [ (z)po(z)|? de > 52/ |m(z)|* dz > 0.
Sa Sa
Thus the kernel of the operator U, contains the subset
S = {myo: m € Loo(Sa)}
and the proof is complete. O

The connection between some sets related to the operators of multiplication
by expansive matrices M and the kernel spaces of the corresponding refinement
operators was first noted in [7]. It turns out that these relations have a universal
nature and can be extended to general mappings a having quasi-wandering sets.
This allows us to characterize the Fredholm properties of the functional operators.

Corollary 2.4. Let Uy : La(X) — La(X) be a ®T-operator. If the mapping « :
X — X possesses a complete quasi-wandering set, then

ker U, = 0.
Now consider functional operators generated by diffeomorphisms.

Theorem 2.5. Let Ay, As, ..., Ay € LAY X) and let a : X +— X be a differentiable
mapping such that the Jacobian J, of o satisfies the inequality

0<7’1 SJa(‘T) ST‘Q, 1,72 eR (22)

for all x € X. If the mapping o has a complete quasi-wandering set, then the
operator Uy, : L(X) v L4(X) is Fredholm if and only if it is invertible.

Proof. If a has a complete quasi-wandering set E, then F is also a complete quasi-
wandering set for the inverse mapping a~'. The proof of Theorem 2.5 therefore
follows from Theorem 2.3 and from condition (2.2), which implies that the struc-
ture of the adjoint operator U} is similar to the structure of the operator U,. [

Remark 2.6. This result is known for some classes of the functional operators [1, 8].
One way to prove it is to show that the algebra generated by the corresponding
operator T, contains no non-trivial compact operators — see [1, Theorem 8.3].
On the other hand, the approach used here allows us to obtain certain additional
information concerning the kernels of the operators under consideration.

Remark 2.7. In theory of dynamical systems, the systems with complete wander-
ing sets are called complete dissipative systems [13]. Thus, complete dissipative
systems are Fredholm if and only if they are invertible.
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Abstract. We investigate partial differential equations on hypersurfaces writ-
ten in the Cartesian coordinates of the ambient space. In particular, we gen-
eralize essentially Lions’ Lemma, prove Korn’s inequality and establish the
unique continuation property from the boundary for Killing’s vector fields,
which are analogues of rigid motions in the FEuclidean space. The obtained
results, the Lax-Milgram lemma and some other results are applied to the
investigation of the basic Dirichlet and Neumann boundary value problems
for the Lamé equation on a hypersurface.
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Introduction

Partial differential equations (PDEs) on hypersurfaces and corresponding bound-
ary value problems (BVPs) appear rather often in applications: see [Hal, §72]
for the heat conduction by surfaces, [Arl, §10] for the equations of surface flow,
[Cil], [Ci3],[Ci4], [Ko2], [Gol] for thin flexural shell problems in elasticity, [AC1]
for the vacuum Einstein equations describing gravitational fields, [TZ1, TW1] for
the Navier-Stokes equations on spherical domains and spheres, [MM1] for minimal
surfaces, [AMM1] for diffusion by surfaces, as well as the references therein. Fur-
thermore, such equations arise naturally while studying the asymptotic behavior of
solutions to elliptic boundary value problems in a neighborhood of conical points
(see the classical reference [Kol]).

The investigation was supported by the grant of the Georgian National Science Foundation
GNSF/ST07/3-175.
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By a classical approach differential equations on surfaces are written with the
help of covariant and contravariant frames, metric tensors and Christoffel symbols.
To demonstrate a difference between a classical and the present approaches, let us
consider an example. A surface . can be given by a local immersion

0:w—., wcR" (0.1)

which means that the derivatives {gk = Bk@}z;ll , constituting the covariant
frame in the space of tangent vector fields to the surface ¥'(.%), are linearly in-
dependent. In equivalent formulation that means the Gram matrix G (2) =
[95%(2))n-1xn—1, gjr = (g;,9x) has the inverse G} (2) = [¢7*(2)]n-1xn-1,
g% = (g7, g*), where {gk}Z;l1 is the contravariant frame and is biorthogonal to
the covariant frame <gj,gk> =0jk, j,k=1,...,n— 1. Hereafter

n
FU V) =>"UJV), U=U>.... UuN"er”, Vv=W.. V)T er®
j=1

denotes the scalar product. The Gram matrix G (2) is also called covariant
metric tensor and is responsible for the Riemannian metric on ..

The surface divergence and gradients in classical differential geometry (in
intrinsic parameters of the surface .7’) read as follows:

divo U = [det G 7?3 0{ [der @) P07},
=1

n—1 ) n—1 (02)
Vo= Y (@0;f)or, U= Ulg;
J,k=1 j=1

(see [Ta2, Ch. 2, §3]). The intrinsic parameters enable generalization to arbitrary
manifolds, not necessarily immersed in the Euclidean space R".

A derivative 977 : CH(¥) — C}(#) along some tangential vector field
U € ¥() is called covariant if it is a linear automorphism of the space of
tangential vector fields

oF - V(S) — V(). (0.3)

The covariant derivative of a tangential vector field V' = Z;L:_ll Vig;, € V()

along a tangential vector field U = Z;L:_ll Ulg; € V() is defined by the formula
n—1

oGV =nr00Vi= Y [UVT) + 6070,V g, (0.4)

J.k,m=1

where '} (z) are the Christoffel symbols

h0) = Ohgy (), 97 @) = 30 0 [hgsale) + Dy0k0 () — Dy ()]

=T (). (0.5)
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The calculus of differential operators on hypersurfaces presented here is based
on Giinter’s derivatives. The definition applies the natural basis

el =(1,0,...,0)",...,e"=(0,...,0,1)" (0.6)

in the ambient Euclidean space R™ and the field of unit normal vectors to the
surface .%
O ) A A S
S im £ SO N ARG (O7H(@))
91071 (2) A A g1 (071 (2))]

where UM A+ AUMY (or also UM x -+ x UM™Y denotes the vector product
of vectors U(l)7 ey U™ YR Ifa hypersurface . in R™ is defined implicitly

x e, (0.7)

y:{ggew: Wy(%)ZO}, (0.8)

where U5 : w — R is a C*-mapping (or is a Lipschitz mapping) which is regular
V U(2) # 0, then the normalized gradient

v(iz): ==t V.o (2)

=T VU ()] z eSS (0.9)

coincides with the outer unit normal vector provided the sign * is chosen appro-
priately.

The collection of the tangential Giinter’s derivatives are defined as follows
(cf. [Gul], [KGBB1], [Dul]);

@j = 8j — uj(%)&, = 8dj . (010)

Here 0, = Z;L=1 v;0; denotes the normal derivative. For each 1 < j < n, the
first-order differential operator %; = J4 is the directional derivative along the

tangential vector d’ := 7. €7, the projection of €/ on the space of tangent vector
fields to .. Here

Ty R = ¥V (F), 7mot)=T1—-vtw' (t)= [0 — vitw()], ., tesS
(0.11)
defines the canonical orthogonal projection 72, = 75 onto the space of tangent
vector fields ¥ () and (v, m»v) = 0 for all v € R™.
For tangential vector fields V € ¥() and U € ¥ () we have representa-
tions

n

V= zn: Viel = zn: Vid, U= i Uje’ = Uld’. (0.12)
j=1 j=1 =1

j=1

The surface gradient V & and the surface divergence div »U are defined as follows

Vo= (Z1p,.... 7).,  diveU;=Y_ Z;U} (0.13)

Jj=1
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(cf. (0.2)) while for the derivative of a vector field V along U and the corresponding
covariant derivative we have the formulae

oV => UV, oGV => U7’V (0.14)

j=1 j=1
(cf. (0.4)). Here @Jy s V() — V() is the covariant Giinter’s derivative
DIV =159V =9V — (v, 2;V)v, j=1,...n (0.15)

The Lamé operator £ on .¥ is the natural operator associated with the
Euler-Lagrange equations for a variational integral. The starting point is the total
free (elastic) energy

£1U] :—/yE(y,@yU(y))dS, 97U = [(27U))] . Uev(s),

(0.16)
ignoring at the moment the displacement boundary conditions (Koiter’s model).
Equilibria states correspond to minimizers of the above variational integral (see
[NH1, §5.2]). The kernel E = (& ,», Def ) depends bi-linearly on the stress 6 » =
[Gj k]nxn and the deformation 2 tensors. The following form of the important

deformation (strain) tensor was identified in [DMM1]

U=> Uld e V(¥), jk=1,...,n, (0.17)

j=1

Def o (U) = [9,(U)]

nxn’

1 1 -
25(U) =, [(27U)+(270)9] = ) [@kUJ‘? + 200+ Y U?n@m(yjyk)} ,
m=1
where (27U}, := (27U, e*). Hooke’s law states that & = T Defy for some

linear fourth-order tensor T := [Cjk-gm] which is positive definite:

nxnxnxn’

n

(T¢,C) == > cijreijCre = Co Y [Gij|* == Col¢[ (0.18)

i,j,k,b=1 ij=1

for all symmetric tensors (;; = (;; € C, ¢ = [C,'j]nm. Moreover, T has the
following symmetry properties:
Cijkt = Cijek = Chtij Vi, g,k L. (0.19)

The following form of the Lamé operator for a linear anisotropic elastic medium
was identified in [DMM1]:

%y = Def’, T Defy = [ N wn?7 77| . Uev(#),  (0.20)
em:l nxn
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The adjoint operator to the deformation tensor
y 1 — e , ,
Def8t:= o, > {(Z7) W +W¥]h for s= W (020)
j=1

maps tensor functions to vector functions.
For an isotropic medium

Ciktm = A0 Oim + 11[010km + 6jm ki) (0.22)
and the Lamé operator acquires a simpler form
ZLyU=-\V o diveU + 2uDef’, Def o U
= ung Ay U~ AN+ p)VodiveU — u WU, Uc V() (0.23)
(cf. (0.11) for the projection m»). A, u € R are the Lamé moduli, whereas

HY = —divov == P =TWy, Wo=—[D

Jj=1

(0.24)

nxn '

Note, that % := (n — 1)"'#0 represents the mean curvature of the surface
S Wy is the Weingarten curvature tensor of .; Figenvalues of # o, except one
which is 0, represent all principal curvatures of the surface ..

Note, that Giinter’s derivatives were already applied in [MM1] to minimal
surfaces and in [Gul], [KGBB1] to the problems of 3D elasticity.

We believe that our results should be useful in numerical and engineering
applications (cf. [AN1], [Bel], [Cel], [Col], [DaL1], [BGS1], [Sm1]). Having in mind
applications, equations in Cartesian coordinates are simpler for approximation and
numerical treatment.

The paper is organized as follows. § 1 is auxiliary. In § 2 we prove generalized
Lions’ Lemma for the Bessel potential spaces H (") on a hypersurface with and
without boundary. The result is applied to the proof of important Korn’s inequality
for Killing’s vector fields.

In §3 we investigate Killing’s vector fields, which constitute the kernel of
the Lamé operator and represent analogues of rigid motions in R™. The most
important result there states that the class of Killing’s vector fields has the unique
continuation property from the boundary: if such a field vanishes on a set of
positive measure on the boundary of a hypersurface with boundary, it vanishes
on this hypersurface identically. The result is applied to prove further Korn’s
inequality “without boundary condition” and to the investigation of basic BVPs
for the Lamé equation.

In §4 we prove the ellipticity of the Lamé operator, which follows also from
the Garding’s inequality

(Z7U,U) 5 > Ci|[UH(S)|* = Col|U L2 (7).
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For a hypersurface without boundary . the kernel Ker s coincides with the
space of Killing’s vector fields. Moreover, the operator Xy + ZI H;(Y) —
HZ—Q(y) is invertible if .¥ has no boundary and is smooth, 1 < p < o0, s € R
and & # 0 is a non-negative function.

In §§ 5-7 we investigate the Dirichlet and the Neumann boundary value prob-
lems for the Lamé operator on a hypersurface with boundary ¢ under a minimal
requirements on the surface. Namely, we require that the immersion © in (0.1) (or
the implicit function ¥ in (0.8)), representing the surface &, has the bounded
second derivative © € (H2,)" (V. € HZ, respectively). The Dirichlet problem

{ZyU:F in ¢,

FcH (%), GeH*T), (0.25)
U|F:G on I':=0.9,

where U = Y77 | U]de € V(€) NHYE)" is the (tangential) generalized dis-

placement vector field of the elastic hypersurface .7, is reduced to an equivalent

Dirichlet BVP with vanishing boundary data G = 0, which, in its turn, is equiva-

lent to the invertibility of the operator

Ly - HY(E) - H(F).

The invertibility is derived from Garding’s inequality proved there. For the inves-
tigation of the Neumann BVP we apply the Lax-Milgramm Lemma, based on the
coerciveness of the corresponding sesquilinear form.

1. Sobolev spaces and Bessel potential operators

Proposition 1.1. (¢f. [DMM1]). The surface divergence div.y and the surface gra-
dient V. (cf. (0.13)) are dual operators (V.o p,U), = —(p,diveU), with
respect to the usual scalar product of (square integrable) vector functions on the
surface

U.v), :/ U@, V(©)dS VU,V e 7 (). (1.1)
7
The Laplace-Beltrami operator A o := diveV . on & writes
Aytp=divy Vop =Y 770 Vo eC*(F). (1.2)
j=1

We remind that the surface gradient V & maps scalar functions to the tan-
gential vector fields

Vg : CHS) — V() C C(,CY) (1.3)

and the scalar product with the normal vector vanishes (v(2),V.op(2)) =0 for
all p € C1(F) and all 2 € 7.



Lions’ Lemma, Korn’s Inequalities and the Lamé Operator 49

Tangential derivatives can be applied to a definition of Sobolev spaces
H™(%), m € N° 1 < p < co on an {-smooth surface . if m < £:

P
HP(.7) = {p € D'(F) : D%p €Ly(), Ya €N, |a] <m}, (1.4)

a o3 (e29)
D = P ... G

The derivative of ¢ € D'(.%) in (1.4) is understood, as usual, in the distributional
sense

(@j(pa ¢)y = (§07 @;¢)y7
where &} is the formal dual operator to Z; (cf. [DMM1]):

Djo=—-Pjo—v;Hoyp, peC(S). (1.5)

The space Hj,(.#) is well defined if . is a Lipschitz hypersurface.
Equivalently, H'(.#) is the closure of the space C*(.) (or of C*°(.%) if %/
is infinitely smooth ¢ = co) with respect to the norm

1/p

le [HZ () 1= | D 1250 | Lo(A)lls| - (1.6)

la]<m

Moreover, H5* () is a Hilbert space with the scalar product

(w0 = 3§ 950 T80, (L.7)

|a|§m5p

As usual, H; ™ () with an integer m € N denotes the space of distributions
of the negative order —m which is dual to the Sobolev space H3"(.%).

We write, as customary, H™(.%) instead of H5*(.%).

To accomplish the definition of the Banach spaces H;”(y ) we need to prove
the following.

Lemma 1.2. For ¢ € C1(.%) the surface gradient vanishes V.o = 0 if and only
if p(2) = const.

Proof. We only have to show that V.o ¢ = 0 implies p(2) = const. The inverse
implication is trivial. Let

=S X[l ={r+tv: e, —-e<t<e}

be the tubular neighborhood of the surface of the thickness 2e, with the middle
surface .. Taking e sufficiently small, we can assume that the domain €25, has
no self-intersections. Any function ¢ € C*(%) is extended as a constant along
the normal vector: ¢(xz,t) := ¢(x), x,t € QF,. Then the normal derivatives are
applicable and vanish: 0, = 0. Therefore the coordinate derivatives also are
applicable and 0;¢(2,t) = Zjp(2) =0forall j =1,...,n and all (2,t) € Q%,.
But this implies ¢(2°) = const and, restricted to the surface, p(2) = v9@(2) =
const. U
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To the equivalence of the norm in (1.6) with the usual one defined by a parti-
tion of unity we only remark that among the “pull back” operators of n covariant
derivatives there always can be selected locally n — 1 linearly independent linear
differential operators of order 1 of the variable 2 € R”~!, which can equivalently
be replaced by the coordinate derivatives 01, ..., 0p—1.

Lemma 1.3. Let ¢ € H*(Q%,) N CY() and vV ¢, 750, ¢ denote the traces on
< of the spatial gradient and of the normal derivative, while V & ¢ denote the
surface gradient. Then

7V @ | La()3 = V.7 0 | La(L)I3 + 17500 9 | L2(S)]I3 - (1.8)
Proof. Indeed,

2 . . 3
IV 0| La()]2 = Z fy Di0(2) Do) dS
- Z 74 0;0(#) = 1;(2)0 0y (2)) O50(2) — v3(2) Dy p(#)) dS

_Z[j[ )d0(27) dS — j{ vi(2)050(2 )0y 2y p(2) dS

j{ (’),,(m)@ VJ( )8 ( dS—‘rl/ fay(m)tp V(m)tp(%)ds

= oV | Lo())? = 1700 ¢ | Lo ()]
and (1.8) follows. O
Lemma 1.4. The operator

Ay, =pl Ay : H(Z) -H(Y), p = const > 0 (1.9)

1s positive definite, elliptic and invertible. For arbitrary s € R the power A;,u
1s a self-adjoint positive definite pseudodifferential operator with a trivial kernel
Ker A, , = {0} in the Sobolev space W' () = H'(F) for allm =1,...,m and
all 1 < p < oo.

Proof. The positive definiteness (also implying self-adjointness, ellipticity and in-
vertibility) of A , follows from Proposition 1.1

(] = B)p,9) 5 = ullo|La(A)? + [V o|La(2)]| = Clle[H! ()]

with C' := min{1, u} > 0. Then the powers Ayw s € R exist and are pseudo-
differential operators (cf., e.g., [Sh1]). We quote [DNS1] (also see [Agl, Du2, Kal]
and [DNS2] for a most general result) that an elliptic pseudodifferential operators
on a manifold without boundary has the same kernel and cokernel in the spaces
Hy' () for allm = 1,...,£ and all 1 < p < oc. O
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Now we are able to define the Bessel potential space H;(Y ) for arbitrary
seRand 1 < p < oo:

Hy () = {o + o |By() | = 1AL | Ly(#) | < oo} . (1.10)

The Sobolev spaces with negative indices H,*(.#), s < 0, 1 < p < oo are dual

to H, (), p' = pf X with respect to the sesquilinear form (¢, 1) (cf. (1.1))

extended by continuity to duality between pairs ¢ € Hz,(y ) and ¢ € H*(.7).

The embeddings H) () C L,() C H,*(), for s > 0, are continuous,
even compact, and for integer-valued parameter s = m the space H,; ™(S) is the
convex linear hull of distributional derivatives of L, (.)-functions:

H"(S) = L{ 2% : ¢ € Ly(&) for all 2% = P - 2, ol <m} .

P

If € is a subsurface with Lipschitz boundary I' = 9¢ # 0, ﬁ;(%) denotes
the space of functions ¢ € Hj(.#), supported in ¢, ¢ C ., where . is a smooth
surface without boundary which extends the surface 4. Let € := € and ¢~ :=
¢° = .\ ¢ denote the complemented subsurface with boundary . = ¢+ U % ~;
the notation H (%) is used for the factor space H;(y)/ﬁ;(%_); the space H (%)
can also be viewed as the space of restrictions rg ¢ = cp| o of all functions ¢ €
H?(.7) to the subsurface ¢ = €.

We refer to [Trl] and [DS1] for details about similar spaces.

2. Lions’ Lemma and Korn’s inequalities

The following generalizes essentially J.L. Lions’ Lemma (cf. [DaLl, p.111], [Tal],
[AG1, Proposition 2.10], [Ci3, §1.7], [Mcl]).

Lemma 2.1. Let .¥ be a 2-smooth hypersurface without boundary in R™. Then the
inclusions ¢ € Hy (), Zyjp e Hy W), for all j =1,...,n imply ¢ € L,(.7).

Moreover, the assertion remains valid for a hypersurface € with the Lipschitz
boundary T := 0€ and the spaces H)' () and ﬂ;l(%)

Proof. First we assume that . is a hypersurface without boundary. The proof is
based on the following facts (cf. [Hrl, Shl, Ta2, Trl]):

A. The “lifting operators” (the Bessel potential operator) A;I,l(%, D) := A;{{z

(cf. Lemma 1.4 and (1.10)), are invertible A;l(%,D)A;}(%,D) = I, map-
ping isometrically the spaces
A (#,.D) : Hp='(S) — H(S), 2.1)
Ag(2,D) + H}(S) — Hp ()

for arbitrary m = 0, T1,... and are pseudodifferential operators of order 1,
respectively.
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B. The commutant
[@j,A;l(z{, D)] := QjA;,l(%, D) — A;l(%, D)9; (2.2)

with the pseudodifferential operator Z; has order —1 and maps continuously
the spaces
[2;,A5 (#,D)] : H,' () — Ly().

The assertion (B) is a well-known property of pseudodifferential operators
and can be found in many sources [Hrl, Shl, Tal, Trl].

Let ¢ € H;l(y), Dip € H;l(y), for all j = 1,...,n. Then, due to
(2.1), ¥ == A} (2,D)p € L,() and, due to (2.2), 2,9 = [Z;,A (2, D))y +
A%l(%,D)@jlgo S ]Lp(y) for all j = 1,...,n. By ‘Ehe definition of the space
H, () = H,() in (1.6) we conclude that ¢» € H,(."). Due to (2.1) we get
finally ¢ = A (2, D)y € L, (7).

If € has non-empty Lipschitz boundary I" # (), there exist pseudodifferential
operators

A=Y (2,D) : HyY(€) — L,y(%),

AN (2, D)+ HyY () — L,y(%),
of order —1, arranging isomorphisms between the indicated spaces, and their in-
verses are A+ (2, D), respectively (cf. [DS1]).

Moreover, the commutants [Z;, AT (2, D)] := 2;A7" (2, D)— A" (2, D)2;
have order —1, i.e., map continuously the spaces [@j,A:I(%,D)] : H;l(%) —
L,(%) and [Z;, A7 (2, D)) : H;Y(%) — L,(%).

By using the formulated assertions the proof is completed as in the case of a
hypersurface without boundary .7. g

(2.3)

The foregoing Lemma 2.1 has the following generalization for the Bessel po-
tential spaces H(.%").
Lemma 2.2. If . has no boundary, is sufficiently smooth, 1 < p < o0, s € R,
m=1,2,... and

pel; (), Z%=2{" Iy eH () foral |al <m,
then ¢ € H(.&7).

Moreover, the assertion remains valid for a hypersurface € with the Lipschitz
boundary I' := 0% and the spaces H>(¢) and H(E).

Proof. Assume first .¥ has no boundary. The proof is based on similar facts as in
the foregoing case:
A. The “lifting operator” (the Bessel potential operator) A, (2, D) := AZi
(cf. Lemma 1.4 and (1.10)) maps isometrically the spaces
Ay(2,D) : Hy() - H;7"(), reR (2.4)

has the inverse AJ'(2°, D) and is a pseudodifferential operator of order r.
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B. The commutant
(24 Ay (2,D)] == 2N, (2,D) — Ny(2,D)P° (2.5)

is a pseudodifferential operator of order |a| + r — 1 and maps continuously
the spaces

(2%, Noy(2,D)] : H)(#) — H)~ 1?74 (7), ¥y eR.

Assume that m = 1. Then ¢ € H™'(.’) and, due to (2.4), (2.5), it follows
that ¢ := A%, ' (2, D)p € L,(), 259 = [2;,A% (27, D)o + A5, (2, D) P €
L,() forall j =1,...,n. By the definition of the space H},(.7’) = H,,(.#) in (1.6)
the inclusion ¢ € H),(.') follows. Due to (2.4) we get finally ¢ = AN (2, D) e
H (7).

Now assume: m = 2,3,... and the assertion is valid for m — 1. Then, due
to the hypothesis, ¢; := Z;¢0 € H;~™ () for j = 1,...,n. Moreover, due to the
same hypothesis,

DY =D Djp e Hy7 () forall [a|<m—1 andall j=1,...,n.

Hence, the induction hypothesis implies that 1; = Z;p € H3~ () for j =
1,...,n. Now it follows from the already considered case m = 1 that ¢ € H5(.*).

If € has the non-empty Lipschitz boundary I' # 0, there exist pseudodiffer-
ential operators

A" (2,D) : H(€) —H"(€),  A(2.D) : H€)—H"(%), (2.6)
arranging isomorphisms between the indicated spaces, and their inverses are
A""(#,D), AT (2, D) (cf. [DS1]).

Moreover, the pseudodifferential operators AT"(2, D) have order —r and
the commutants [2%,A7" (2, D)] :== 2°A7" (2, D) — A7"(2,D)2* have order
|a| —r — 1, i.e., mapping continuously the spaces [2%, AZ" (2, D)|] : H)(¢) —
Hy (@) and (22, A7 (2, D)] < HY (%) — Hy (@),

By using the formulated assertions the proof is completed as in the foregoing
cases. U

Theorem 2.3. (Korn’s I inequality “without boundary condition”). Let ./ C R"
be a Lipshitz hypersurface without boundary, Defo(U) = [Dx(U)], ., be the
deformation tensor (cf. (0.17)) and

1/p

[Defs (U)|Lyp(A)]| = | D DU Lp(A)|7| .  UeH(s) (2.7
j,k=1

for 1 <p<oo. Then

[UfEy| < 3 (UL + [Dets @A) @)
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for some constant M > 0 or, equivalently, the mapping
U [[U[Ly()] +[[Detr @)Lp()] ]
is an equivalent norm on the space H}(.7).
Proof. Consider the space
() = {U = (U1,...,U0,) " : Uj, Djp(U) € Ly(#) forall jk=1,... n}

endowed with the norm (cf. (2.8)):

1/p

[ [E)] = (U Lo ()] + [[Pets U)[Ly ()]|"]

The derivatives here are understood in the distributional sense
1 * 1 *
@5 (U):¥) 5 = o Uk, Zj0) 5 + (U3, Zit) o VW0 € CHS)

(cf. (1.5) for the formal dual operator Z;).

It is sufficient to prove that the spaces H} () and IF]I},(&” ) are identical.
The inclusion HJ(.#") C H/']\III)(y ) is trivial and we only check the inverse inclusion
HL(.7) C HL(S).

To this end take U € HJ(~”) and note that the inclusions U € L, (),
Defo(U) € L,() (ie., @;xU € L, () for all j,k=1,...,n) imply

1 1<
D) =, (20U + 23| = D(U) — o 2 () Ur € Lyp()  (211)
r=1

for all j,k = 1,...,n. Then (cf. [DMM]1, Proposition 4.4.iv] for the commutator
(25, Dr)):

n
P;Ux €W, (F), (25, De)Unm = > [viDavr — vk Dive] DU, € H (S,

r=1

~ ~ ~ 1
-@k@ij = @j@km(U) + .@k@jm(U) — .@m@jk(U) — 9 [.@j, -@k} U,

1 1 _ )
72[@j,9m]ka 2[@;@,@"&%— Ele(y) for jkkm=1,...,n,

Due to Lemma 2.1 of J.L. Lions this implies 2;U,,, € L,() forall j,m=1,...,n
and the claimed result U € H}(.) follows. O

Remark 2.4. The foregoing Theorem 2.3 is proved by P. Ciarlet in [Ci3] for the
case p = 2, m = 1, manifold without boundary, for curvilinear coordinates and
covariant derivatives.

A remarkable consequence of Korn’s inequality (2.8) is that the space

HL(.) = {U: (U,...,U.) " 2 Uy, DU € Lp(:7) for allj,kzl,...,n}
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(cf. (1.6)) and the space ﬁ;(ﬂ) (cf. (2.9)) are isomorphic (i.e., can be identified),

n(n+1)

although only < n? linear combinations of the n? derivatives DUy,

j,k=1,... n participate in the definition of the space I/E\]I}Q(y)

3. Killing’s vector fields and the unique continuation
from the boundary

Definition 3.1. Let . be a hypersurface in the Fuclidean space R™. The space
() of solutions to the deformation equations

D, (U) = ; (27U + (77U

1 n
=, [%UJ‘? + 2,00+ Y U?,L@m(ujyk.)} =0, (3.1)

m=1

U= U)dc?(¥), jk=1,..n
j=1
(cf. (0.17)) is called the space of Killing’s vector fields.

Killing’s vector fields on a domain in the Euclidean space 2 C R™ are known
as the rigid motions and we start with this simplest class.

The space of rigid motions Z(2) extends naturally to the entire R™ and
consists of linear vector functions

V(z) =a+ %, B = bkl . a€eR", zeR", (3.2)
where the matrix Z is skew symmetric
0 bi2 bi3 o bime2) b1
—b12 0 ba1 o bimes)  bam—2)
B = = —A"(3.3)
—bi(n—2) —ban-3) —bzm-a) - 0 bin—1)1
=bin-1) —bam-2) —b3m-3) - —bm-1)1 0

with real-valued entries bj;, € R. For n = 3,4,... the space Z(R") is finite-
—1 1
dimensional and dimZ(R") = n + n(n2 ) = n(n; )
Note that for n = 3 the vector field V € Z(Q), Q C R?, is the classical rigid

displacement

Vz)=a+PBr=a+bAz, 0 —bs by
% = b3 0 7()1 . (34)
b= (bl,b27b3)T S RS, T € Q7 7b2 b1 0

Definition 3.2. We call a subset .Z C R™ essentially m-dimensional and write
essdim.# = m, if there exist m + 1 points 2°, 2!,--- , 2™ € .# such that the
vectors {5{] - %0};”:1 are linearly independent.
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Note, that any m-dimensional subset .#Z C R is essentially m-dimensional,
because contains m linearly independent vectors. Moreover, any collection of m+1
points in R (a 0-dimensional subset!) is essentially m-dimensional, provided these
points does not belong to any m — 1-dimensional hyperplane.

Proposition 3.3. Let
Def(U) = [2% ()] (3.5)

nxn
1 n .
D.U) =, [@kU;? + ajU,S}, U=> vl
j=1

be the deformation tensor in Cartesian coordinates.

The linear space Z(R™) of rigid motions (of Killing’s vector fields) in R"
consists of vector fields K = (K?,..., K0)T which are solutions to the system
200, (K)(z) = 0K} () + 9;K(x) =0 2z €. forall jk=1,...,n.(3.6)

If a rigid motion vanishes on an essentially (n — 1)-dimensional subset
K(z) =0 for all # € M, essdim.# = n — 1, or at infinity K(z) = o(1)
as |x| — oo, then K wvanishes identically K(x) =0 on R™.

Proof. The proof can be retrieved from many sources. We quote only two of them
[Ci2, KGBB1]. O

Remark 3.4. For the deformation tensor in Cartesian coordinates Def(U) (cf. (3.5))
in a domain Q C R™ Korn’s inequality

, l<p<oo (3.7)

JU L@ < M [JUL,@)]” + [Per@) @]

with some constant M > 0 is well known and is proved, e.g., in [Ci2] (cf. (2.7) for
a similar norm).

In contrast to the rigid motions in R™ nobody can describe Killing’s vector
fields on hypersurfaces explicitly so far. The next Theorem 3.5 underlines impor-
tance of Killing’s vector fields for the Lamé equation on hypersurfaces. Later we
investigate properties of Killing’s vector fields to prepare tools for investigations
of boundary value problems for the Lamé equation.

Theorem 3.5. Let . be an {-smooth hypersurface without boundary in R™ and
€ > 2. The Lamé operator L for an isotropic media (cf. (0.23))

Ly IS - H7H(S) (3.8)
1s self-adjoint L% = Lo, elliptic, Fredholm and Ind Z» = 0 for all 1 < p < o0
and all s € R, provided that |s| < £.
The kernel of the operator Ker.Zy C H5 () is independent of the parameters
p and s, coincides with the space of Killing’s vector fields

Ker Ly ={U € V() : LU =0} = Z(Y) (3.9)
and, therefore, is finite-dimensional dim Z(.%) = dimKer Ly < co.
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If . is C* smooth, then the Killing’s vector fields are smooth as well
A(S) C C=(S).

L is non-negative on the space H'(.) and positive definite on the orthog-
onal complement HL,(.7) to the kernel Z(.) = Ker L

(Z5U,U), >0 foral UeH (¥), (3.10)

(LU, U), > C|UHNS)|]® forall UecHL(¥), C>0. (3.11)
Moreover, the following Garding’s inequality
(Z7U,U), 2 CL|UHNS)|]? — CollUH ()] (3.12)

holds for all U € HY(), with arbitrary 0 < r < £ and some positive constants
Cy >0, C1 >0.

The proof will be given later, in §4. Here we draw the following consequence.
Corollary 3.6. Let . C R"™ be a Lipschitz hypersurface without boundary,
Defy(U) := [2;x(U)]
be the deformation tensor (cf. (0.17)) and the norm
|Def o (U)|La(.7) |

nxn

be defined by (2.7).
Then the following Korn’s inequality

[Defs (U)|La(2)|| = ¢|UH' ()| VU € Hyp(¥) (3.13)
holds for some constant ¢ > 0 or, equivalently, the mapping
U — ||Defy (U)|Lo ()|

18 an equivalent morm on the orthogonal complement ng(y) to the space of
Killing’s vector fields.

Proof. Due to Korn’s inequality (2.8) for p = 2
|U[La()|* = 2 | [U[E()|[* — [U]E () ] |Detr ()| La()] ]

the mapping Def s : HL () — La(.¥) is Fredholm and has index 0. The inequal-
ity (3.13) follows since the mapping is injective (has an empty kernel). O

Let us recall some results related to the uniqueness of solutions to arbitrary
elliptic equation.

Definition 3.7. Let Q be an open subset with the Lipschitz boundary 9 # () either
on a Lipschitz hypersurface . C R" or in the Euclidean space R" 1.

A class of functions % (Q2) defined in a domain €2 in R™, is said to have the
strong unique continuation property, if every u € 7/ () in this class which vanishes
to infinite order at one point must vanish identically.
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If a surface % is C'°°-smooth, any elliptic operator on . has the strong
unique continuation property due to Holmgren’s theorem. But we can have more.

Lemma 3.8. Let .7 be a C%-smooth hypersurface in R™. The class of solutions to a
second-order elliptic equation A(2, Z)u = 0, with Lipschitz continuous top-order
coefficients on a surface & has the strong unique continuation property.

In particular, if the solution u(2) = 0 vanishes in any open subset of . it
vanishes identically on entire ..

Proof. The result was proved in [AKS1] for a domain  C R™ by the method of
“Carleman estimates” (also see [Hrl, Volume 3, Theorem 17.2.6]). Another proof,
involving monotonicity of the frequency function was discovered by N. Garofalo
and F. Lin (see [GL1, GL2]). A differential equation A(2, Z2)u(2) = 0 with Lips-
chitz continuous top-order coefficients on a C2-smooth surface .7 is locally equiva-
lent to a differential equation with Lipschitz continuous top-order coefficients on a
domain © C R"~1. Therefore a solution u(2°) has the strong unique continuation
property locally (on each coordinate chart) on ..

Since .7 is covered by a finite number of local coordinate charts which inter-
sect on open neighborhoods, a solution u(2°) has the strong unique continuation
property globally on .7 g

Remark 3.9. If the top-order coefficients of a second-order elliptic equation
A(2,2)u = 0 in open subsets Q@ C R™, n > 3, are merely Holder continuous,
with exponent less than 1, examples due to A. Plis [P11] and K. Miller [Mil] show
that a solution u(x) does not have the strong unique continuation property.

Lemma 3.10. Let € be a C%-smooth hypersurface in R™ with the Lipschitz boundary
I':= 0% and v CT be an open part of the boundary T'. Let A(2, D) be a second-
order elliptic system with Lipschitz continuous top-order matriz coefficients on a
surface & .

The Cauchy problem

Az, 2)u=0 on ¢, ueHY(Q),
u(s) =0 for all 5 €7, (3.14)
(Ovu)(s) =0 for all 5 €7,

where V' is a non-tangent vector to ', but tangent to .7, has only a trivial solution
u(2) =0 on entire ..

Proof. With a local diffeomorphism the Cauchy problem (3.14) is transformed into
a similar problem on a domain ¢ R"~! with the Cauchy data vanishing on some
open subset of the boundary v C T" := 01.

Let us, for simplicity, use the same notation v C I' = 0f), the non-tangent
vector V' to ~, the function u and the differential operator A(x, 2) for the trans-
formed Cauchy problem in the transformed domain 2. Moreover, we will suppose
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that v is a part of the hypersurface 1 = 0 (otherwise we can transform the do-
main ) again). We also use new variables t = x; and = := (z2,...,2,-1). Then
(0,z) € v while (¢,z) € Q for all small 0 < ¢ < ¢ and some z € (V.

Thus, the natural basis element e* (cf. (0.6)) is orthogonal to v and, therefore,
el = c1(2)V(0,2) + c2(z)g? (z) for some unit tangential vector g’(z) to v for all
x € ¥ and some scalar functions ¢ (x), cz(z). Then, due to the third line in (3.14),

(01)(0,2) = 0giu(0, ) = c1(z)Oyu(0,z) + co(x)dg’u(0,2) = 0
because any derivative along tangential vector to  vanishes dg’7u(0, z) = 0 due to
the second line in (3.14).
The second-order equation A(t, z; Z) can be written in the form

A(t,z, D)u = A(t, z; €M) 0%u + A1 (t, z; D)Oyu + As(t, z; D), D := —i0,,
where A (t,7;e!) is the (invertible) matrix function, A;(t,z; D) and As (¢, x; D)
are differential operators of orders 1 and 2 respectively, compiled of derivatives 0,
x € V. Therefore, if AY(t,x; D) := A™'(t, ;e )A;(t,z; D), j = 1,2, the Cauchy
problem (3.14) transforms into

O2u(t, x) + AYt, 2; D)owu(t, x) + AS(t, x; D)u(t,z) =0 on (t,x) € Q,

u(0, x) =0 forallzeQ, (3.15)

(Opu)(0, ) =0 forallxze(,

where Q. 1= (0,¢) x Q' C Q, u € H'(Q.) and v := {(0,z) : z € V'}.

Now let us recall the inequality (see [Mizl, § 4.3, Theorem 4.3, §6.14], [Sch1,
§4-7, Lemma 4-21]): There is a constant C' which depends on € and A(¢, z; D) only
and such that the inequality

/ e*M|v(t,x)|2dtdx§C/ e M(A(t, z; D)v)(t, 2)|?dt da, (3.16)
Q. Q.

holds for A(t,z; D)v € La(9.), v € C*°(Q); moreover, v(t, z) should vanish near
t = ¢ and should have vanishing Cauchy data v(0,2) = (9;v)(0,z) = 0 for all
x e .

Let p € C?(0,¢) be a cut-off function: p(t) = 1 for 0 <t < /2 and p(t) =0
for 3e/4 <t < e. Then v := pu € H'(€2,) and since A(t,z; D)u = 0 on ., we get

A(t, z; D)(pu) = pA(t, 2; D)u + (02 p)u + (0¢p)Osu + (0¢p) AL (¢, z; D)u

=(0%p)u + (01p)0su + (Orp)AY(t, 2; D)u.
We have asserted u € H'(Q.), p € C? and this implies (97p)u € H' () C
L2(Qe), (0:p)0ru € La(9:). Note, that (0:p(t) vanishes for 0 < t < £/2. Therefore
(0¢p)A(t, x; D)u vanishes in a neighborhood of the boundary v C T. Due to a
priori regularity result (cf. [LM1, Ch. 2, §3.2, §3.3]), a solution to an elliptic
equation in (3.15) has additional regularity u € H?(QY) for arbitrary QY properly
imbedded into €. This implies (9;p)A{ (¢, z; D)u € La(€:) and we conclude

A(t,z; D)(pu) € La(92.). (3.17)
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Introducing v = pu into the inequality (3.16) we get

// M| (1) (t,x)|2dtdx§/ =M p(t)ult, 2)|2dt dx
/ Q

3e/4
<C// e M(A(t, x5 D))p(t)ult, z)|*dt de.

This implies for A > 0

// u(t, o) |?dt de < e~ A6/4/ |(A(t, z; D)) p(t)u(t, x)|* dt da < Cre= /4,

where, due to (3.14), C1 > 0 is a finite constant. By sending A — oo we get the
desired result u(t,z) = 0 for all 0 < ¢ < e/4 and all x € . Since u(x) vanishes
in a subset of the domain ), bordering 7, due to Lemma 3.8 the solution vanishes
on entire ) (on entire ¥). O

Due to our specific interest (see next Lemma 3.12) and many applications, for
example to control theory, the following boundary unique continuation property
is of special interest.

Definition 3.11. Let .% be a Lipschitz hypersurface in R"™ and 4 C . be a sub-
surface with Lipschitz boundary I' = 0%.

We say that a class of functions % () has the strong unique continuation
property from the boundary if a vector function U € % () which vanishes U (s) =
0, Vs € v on an open subset of the boundary v C I', vanishes on the entire %.

Lemma 3.12. Let .¥ be a C?-smooth hypersurface in R™ and € C . be a
C?-smooth subsurface with boundary.

The set of Killing’s vector fields Z#() on the surface € with boundary has
the strong unique continuation property from the boundary.

Proof. Let v CT := 9%, mesy > 0 and U(s) =0 for all s € v C T := 9%. Then
(cf. (3.1))
(Z;UR)(s) + (ZuU})(s) = — 3 Up.(8)Zm (vj(s)vi(s)) = 0,
Ul(s) =0 Vsery, 4k

(3.18)

Among tangent vector fields generating the Giinter’s derivatives {dj (5)};.:11
only n — 1 are linearly independent. One of vectors might collapse at a point
d’ (s) = 0 if the corresponding basis vector e’ is orthogonal to the surface at
s € ., while others might be tangential to the subsurface I', except at least one,

say d"(s), which is non-tangential to v. Then from (3.18) follows
2(2,U)(s) =0 and implies (2,;U2)(s) =0 (3.19)
forall se~v andall j=1,...,n
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Indeed, the vector &/, 1 < j = 1 < n — 1 is a linear combination dj(s) =
c1(s)d"™(s) + ca(s)77(s) of the non-tangential vector d"(s) and of the projection
79 (s) := m,d’ (s) of d’ (5) to the subsurface  at the point s € ~. Since UZ vanishes
identically on +, the derivative (9,;U°)(s) = 0 vanishes as well and (3.19) follows:

(2;U,)(s) = c1(5)(0anUp)(5) + c2(8) (071 Uy} (5) = €1(s)(ZnlU)(5) = 0 Vs € .
Equalities (3.18) and (3.19) imply
(2.U)(s) = —(2;U))(s) =0  Vsey andall j=1,....,n.  (3.20)
Thus, we have the following Cauchy problem
Lo(2, 2)U(2)=0 on %,
U(s)=0 for all se€7, (3.21)
(2,U)(s) = (0anU)(s) =0 forall ser,

where d" is a vector field non-tangential to I'. Due to Lemma 3.10, U(2°) = 0 for
all 2 € €. O

Corollary 3.13. (Korn’s I inequality “with boundary condition”). Let ¥ C R™ be
a C*-smooth hypersurface with the Lipschitz boundary T' := 0€ # 0 and £ > 2,
|s| < €. Then

|U|HS(%)|| < M||Defe (U)[HS1(%)|| VU € H3(%)
for some constant M > 0. In other words: the mapping
U et (@] ()| 3.22)
is an equivalent norm on the space ]ﬁlg(%)

Proof. If the claimed inequality (3.22) is false, there exists a sequence U’ € ﬁ;(%),
j=1,2,...such that

Wﬂm%mzlw:Lm”j@ﬂm@wmmﬂwm:o

Due to the compact embedding ﬂ;(%) C Hi(%) C H3 (%), a convergent subse-
quence UM, U’2, ... in Hfg—l(%) can be selected. Let U® = limy_, o U’*. Then

[Pete )55 ()] = Jim [Dete ()55 (#)] = 0

and U is a Killing’s vector field. Since U (z) = 0 on T, due to Lemma 3.12 U'z) =
0 for all € € which contradicts to HUO‘HZ(%)H =limj—o ||U’* [H (€)||=1. O
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4. A local fundamental solution to the Lamé equation

Proof of Theorem 3.5. Let us check the ellipticity of -Zs. The operator .£s maps
the tangential spaces and the principal symbol is defined on the cotangent space.
The cotangent space is orthogonal to the normal vector and, therefore,

Loz, On = pléP(L—vv " n+A+p)e€ n = pléPPn+N+p)é€n, Vé&n Ly,

Thus, while considering the principal symbol L« (2, £) we can ignore the projec-
tion 7w . With this assumption, the principal symbol of £ reads

Lo (2,6) = plél’ + A+ e’ for (2,6 e T(S). (4.1)

The matrix L (2, €) has eigenvalue (A + 2u)[£]? (the corresponding eigenvector
is £) and y|¢|? which has multiplicity n — 1 (the corresponding eigenvectors 67 are
orthogonal to & €767 = (£,67) =0, j=1,...,n—1). Then

det Lo (2,€) = A+ 2u) [ [ule]" = "1 (A +2p) > 0
for (2, €T (), [£=1

]nfl

and the ellipticity is proved.

The ellipticity of the differential operator Ly = Lo (2,2) in (3.8) on a
manifold without boundary ., proved above, implies Fredholm property for all
1 <p<ocandall s € R.Indeed, Lo (2, 2) has a parametrix R (2, 2), which is
a pseudodifferential operator (¥DO) with the symbol Ry (2,€):=x(£).L," (2,£),
where .2 (#,€) is the inverse symbol and x € C*(R") is a smooth function,
x(€) = 1 for |¢] > 2 and x(§) = 0 for || < 1. YDO Ry (2,2) is a bounded
operator between the spaces

Ry(2,92) : Hy*() — Hi(S), forall 1<p<oo, scER,
because the symbol Ry (2,€) = £,'(2,€) belongs to the Hérmander class
S72(7,R")

P°0 Ry (2,€)| < Caplé| >
for all multi-indices «, 3 € Z7} (cf. [Hrl, Shl, Ta2] for details).
The Fredholm property for the case p = 2 and s = 1 follows from Garding’s
inequality (3.12) as well (cf. [HW1, Thorem 5.3.10] and [Mcl, Thorem 2.33]).
The Fredholm property implies the finite-dimensional kernel
dimKer Lo (2,9) < .

To prove that the index is trivial Ind Z»(2,2) = 0 for all 1 < p < oo,
s € R we apply Garding’s inequality (3.12) and homotopy. For this purpose first
note that the symbol Lo (2, £) is positive definite (cf. (4.1))

(Lo (2, )n,m) = pleP Il + N+ )€ n,m) = pleP Il + A+ 1) > (&ny)?
j=t
> pléPnl?  Vees, VEneR™ (4.2)
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Further recall that the Bessel potential operator A% (2, D) : H () —
H32(.) (cf. (2.4)) lifting the Bessel potential spaces, has positive definite symbol

(Ao (2, m,m) = ClEPM?  Vaes, VEneER” (4.3)

(cf. [DS1]). Now consider the symbols B (2,&) = (1 — 7).Ly(2,€) + TAL(2,€)
and the corresponding YDO

B (#,2) = (1= 1) Los(2,9) + A% (2,9) : H(S) - HHS).  (44)

Obviously, B.(2,92) is a continuous (with respect to 0 < 7 < 1) homotopy
connecting the operator Bo(2,9) = Ly (2,9) with Bi(2,2) = A% (2, 2).
Since the symbol B, (2, &) is positive definite

(B-(2,&)n,n) > [(1 = )u+7CYEPIN> VE neR”

(cf. (4.2) and (4.3)), it is elliptic and the operator B,(2, %) is then Fredholm
for all 0 < 7 < 1. Then Ind.Z»(2,%) = Ind Bo(2,%) = IndBy(2,9) =
Ind A% (2, %) = 0, since the operator A%, (2, 2) is invertible.

From the representation (0.23) follows that the bilinear form (£»U,U) ., is
non-negative

(ZoU,U), =Ndivy diveU,U) , + 2u(Defy,Def o U, U) ,

= \||divo U Lo (2)||* + 20| Def UlLa ()| =0 (45)

cf. (3.10)) and only vanishes if U is a Killing’s vector field Def»U = 0. Indeed,
DU = (@fﬂU)? =0,j=1,...,n,if DefU = 0 and, due to (0.13),

n

div,U=3 709 =3 9,00 + ; S ou()? =3 (27U° =0 (46)
j=1 j=1 j=1 j=1
VU € Z(7)

since |v(2)| = 1. Thence, due to (4.5), Z() C Ker Z». The inverse inclusion
follows also from (4.5) because Def»(U) = 0 it Lo (2, 2)U = 0. This accom-
plishes the proof of (3.9).

The estimate (3.11) is a direct consequence of (3.10) and of (3.9): Since
the operator £y is Fredholm, self-adjoint and Ker ¥y = Z(.¥), then also
Coker Lo = Z#() and, therefore, the mapping

Ly : HYy(S) — H, ()

is one-to-one, i.e., is invertible. The established invertibility implies the claimed
inequality (3.11).

A priori regularity property of solutions to partial differential equations (cf.
[Ta2, Hrl]) states that the ellipticity of (2, Z) provides C*(.#)-smoothness of
any solution K to the homogeneous equation .Z» (2, 2)K = 0 (the hypersurface
7 is C*-smooth). Due to the embeddings Hy () C Hp(), s <7, p < g, then
the kernel Ker Z» (2, 2) is independent of the space H;(.7") provided that the
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spaces are well defined, which is the case if |s| < £ (cf. [Agl, Du2, DNS2, Kal] for
similar assertions).
In particular, the Killing’s vector fields Z () = Ker ZL» (2, 2) are smooth
H(S) C C(7) provided that the hypersurface .7 is C'*°-smooth.
Let {Kj};nzl be an orthogonal basis (K, K), = dj; in the finite-dimen-
sional space of Killing’s vector fields #Z(.¥). Let
m
TU(2):=)» (K;U), K;(z), 2¢c. (4.7)
j=1
Due to the proved part {Kj};nzl C CY.#) and the operator T is smoothing
T : H " () — H" () (is infinitely smoothing if £ = c0). Then, the operator
Lo+ T : H(Y) - H (¥)
is invertible and non-negative
m
(Ly +T)U,U) = (Z5U.U)y + Y (K;,U)% 20
j=1
(cf. (4.5)). This implies that .Z» + T is positive definite
(£5U.0), + TIU.U); > iU ()]
and we write
(Z+U,U), = (Zsy+T)U,U), +(TU,U),
> o||[ulE ()| + (TU, V),
2 -Tr
> C|UHYS)||” - Co|UH" ()
which proves (3.12). O

I°

Remark 4.1. Garding’s inequality (3.12), but in a weaker form r = 0, is a direct
consequence of the inequality (4.5) and Korn’s inequality (2.8) for p = 2.

Theorem 4.2. Let . be a {-smooth hypersurface without boundary, ¢ > 2 and
% € C'(R™) be a real-valued and non-negative % > 0 function with non-trivial
support messupp & # 0.

The perturbed operator

Lo(x,9)+ BI : Hg“(&”) — Hgfl(Y) (4.8)
is invertible for all 0] <€ —1 and all 1 < p < 0.
Proof. The principal symbol of the operator Z»(2,2) + BI in (4.8) ignores
lower-order terms and coincides with £ (2,&) and is elliptic (cf. Theorem 3.5).
Therefore on the hypersurface without boundary .7 the operator L (2, 2)+ BI

in (4.8) is Fredholm for all § = 0,1, ... (cf. Theorem 3.5). On the other hand, if
(& (2, 2)+ BIU = 0, then

0= ((XY(%PQ) +<%})U7U).5’ = (35’(%7@)U7U)y + (‘%}UvU)Y
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and (3.10) implies that (ZU,U) ,, = 0. Since # > 0, the obtained equality implies
U =0 for all 2 € suppZ and, due to the strong unique continuation property
U =0 (cf. Lemma 3.8).

Thus, the operator

Lo(2, D)+ BI . H(F) - H L (S) (4.9)

has the trivial kernel Ker (Z»(2,92) + BI) = {0}. Since Ly (2,2) + AI is
formally self-adjoint (cf. Theorem 3.5), the same is true for the dual operator
and Coker (Zy(2,2) + $I) = {0}. The invertibility of the Fredholm operator
Lo(x,2)+ PBI in (4.9) for p =2 and 0 = 0 follows.

The invertibility of Lo (2, )+ AI in (4.9) for arbitrary p and 6 is a conse-
quence of the ellipticity of L (2, Z) + I (cf. a similar arguments in the proof
of Theorem 3.5). O

Corollary 4.3. Let .# be a C*°-smooth hypersurface in R™ and € C . be a proper
subsurface S\ € # 0. Then Ly (2, 2) has a fundamental solution on ., which
we call a local fundamental solution on €, viewed as the Schwartz kernel of the
inverse operator to Lo (2, 9) + BI, where supp B C S\ €.

Proof. The Schwartz kernel ¥ (2, T) of the inverse operator to Ly (2, D)+ B,
satisfies the equality

Lo, D) Hr =06(2)], x €€

since #(2) =0 for 2 € €, and can be viewed as a local fundamental solution of

Lo(2,2) on €. O

Remark 4.4. The operator Lo (2, 2) itself has a fundamental solution on the
entire hypersurface . if and only if the space of Killing’s vector fields on . is
trivial 2(.#) = {0}. The situation is essentially different from the case of the
Euclidean space R™, where the condition at infinity

U(z)=0(1) as || — oo

eliminates the kernel of any linear partial differential operator with constant coef-
ficients and the fundamental solution (the inverse operator) exists.

A compact hypersurface with certain symmetry might possess non-trivial
Killing’s vector fields.

5. BVPs for the Lamé equation and Green’s formulae

Throughout the present section, if not stated otherwise, .7 is a C2-smooth surface,
¢ C . denotes a C?-smooth subsurface with the Lipschitz boundary 9% = T" # ()
and r¢ is the restriction to the surface . Under the operation r¢ %y (2, 2)U
on a function (distribution) U € H3 (%) is meant that the operator r4 L% (2, 2)

acts on a vector function U extended to a function U € H(#) on the entire

surface, U = U. Since L (2, 9) is a local (differential) operator, the result
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is, after restriction, independent of the extension. Moreover, % (2, 2) does not
extends supports of vector functions: if suppU C € then supp ZL¢ (2, 2)U C €.
Therefore we will drop the restriction operator r¢ and write (L (2, 2)U)(2)
for all 2 € ¥.

We can not relax the constraint on a surface € (we remind that the underlying
surface is C2?-smooth), because in the definition of equation

L2, 2)U=F, UecH(¢), FecH (%), (5.1)

is participating the gradient V.ov = [Z;14], ., of the unit normal vector field v

(see (0.20)—(0.24)). v(2) is defined almost everywhere on € is just C''-smooth.
We can actually require that .# is H2, (i.e., corresponding parameterizations of
the surface have, instead of continuous, bounded second derivatives).

Equation (5.1) is actually understood in a weak sense:

(ZLe(2,2)U, V), := (TDefeU,Defe V), = (F,V),, (5.2)

YU e H(%),V e H'(%).
In particular, for the Lamé operator in isotropic media we have

VV € HY(.S)
(cf. (0.23)).
Let vp = (V%, . VF)T be the tangential to 4 and outer unit normal vector
field to T

If a tangential vector field U € H,(4") N ¥ (%) denotes the displacement, the
natural boundary value problems for % are the following:

I. The Dirichlet problem when the displacement is prescribed on the boundary
(Ze(2,2)U)(2) = F(2), Z €T,
{ U+(T) =G(71), Tel,
FeH'(¢), GeH/*T), UecH (%),

(5.4)

the first (basic) equation in the domain is understood in a weak sense (see
(5.2), (5.3)) and

YU :=U" (5.5)

is the Dirichlet trace operator on the boundary.
II. The Neumann problem when the traction is prescribed on the boundary:

{ (Le(2,2)U)(2) = F(2), 2 €T,
(T4 (vr, 2) U)* (1) = H(7), Tel,
FeH '(¥), HeH '*T), UecH(?);

(5.6)
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here
’Y]—i\}U: (1%(1/{‘7@) U)+7 (57)

Te(vr, 2)U :=—\(diveU)v pr;LZ{ W+ ALv)D(U)}_, (5.8)

j=1
= —uZu U — (A + p)(diveU)vr (5.9)
is the Neumann trace operator on the boundary (the traction) with
n
Do =Y NDjo. o eH(P) (5.10)
j=1

In Lemma 7.3 below it will be shown that the trace vy U exists provided
that U is a solution to the basic (first) equation in (5.6).
A crucial role in the investigation of BVPs (5.4)—(5.10) belongs to the Green
formula.

Theorem 5.1. Let € CY(.S) and €+ =€, €~ = €° = & \ € denote the
complemented surfaces with boundary &/ = €T U % .
For a solution to the equation

ZLU+BU=F, FecH (¢, UecH'(¢?) (5.11)
(for =0 cf. (5.1) and the basic equations in (5.4)—~(5.10)) the following Green

formula are valid

(Ze+#DVYV) s o (Lo + BNV V() d5
: X (5.12)
—+ $ AUV ds + E2U.V),

AMdive U, dive V) + 21 (Defg U, Defy V) + B(U, V)| dS

i
s~ C
s

(5.13)
=> Wy, U=> Uld, V=) Vid cH(€)n7(%),
m=1

j=1 j=1
Here the index * denotes the traces on T from the surfaces €% and the scalar
product of matrices is defined as follows:

(M,N) := Te[MN ], M = [Mji)nxn, N =[Njklnxn- (5.14)

Proof. We apply the integration by parts formula
/+<(.@jU),V) ds = ijfyg<Uf,Vf>ds+/ LU (7;V))dS,  (5.15)
¢~ r ¢~

U, Vel (¢Y) j=1,...,n,
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proved in [DMM1] (cf. (1.5) for the formal adjoint &;), and proceed as follows

(Le+2DUV), s = / (Ve diveU + 2uDef,Def U + BU, V) dS

:/ . (AWVe diveU + 2 Z {Z;9;,(U)},_, +BU,V)dS

¢" =

_ [g Ve diveU — 20> {(2; + B AD,(U) Y, +BU.V) dS
" 2

—+ f eUD B V() ds + 62 (U, V),

where T4 (vr, 2) is gives by formula (5.8). We have applied formulae (1.5), (0.21),
(0.15) and the equalities

(U, V) =(U,V), (27)U,V)=(ne ;U V)=(Z;U,V) YV V.

To obtain another representation (5.9) of T (vr, Z) we start by second rep-
resentation of % in (0.23) and proceed similarly. O

6. The Dirichlet BVP for the Lamé equation

Throughout this section € is a C2-smooth hypersurface with the Lipschitz bound-
ary I' = 0¥.

Theorem 6.1. The Dirichlet problem (5.4) has a unique solution U € H(€) for
arbitrary data F € H™Y(€) and G € HY*(I).

The proof will be exposed at the end of the section after we prove some
auxiliary results.

Lemma 6.2. (Garding’s inequality “with boundary condition”). The Lamé opera-
tor

Lp(2,2) : H(€) — H HF) (6.1)
is positive definite: there exists some constant C' > 0 such that
(Le(2, 2)U,U), > C|UH"®)|* VU eH'(%). (6.2)

Proof. Due to (3.11) inequality (6.1) holds for all U € H,(.%), i.e., for U € H'(.¥)
and U ¢ Z(.5). Since U € H'(%) due to the strong unique continuation from the
boundary (cf. Lemma 3.12), all Killing’s vector fields K € H'(%) are identically
0. Therefore, (3.11) holds for all U € H(%). O

Corollary 6.3. The Lamé operator L¢ (2, 2) in (6.1) is invertible.



Lions’ Lemma, Korn’s Inequalities and the Lamé Operator 69

Proof. From the inequality (6.2) follows that % (2, 2) is normally solvable (has
the closed range) and the trivial kernel Ker % (2, 2) = {0}. Since Ly (2, P)
is self-adjoint, the co-kernel (the kernel of the adjoint operator) is trivial as well
Ker % (2, 2) = Ker Lg(2,7) = {0}. Therefore L4 (2, 2) is invertible. O

Definition 6.4. (see [LM1, Ch.2, §1.4]). A partial differential operator
A, 2) =Y a(2)Vy, Vu=2M 95, an€C(€,CNN) (6.3)

la]<m

is called normal on I' if

inf |detory (2, v(2))| #£0, 2el, |{=1, (6.4)
where o7 (x, §) is the homogeneous principal symbol of A
o(w,) = Y aa(z)(—i&)*, z€C, {eR™ (6.5)
|a|=m

Definition 6.5. A system {B;(2, D) ?;& of differential operators with matrix N x
N coefficients is called a Dirichlet system of order k if all participating operators
are normal on I' (see Definition 6.4) and ordB; =4, j =0,1,...,k— 1.

Let us assume % is k-smooth and m < k (m,k = 1,2,...) and define the
trace operator (cf. (5.10)):

R = {yrBiu, ..., yrBuul ", u e Ck®). (6.6)

Proposition 6.6. Let G be k-smooth, 1 < p < oo, m = 1,2,..., m < k and
m < s—1/p & Ny. The trace operator

R+ HE(€) — & Wi~1/P=I(D), (6.7)
j=0
where W}, (€') = By, (%) is the Sobolev-Slobodecki- Besov space (cf. [Tr1] for details)
18 a retraction, i.e., is continuous and has a continuous right inverse, called a core-
traction

(@)™t B W () - Q)

(6.8)
B B) 10 =D, VD€ j%o Wi ().

Proof. The result was proved in [Trl, Theorem 2.7.2, Theorem 3.3.3] for a domain

Q C R"! and the classical Dirichlet trace operator Z,u := {yro,u, ..., yworu} .

In [Du3] the theorem was proved for a domain 2 C R"~! and for arbitrary trace

operator Z,u.

A surface ¢ = Ué-vzl%j is covered by a finite number of local coordinate charts
sxj 1 Q; — 6, Q; C R"1 After transformation, the Dirichlet trace operator
Hmu on a portion €; of the surface transform into another Dirichlet trace operator
on the coordinate domains §2;. Therefore, we prove the assertion locally on each
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coordinate chart 6; C ¢ and, by applying a partition of unity, extend it to the
entire surface €. O

Proof of Theorem 6.1. Let G = (%) G € H'(%) be the continuation of the
Dirichlet boundary data G' € H'/2(T") from BVP (5.4) into the surface € from the

boundary I', found with the help of a coretraction from Proposition 6.6. Then the
Dirichlet BVP

(f%(%7@)ﬁ)(%):Fo(%), 2 €,
~ 4+ (6.9)
U (r)=0, Tel,
Fo:=F — %g(2,2)G e H (%),
is an equivalent reformulation of BVP (5.4) and the solutions are related by the
equality U := U — G. On the other hand, since
H (%) :={UeHY(¥) : U" =0},
the solvability of BVP (6.9) is equivalent to the invertibility of the operator

Zg(2,P) in (6.1). Now the unique solvability of BVP (6.9) (and of the equivalent
BVP (5.4)) follows from Corollary 6.3. O

7. The Neumann BVP for the Lamé equation

Throughout this section ¢ is a C?-smooth hypersurface with the Lipschitz bound-
ary I' = 0¥.

Theorem 7.1. The Neumann problem (5.6) has a solution U € H(€) only for
those right-hand sides F € H=1(T') and H € H_l/Q(F) which satisfy the equality

/F 2)dS = ]{H Nds VK € #(%). (7.1)

If the condztwn (7.1) holds, the Neumann problem has a general solution U =
U’ + K ¢ HY(%), where U® € HY(¥) is a particular solution and K € Z(%) is
a Killing’s vector field.

The proof will be exposed at the end of the section after we prove some
auxiliary results. The proof is based on the celebrated Lax-Milgram lemma.

Lemma 7.2. (Lax-Milgram). Let B be a Banach space and A(p, ) be a bilinear
A(+ ) B x B — R, positive definite form: the inequality

A(p,») 2 Clle|B|1? (7.2)
holds for some constant C > 0 and all ¢ € B. Further let L(-) : B — R be a

continuous linear form (a functional).
A linear equation

A(p, ) = L(¢) (7.3)

has a unique solution ¢ € B for arbitrary i € B.
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Proof. The proof can be retrieved from many sources (cf., e.g., [Ci3, §6.3]), mostly
for symmetric forms (we have dropped this requirement). For a non-symmetric
form the proof can be found in the original paper [LaM1]. O

Lemma 7.3. IfU € H;(%), 1 < p < o0, is a solution to the first equations in (5.6),
then the Neumann trace on the boundary exists and YU = (T4 (vr, 2) U)*t €
Hy /().

Proof. For =0, ¢+ =€ the Green’s formulae (5.12), (5.13) become:
(LU, V) =(0U, 7 V)r +6U,V), (7.4)

EU,V)=\Ndivg U,dive V), + 21 (Defy U, Defy V). (7.5)
Introducing the value Z%(2,%2) U = F into the Green formula (7.4) we
rewrite it
('YJTIU7 VBV)F =(F,V)y —&(U,V),
where V' € H(%) is arbitrary. The bilinear forms (F,V), and &(U,V) are
continuous for F' € H,'(¢) and U € H}(%), V € H), (¢), p' := p/(p — 1); the
bilinear form ((‘Lg(up, 2)U )+, V), is well defined and, by a duality argument,

(T (vr, 2)U) " € B, /7(T) since V* € HL V7 (€) = HL/P(€) is arbitrary. O

Lemma 7.4. The condition (7.1) is necessary for the Neumann problem (5.6) to
have a solution U € H(¢).

Proof. First note that for a Killing’s vector field K € Z(%),

+

Le(2, 2)K =0 and ’)/]-\’}K = (‘Ig(llr, .@)K) = 0. (7.6)

Indeed, if K € Z(%) is naturally extended to K¢ H(S), then Ly (2, 7)K(2) =

Lg(2, D)K(2) =0 for 27 € € (cf. (3.9)) and the first equality follows.

The second equality in (7.6) follows from (5.8) if we recall that Defy (U) = 0
(cf. Definition 3.1) and this also implies diveU = 0 (cf. (4.6)).

Since divgy K = Defo K =0 for K € Z(%), we get

&(K,U) = &(U,K) (7.7)
- / {Mdiw@o U, dive K) + 2 (Defy U, Defy K>] s =0
€

forall U cHY(¢) andall K € %(%).

Introducing into the Green formula (5.12) Z =0, F = %y (2,2)U, V = K €
Z(€) and the obtained equality, we get the claimed orthogonality condition (7.1).
]

Lemma 7.5. The bilinear form (cf. (7.4) and (7.5))
AN(U, V) = (Le(2,2)U, V), — (WU, YHV)r = 6(U, V) (7.8)
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is well defined, symmetric Ax(U,V) = Ay(V,U) for all U, V € HY(%) and
non-negative Ay (U,U) > 0 for U € H'(.#) (cf. (5.13)). Moreover, the form is
positive definite

An(U,U) = Ms|[U[H ()]

YU € HY() (7.9)
on the orthogonal complement HL, () to the finite-dimensional subspace of
Killing’s vector fields Z(€) in the Hilbert-Sobolev space H ().
Proof. The estimate

AUV = |6 V)] < Ul )| VI )]
follows from the definition of the form & (U, V') in (5.13) and proves that Ax (U, V')

is well defined. Moreover, the equality proves that the form is symmetric and non-
negative

An(U,V)=&U,V) = &V,U) = Ay(V,U),

An(U,U)=¢&U,U) > 0.
From (5.12) and (5.13) follows

An(U,U)=&(U,U) = A||divg U [Lo(7)||” + 24| | Defe U|La(2)||?

> 2p||Defe UlLa(2)||° > 2u P |[UHN(2)||? VU € Hy(#) (7.10)
and accomplishes the proof. O
Proof of Theorem 7.1. The space of Killing’s vector fields 2(.¥) is finite-dimen-
sional and consists of continuous vector-fields with bounded second derivatives
(these fields are actually as smooth as the surface %, i.e., are infinitely smooth if .
is infinitely smooth; see Theorem 3.5). Let K1, ..., K,, be the finite-dimensional
orthonormal basis in Z(¢), (K;, K,), = djr, j,r = 1,...,m. Consider the finite
rank smoothing operator TU introduced in (4.7). As we already know the operator
T is symmetric and non-negative:

(TU,V)y = (TV.U)y. (TU,U), =3 (U.K;)s >0 (7.11)
j=1
YU,V e H(%).
Consider the modified bilinear form
AVU.V) 1= (Ze(t, 2) + T)U, V) = XU 75V )
=&U,V)+(TU,V), U,V ecH (%) (7.12)
(cf. (7.4)). The form is symmetric because both summands are
AL (U, V)=&U,V)+ (TU, V)=V, U)+(TV,U), = AT (V,U)
(cf. Lemma 7.5 and the first equality in (7.11)).
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Moreover, the corresponding quadratic form is strongly positive
AL (U, U)=&U,U) + (TU,U), > C||UH (%)|| (7.13)

for some C' > 0. Indeed, Aﬁ(U,U) = 0 due to the positivity of the summands
implies: &(U,U) = 0, and further U € #Z(%) (cf. Lemma 7.5), (TU,U), = 0
and further (U,K;) =0forall j =1,...,m. Then U = Z;nzl (U,K;)K; = 0.
A non-negative symmetric form with the property Aﬁ(U7 U) = 0 if and only if
U = 0 is positive definite.

According to Lax-Milgram’s Lemma 7.2 the equation

AU, V)=(F.V), — (H, V"), (7.14)
has a unique solution U € H!(%) for all V' € H!(%). This solves the problem
{ (L (t,2)U)(t) + TU(t) = F(t), teve, (715)
(Te(vr,2) U)t (1) = H(7), Tel,

which is a modified Neumann’s problem (5.6).

Now assume that the vector functions F € H™Y(%) and H € H~Y/2(T)
satisfy the orthogonality condition (7.1) from Theorem 7.1 and U° € H'(%) be a
solution of (7.15). Since

(TUOaKk)%): (UO7Kk)<g7 AN(UO7Kk) :g(UOaKk) =0 k:1723"'7m
(cf. (7.5)) from (7.14) we get
0= (F.Ki)¢ — (H Ki)p = AR(U°, Ky) = Av(U°, K3) + (TU”, K)
=(U" Ky, k=12....m
Therefore, TU" = >"7* | (U°, K1), K} = 0 and BVP (7.15), which is uniquely
solvable, coincides with BVP (5.6) provided that the right-hand sides satisfy the
orthogonality condition (7.1). Since the kernel of BVP (5.6) coincides with the

space of Killing’s vector fields (%), a general solution of BVP (5.6) has the form
U = U° + K with arbitrary K € Z(€). O

Remark 7.6. If the surface is smooth, by invoking a local fundamental solution to
the Lamé equation (cf. Corollary 4.3) and the potential method, it is possible to
prove that BVPs (5.4), (5.6) and (7.17) have the same solvability properties if the
constraints (5.4) and (5.6) are replaced by the following non-classical constraints

Trs—2 -1 —-1/p—1
Fel%(¢), GeH;V/»(), HeH /"), (7.16)
l1<p<oo, s2>1

and U € H3 (%) is unknown.
Moreover, by the potential method we can investigate the mized problem: find
the tangential displacement vector field U € H;(‘K), prescribed on the part I'p of
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the boundary, while on the remainder part I'y := I'\T'p is prescribed the traction:

(Le(2,2)U)(2)=F(2), 2 €T,
U™ (r) = Go(r), reTp, (7.17)
(Te(vr, 2) U)T (1) = Ho(7), Telyn.

The unique solvability of the mixed problem follows under the following conditions

FcH7X¢), GyeHVP(Tp), HyeH /P (Dy), (7.18)

1 1 1 1
l<p<oo, s2>1, - _<s< + _.
P2 p 2
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Abstract. For solenoidal and irrotational vector fields as well as for quater-
nionic analysis of the Moisil-Théodoresco operator we introduce the notions
of the Bergman space and the Bergman reproducing kernel; main properties
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1. Introduction

1.1. The Bergman spaces and Bergman operators were first introduced for holo-
morphic functions of one complex variable where they proved to be of interest and
importance both for the theory itself and for numerous applications. Of course,
this has led to developments in different directions, in particular, for other classes
of functions: for harmonic functions, for holomorphic functions of several complex
variables, etc.

The present work deals with solenoidal and irrotational, or Laplacian, vector
fields in R?. Although it is known that such vector fields generalize holomorphic
functions in one complex variable, but the generalization is rather formal in the
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sense that any holomorphic function can be considered as a solenoidal and irrota-
tional vector field, and at same time the corresponding theories are quite different
and many properties of holomorphic functions do not have their direct analogs for
vector fields. So instead of working with the whole class of solenoidal and irrota-
tional vector fields we have chosen a subclass of them for which it has proved to
be possible to construct a theory preserving the main structural peculiarities of its
antecedent in one complex variable. How to make the choice was suggested by the
fact that solenoidal and irrotational vector fields can be identified with a subset
of the set of null-solutions of the Moisil-Théodoresco operator which are called
here hyperholomorphic quaternion-valued functions. The matter is that quater-
nionic analysis for the Moisil-Théodoresco operator does preserve a deep analogy
with one-dimensional complex analysis and thus, the latter allows us to conjecture
reasonably for the former.

Thus, as a matter of fact, we have developed the two Bergman-type theories:
the one for the Laplacian vector fields which we consider as our primary goal, and
the other for quaternionic analysis of the Moisil-Théodoresco operator which is a
kind of an auxiliary tool here although of course it has its own undoubted interest
and importance.

1.2. We preferred to divide the whole work in two parts, and this is the first
of them. When talking about Bergman theory for a class of functions we are
interested in finding out, first of all, what are the proper notions of the Bergman
space and the Bergman reproducing kernel for the class of functions as well as
which are their main properties. The other objects of our interest are: what is the
Bergman projection of an Lo-space onto the corresponding Bergman space; what
is the behavior of the Bergman theory for a given domain whenever the domain
is transformed by a conformal map? Section 2 describes the answers to all these
questions for solenoidal and irrotational vector fields, but this is being done on the
level of statements and explanations, without proofs which are postponed until
the last section. The answers for the Moisil-Théodoresco quaternionic analysis
the reader can find in Section 3 which contains both the statements and their
complete proofs. The proofs of the vectorial statements of Section 2 are presented
in Section 4 in the form of direct corollaries of the corresponding facts obtained
for hyperholomorphic function theory which is being developed in Section 3.

1.3. As we mentioned already, the solenoidal and irrotational vector fields (the ex-
act definitions are given in Subsection 2.1 below) describe many important physical
phenomena. Besides, they are a particular case, for R?, of a more general notion
of a system of conjugate harmonic functions, see, e.g., [18] but [14] as well, which
is one of the main tools of harmonic analysis. What is more, as one may read
in [18, p. 229], “Equations (1.6) [which define a system of conjugate harmonic
functions — the authors| represent perhaps the most direct generalization of the
Cauchy-Riemann equations”. In spite of all this we are not aware of any work
on the Bergman theory in this context which was one of the motivations for us.
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Perhaps the most direct predecessors of the actual work are our papers [4] and [5]
which deal with other classes of functions but employ again the relations with a
version of quaternionic analysis, now for the Fueter operator.

2. Solenoidal and irrotational vector fields: main results

2.1. Vector fields are widely used in physics to model numerous phenomena. Given
a domain © C R3, we shall work with solenoidal and irrotational vector fields
defined on €.

Recall that:

e A vector field f € CY(Q,R?) is called solenoidal if div f = 0. Some examples of
solenoidal vector fields are: magnetic vector fields, the vector field of velocities
of an incompressible fluid flow, etc.

e A vector field f € C(Q,R3) is called irrotational if rot f = 0. An example of
irrotational vector fields is every conservative vector field; in particular the
vector field associated to the force of gravity is a conservative vector field,
therefore it is also an irrotational vector field.

The R-linear space of solenoidal and irrotational vector fields, or the SI-
vector fields, in ) is defined by

M(Q) :={f e C'(LR?) | divf=0, rot f=0 in Q}.

In this section we present the main results of the Bergman theory for SI-
vector fields without proofs; the proofs will be presented in Section 4. We shall use
the commonly accepted notations (-, -)ps and [, -|gs for the scalar (inner) and the
vectorial (cross) products respectively.

2.2. The SI-Bergman space and the SI-Bergman kernel

Following the idea of S. Bergman himself one is tempted to use the whole space Lo
in the definition of the Bergman space of solenoidal and irrotational vector fields
associated to 2. But it turns out that such a set is too large and loses its relations
with the Bergman space in contrast to the situation of the usual complex Bergman
space, see [3]. We are interested in obtaining the results which preserve not only
the formal similarity with the complex analysis case but, which is most important
for us, the underlying structures. In order to achieve this objective we “diminish”,
first of all, the space L2(€2, R?), which is based on the following

Theorem. 2.2.1. Let Q C R? be a domain, there exist a unique scalar field Bq o €
CH(Q x Q,R) and a unique vector field Ba € CH(Q2 x Q,R3), such that

o Bao(T,0) = Boo(@,7), Ba(Z,0) =—Ba(0,1), (7,7)€cQxQ,

° divigg(~,z7) =0, forae UeE,

e grad; Boo(-,7) = —rotz Bo(-,0), for a.e. 7€,

o Bao(-,7) € L2(UR), Bal,7) € L2(Q,R?), TeQ.
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e The space

—

Fo(Q,RY) = {[ € Lo(QLRP) | /Q<EM,Q(9?,U), @), , dis =0, for a.e. T€Q},

equipped with the norm inherited from Lo(Q,R3), is a real Banach space and

M(Q) N Lo(2,R?) = M(Q) N L2(2, R?).

o _ 2
Recall that the norm of f € L2(2,R?) is (/ ||f||%§3du) , where dp is the
Q
three-dimensional volume measure, and || - ||gs is the Euclidean norm of R3.

We will see that the “appropriate” Lo-space will be the space Lo (Q,R3).

Definition. 2.2.2. The pair of fields (BQ’O,B_'Q) is called the SI-Bergman kernel

associated to €.

Definition. 2.2.3. We define the solenoidal and irrotational Bergman space, or the
SI-Bergman space associated to € by

A(Q) := M(Q) N Lo(Q,RY).

Proposition. 2.2.4. The space ./Zl'(Q), equipped with the norm inherited from
L2(2,R3) is a real Banach space. This norm will be denoted by || - | 4 - Besides,

[ (Boo@ ) f@) + [Bo@.0). /) ) dus = fle), e 0.

for all f e AQ).
What is more, given f € La(,R3) there holds:

— —

fi@) = [ (Baol@ o f@) + [Bo@.0). /0] ) dus <= Fedi@. @

2.2.4.1 Noticethat if we introduce the operation ® : R? x (R X RS) — R3 as

a® (r,b) = ar+ [6,5} . VaeR® and V(r,b) € (RxR%), (3)
then (1) and (2) respectively become
| 7)o (Bao(@. ), ~Ba@n) dus = fl@), vie A, )

and given f € £5(52, R?) then
7= [ Fo)0 (Ban(@.0).~Ba@.0) dus > Fed@. G

The reason for this will be clear from Section 3.
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Note one more property of the SI-Bergman space.

Proposition. 2.2.5. Let i € Q and let i € R3 be a unit vector, define ﬁﬁ,i = {fe
AQ) | f(@) =1i}. Then there exists a unique vector field f, € Fﬁ,i: which is a
solution of the variational problem of finding inf{||j?||fr(m | fe Fﬁ,i}" i.e

||f7;||j(g) =0:= inf{”ﬂu(g) | fe ﬁa,i}-

Moreover,

/ 1Boo (7, @) dpis + | Bo, D12, o)
”f*HA(Q) (BQ’O({L‘, ﬂ»))2 :

A variational problem similar to the previous one has its antecedents in the
theory of the classical complex Bergman spaces and in the theory of the quater-
nionic Bergman spaces where it has a unique solution which is the normalization
of the corresponding Bergman kernel, see respectively [3] and [5]. In our case, the
solution is quite different from the normalization of the SI-Bergman kernel.

(6)

2.3. SI-Bergman projection

Going along a deep analogy with the classical structure of the Bergman theory we
introduce the operator B defined on £5(2,R?) b

A@) - / 7@ Bgo(f 7), gg(f,ﬁ)) dpuz, (7)

for all f €Ly (2, R?). Tt satisfies the following

—

Proposition. 2.3.1. The operator Bg is continuous, Bo(Lo(Q,R3)) = A(Q) and
B2 = Bg.

The operator Bg is called the SI-Bergman projection associated to 2, and
the above facts are quite analogous to properties of its counterparts in the theory
of one complex variable and in the quaternionic theory which is owing to the “right
choice” of the space Lo.

2.4. Decomposition of £y

There is another advantage of working with £, (€2, R?) instead of £ (€2, H), namely,
this space has a decomposition into a direct sum of the two summands one of them
being the SI-Bergman space and the other admits an explicit description. In order
to show this fact, we denote by W3 (€, R?) the R-linear space of vector fields whose
components belong to Sobolev space W3 (Q, R).

Proposition. 2.4.1. The following decomposition holds:

—

LOQR) = A o (Vo (W QB x W (@),
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i.e., for any f € Lo(Q,R3) there exist unique elements § € /T(Q) and
heve (W;(Q,R) X W;(Q,R?’)) ,

such that f = h, or equivalently, there exists (£o,£) € W (Q,R) x W1 (Q,R3)
such that

—

f: Bg[ﬂ + (grad ¢y + rot ¢).

In the theory of one complex variable the decomposition of Lo as a direct
sum of two spaces, where one of them is the complex Bergman space is well known.
One can see its quaternionic and Cliffordian counterparts respectively in [5] and
[7]. Now, Proposition 2.4.1 is a purely vectorial fact deeply similar to this decom-
position.

2.5. M&bius transformations in R? in vectorial language
Liouville’s theorem, see [2], establishes that in spaces of dimension greater than or
equal to three, the only conformal mappings are: translations, rotations, inversions
and dilations, as well as finite compositions of these. For this reason, the only
conformal mappings in R"™, n > 2, also bear historically the name of Mdobius
transformations.

The basic Mobius transformations in R® and their explicit representations
are the following:

Translation: T1(%) =F+ad, V¥eR3, with aeR3.
Rotation: To () = r’% + 2r (@, Tps + (@, T)gs @ + (@, [@, T)galgs » VT € R?,
with reR, @€R3> suchthat r?+|[d|3; =1.

Inversion: T5(Z) = — vZ e R3\ {0}, and T3(0):= cc.

z
[
Dilation: Ty (Z) = A\¥, VZ¥eR3, with a positive real number .

The formulas for translations, dilations, and the inversion are obviously clear;
the formula for rotations will be explained below, see equation (20).

Note that any Mobius transformations T, which is a finite composition of
translations, dilations and rotations, can be represented by

T*(Z) = 12 + 2r (@, @]gs + (T, @)gs @ + (@, @, Fgs]gs + b, (8)
and if T has at least one inversion as a composition factor, then its representation is

2% + 2 (@, F|gs + (T, A)ps @ + (@, [@, Tgs]gs + € + b; 9)

T** f _ - o . . g
O = =022 1 20 (@, 2o + (7, 8)go @ + [@ [, Tgo]ge + 72

for both cases r € R and @,b, € R? are such that r2 + l@l|Zs # 0. In order to
simplify the notation set 7,z :=r% + ||@/|2s.
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2.6. R-linear spaces of vector fields and Mébius transformations on R?

The aim of this subsection is to realize what happens with SI-vector fields whenever
their domains are transformed by a Mobius transformation. In order to abbreviate
some formulations we introduce the denotation: let »r € R, @ € R? and let § be
any vector field, then

P zlg) = 729"" 2r|g, 5]]1@ + (d, §>JR<3 a+ [la, g]ﬂ@ 75]]1@ .

The following proposition establishes how the operators div and rot interact with
the Mé&bius transformations in R3.

Proposition. 2.6.1. Let Q,Z C R® be domains such that there exists a Mdibius
transformation T satisfying T'(Z) = Q. Denote § = T(Z).
The divergence operator has the following properties:

o If T=T~", then

divz P g[f o T] = (yra)? (divg f)oT, Vfe C'(Q,R?). (10)
o If T =T" then

for all f e CHQ,R?).
The rotation operator satisfies:
o If T =T, then

— —

rotz Prglf o T) = ypa Pral(roty f)oT], Vfe CHQR?). (12)
o [f T =T then
P._zl@l+¢ N
gradi< T, a[-’l'f]“v‘C PT7a[fOT]>
C
B Pr7_@'£f] + 53 Pra
1P, —a[Z] + €llgs
= — (@)’ IT = bllws (T = B)(divy f) o T
=l T = Blles [T = 5, P, al(roty f) o T]]

1otz | "

RS’
for all fe C1(Q,R?).
The formulas (10)—(13) can be seen as analogs, in various directions, of the

usual chain rule. Besides they allow already some conclusions about SI-vector
fields.
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Corollary. 2.6.2. Under the same conditions, let f be a vector field defined on €.
If T =T*, then there holds:

1. The vector field f is solenoidal on Q if and only if Pr@[fo T] is solenoidal
on =.

2. The vector field f 1s irrotational on  if and only if P,q@[fo T] is also irro-
tational on =.

3. The vector field f € M(Q) if and only if Pr@[fo T] € M(Q).
On the other hand, for T =T** we have:
4. Iffis an irrotational vector field in 2 then

dA+E
s Pl T]]Rs

[ IIPT a[7] + ez

s a solenoidal vector field in =.
5. If f € M(Q) then

- s a] Fra “FC’T]]RS

s a solenoidal vector field in Z and satisfies
rotg {— ~al#] + ¢ ,P,ﬂ@[fo T]]
||Pr,—a[ ] +c _1|R3 R3

P, _zlZ]+¢ -
=grad; (— " P.glfoT
- < 1P, el + i, T ]>

Observation. 2.6.3. Although the composition of solenoidal and irrotational vector
fields with Mobius transformations does not act, in general, invariantly, neverthe-
less the facts 1.-3. of the previous corollary say that combining the composition
and some additional operation generated by it we arrive again at a solenoidal

R3

and irrotational vector field. In other words, composing a SI-vector field f with
a Mobius transformation 7%, we get an “almost” Sl-vector field, which requires
additionally the operation P, ; that depends on T only.

2.6.4. Among the works related to the previous corollary there are [9], [20] and
references therein. The first paper deals with the analytic vector fields, while the
second with harmonic vector fields.

Corollary. 2.6.5. Given a Mdébius transformation T = T* and let
Velfl = PralfoT], VfeC QR (14)

Then the operator Vi is an invertible real-linear operator, and its restriction
Vr |Gy PUQ) — M(E) is an isomorphism of R-linear spaces.
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A similar construction for the space Lo requires some adjustment of the
operator Vp.

Proposition. 2.6.6. Let Q,Z C R3 be domains such that there exists a Mébius trans-
formation T =T* and T(Z) = Q. Let the operator Vr : L2(2,R3) — Lo(Z,R3) be
defined by

—

Vrlf] = (a): Pralf o T), V€ La(Q,R?), (15)
then

(16)

for all f,g € Lo(,R3).

—

Corollary. 2.6.7. The operator Vr | zq): A(Q) — A(2) is an isometric isomor-
phism of real Banach spaces, which relates the SI-Bergman kernels of the spaces

—

A(Q) and A(Z) as follows:

B zo(Z, 1) = (v.2)* Bu.a,o(T(E), T(i0)),
=(Z,7) = (Y.a)*Pr.alBuo(T(Z), T(7))],

(1

for all (Z,7) € E x

Proposition 2.6.6 and its corollary tell us that the isometric isomorphism Vr
between the spaces L, restricted onto the SI-Bergman spaces preserves the SI-
vector fields, and in this way, it allows us to establish an isometric isomorphism
between these SI-Bergman spaces which relates also their Bergman kernels.

Given a function space H, we denote by £(H) the space of real-linear con-
tinuous operators from H to H.

Corollary. 2.6.8. Let Q,= C R? be domains such that there exists a Mébius trans-

—

formation T =T* and T'(Z) = Q. Define the operator Jr on £(A(Q)) as follows:

—

I = (1a) " Pral QL Pr—alf]l o T7Y o T), Vfe A=),

— — —

for all Q € £(A(Q)). Moreover, the operator Jr : £(A(Q)) — L£(A(E)) is an
isomorphism of R-linear algebras, which relates the SI-Bergman projections by
Bz = J7[Bq).

Note that the operator J; was deduced from the construction of the opera-
tor V. Note also that Proposition 2.6.6 and its corollaries are generalizations of
important facts in complex and quaternionic analysis, see respectively [21] and [4].
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3. The Bergman theory for Moisil-Théodoresco hyperholomorphy

3.1. Preliminaries

The skew-field of quaternions is denoted by H, any quaternion can be represented
by a = ag + a1i + azj + ask, where a,, € R for n = 0,1, 2,3. The imaginary units
i,7,k, satisfy i2=j2=k>=—1 and ij =k, jk=1, ki=j.

The quaternionic conjugation and the norm of any quaternion a are defined,
respectively, by @ := ag — a1i — azj — azk and |a| := /a2 + a? + a3 + a2.

For any quaternion a = ag + a1i + asj + ask the real number ag is called its
scalar part, and a17 + asj + ask is called its vectorial part.

The real subspace of H formed by quaternions whose scalar parts are zero is
isometric and isomorphic to the usual three-dimensional Euclidean space R3, thus
they are denoted by the same symbol.

The Moisil-Théodoresco operator Dy, and the right-Moisil-Théodoresco op-
erator Dyr,, act on functions of class C I with quaternionic values and defined on
domains in R? as follows:

of . Of of of . of . 0Of
D = k D = k.
MT[f] Z@xl +J({9$2 + 85U37 MT7T[f] é)xlz + é)xgj + 8x3
They have the fundamental property: —D32,, = fDJQV[T,T = Ags, the Laplace
operator.

Definition. 3.1.1. The right-H-linear space of hyperholomorphic functions on {2
is defined by 9 (2) := ker Dy, and the space of right-hyperholomorphic
functions on  is defined by Musr,(Q) :=ker Dy,

Notation. 3.1.2.

e In order to simplify the notation, we will omit the prefix and the subindex MT
in future notations, when there is no ambiguity; therefore, My (2) = M(Q)
and My, () = M, (Q).

e Also sometimes we denote eg = 1, e; =1, ex = j, ez = k.

Note that 9, (2) is a left-H-linear space.

The reader can find much more helpful information in, e.g., [15]; we give
below a few facts only which will be used immediately.

Let Q C R? be a domain with smooth boundary. Let f € () be a con-
tinuous function up to 92, then the hyperholomorphic Cauchy integral formula
for f is
f(z), ifzeQ,

17
0, ifzé¢gQ, (17)

(=2 Q) = {

[219]

where the function
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is called the hyperholomorphic Cauchy kernel, and the differential form

3
ol? = Z(—l)”“endfc"

n=1

is such that its restriction onto 0f2 coincides with 7 ds, where 7 is the unit normal
vector to 0f). Each term dz™ is the wedge product dx; A dxo A drs with the
factor dx,, omitted for 1 <n < 3.

Moreover, the operator T;. is defined on Lebesgue integrable functions on §2 by

T,11)w) = [ FOR(C —a)ic (18)
where dy is the differential form of the volume. Among its properties the identity
Dyo T, =1 (19)

on the spaces L£o(€2,H) and C(€Q,H), see [15], means that T, is a right-inverse to
D, on these spaces.

3.2. Mébius transformations in R3 in quaternionic terms

It was discovered by K.Th. Vahlen in 1902 and recently rediscovered by L.V.
Ahlfors, that, like in the complex analysis case, the Mdbius transformations in R*
can be represented by quaternionic fractional-linear transformations:

F(z) = (ax + b)(cx + d)_l7 with a,b,c,d € H.

In our case we are interested in the Md&bius transformations in R3. Their
analytic description is obtained by restricting some of the above quaternionic
fractional-linear transformations onto R® which leads to the representations of
the basic Mobius transformations:

Translation: Ti(z) =x+¢q, VreR3 with ¢eR3.

Rotation: Ty(x) = cxe, Vr €R3, with ce€Hand || = 1.

Inversion: Ty(z) =27 ! = — |§|2, vz e R3\ {0}, 07':=o0, (20)
0ol i=0.

Dilation: Ty(x) = Az, Vx € R®, with A a positive real number.

What is more, working with these four transformations we obtain that any
Mébius transformation in R? is expressed as follows:

T(z) = (ax +b)(cx +d)~', xcR3 (21)
with a, b, c¢,d € H such that

a) bd ' eR3, d ' =a if c=0,
b) db—ac 'd)7t act €R3 (b—ac ld)"t=¢ if c#0.
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3.3. Mobius transformations and hyperholomorphy

According to the chain rule, the composition of two holomorphic functions is again
a holomorphic function. In our case, the composition of two hyperholomorphic
functions not always is defined but even if it is, it is not in general hyperholomor-
phic.

Example. 3.3.1. Any function given by f; ;(x) = fij(x1,22,23) = z;e; + xje;,
i,j € {1,2,3} with i < j, is hyperholomorphic in the whole R3; however, the
composition of any pair of these functions is not hyperholomorphic. For instance,
the functions

f1,2 © fz,s(x) = Z2€1, f1,2 © f1,3($) = x1€2, f1,2 © f1,2($) = x1€1 + Tae2

are not hyperholomorphic in R? because
D[fi20 fa3](x) = —e3, D[fi20 fis](x) =e3, D[fi20 fi](x)=—2.

There exists a “weakened analogue” of the possibility to compose hyper-
holomorphic functions, namely, composing a hyperholomorphic function with a
Mébius transformation in R? we get an “almost” hyperholomorphic function, it
lacks a special coefficient only that depends on the Mdbius transformation in R3.

Theorem. 3.3.2. Let =, C R3 be domains such that there exists a Mdbius trans-
formation in R®, T, given by (21) with Q = T(Z). Denote y := T(x) and define

a, if ¢=0;
= ¢ ¢ Vz € 2,
o (x) . ca:_c—&—d_c Ty i
|cxe + de|3
(22)
3 ( ) |a|25“? if ¢=0; v Q
r\Y) = _ 1\ . y €L
lePPly = ac™ P (y —ac™ e, if ¢ #0,
Then
D,loa,foT)=(B,0T)D,[floT, VfeC (QH). (23)

Proof. Tt is enough to consider the Mdbius transformations given by (20).
Let 2* be an arbitrary point of =.

1. Translation: y = T'(x) = x + u, where u € R®. By direct calculation
D,[foT](z") =D,[fI(T(z7)).
2. Dilation: y = T'(z) = Az, with X > 0; we have that

D,[f o T](z") = AD, [fI(T(z7))-
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3. Rotation. Firstly, for quaternionic rotations of the kind y = T(x) = aza
where a is a unitary vector one obtains:

Dafaf o T) = zez afoT = zezzgjzzﬁ
J )
3

of of _
= —2)a;aie;a ol + e;a oT =aD oT.
)9 DEETIREED RS N

i=1 j=1

w

Furthermore, for any quaternion c there exist vectors a,b € R? such that
¢ = ab, see [10], and using the above formula two times we obtain: if y =
T(x) = cxe, with ¢ a unitary quaternion, then

D [efoT|(«") = ¢ D,[fI(T(z7)).

—1.

4. Inversion: y = T'(z) = ™ ; we have that

° 0 =z
Dol s 0 Tl >=Zeiaxi ap 2 T@)

|z
— z af 2 : : x]‘rl *
) Zellxﬁay 222 17, 70
—|T (@) T (@)D, [f] o T(a").

These four formulas are particular cases of (23) and the general case reduces to a
combination of them. g

Notation. 3.3.3.

e Given two domains Z,Q C R3, let a : £ — Q be a one-to-one correspondence;
if f belongs to a function space on 2 then « generates the operator of the
change of variable denoted as W, : f — fo«.

e For the same function space, if a and (8 are H-valued functions then “M,
MP and *MP denote, respectively, the operators of the multiplication on the
left, on the right, and on both sides:

BM : f Bf, MP:f— 3, “MP: f— afp.

e For a fixed x € O, denote by ®, the evaluation functional defined on a
function space as ®,[f] := f(x).

Theorem 3.3.2, in terms of the last notation, means that
DzoaTMOWT:WTOBTMoDy on the space C*(Q,H). (24)

The above fact complements a series of results, see, e.g., [7], [12], [13], and
references therein meaning that the operator D is conformally covariant.

Corollary. 3.3.4. Let f € C*(Q,H), then f € M(Q) if and only if a.- foT € M(E);
here «,. is defined by (22).
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Proposition. 3.3.5 (Isomorphism between right-linear spaces of hyperholomorphic
functions emerging under Mobius transformations). Under conditions of Theorem
3.3.2 the operator *T M - Wy : M(Q) — M(E) is an isomorphism of quaternionic
right-linear spaces.

3.4. Some properties of quaternionic Hilbert spaces

The concept of a quaternionic Hilbert space is well known and can be found in
many sources. In this subsection we give the quaternionic generalizations of the
two facts of the theory of complex Hilbert spaces which can be found in [11].

Denote by E a quaternionic Hilbert space, and recall that a subset F' of a
real linear space is called convex if for any a,b € F' there holds bt + a(l —1t) €
F, vtelo,1].

Proposition. 3.4.1. Let F C E be a closed and convez set. Then given g € E there
exists a unique element f € F such that

lg = flle = dist(g, F) := inf{llg = hllz | heF}.
Proof. Let {h,} C F be a sequence such that lim |g — h,|g = dist(g, F'). From

the parallelogram identity we obtain:

i = bl = lg = bl + g = Aunll = llg = (o + )3
which implies that there exists f € F such that nhj{.lo [|f = hnlle = 0 and also from
the parallelogram identity one obtains that f is the unique element of F' satisfying:
lg — flle = dist(g, F). O

Proposition. 3.4.2. If F is a closed subspace of E, then for a pair g and f from
the above proposition there holds: g — f € F*.

Proof. Given h € F and g € H, we have that
0<llg—(f+ha)ll = llg = fllE =9~ fihga—alh.g—f)p+lad?hl%

Let ¢ =7 (h,g — f)p, with  an arbitrary positive real number , then
0< =27 (hog = ) B+ 71 {hg — ) IRl

1

If we suppose that (h,g — f) 5 # 0 then 9 < ||h||%, which is not possible. There-
T

fore (h,g— f)p = 0. O

Note. 3.4.3. We shall work mostly with particular quaternionic Hilbert spaces,
namely, with the Hilbert space of the Lebesgue-measurable functions f : Q C

R3 — H such that / |f|?dp < +oo. Tt forms a quaternionic bi-linear space. We’ll

use the same 1r10tationQ£2(Q7 H) for both the left-linear and the right-linear cases. If
Lo(€2, H) is seen as a right-linear space then it becomes a quaternionic right Hilbert
space endowed with the inner product (f, g)z,m) = [q fodu, f,g9€ La(Q,H),
and with the norm denoted by || - ||z, (0,m)-
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A more general example is a weighted Lo-space with weight p : @ — RT,
it is denoted by Lo ,(€2, H), meaning that / |f|?pdu < +oo for f € Lo ,(Q,H).
Q

Now, the inner product is

<fa g>£27p(Q’H) = [)fgpdu7 fag S £2,p(Q7H)7

and the corresponding norm is denoted by || - ||z, ,(om)-

3.5. The hyperholomorphic Bergman space
Let Q C R? be a domain.

Definition. 3.5.1. By weighted hyperholomorphic Bergman space, with weight
p: Q — R, associated to @ we will understand the space A4,(Q2) = M(Q) N
L2,,(Q,H), equipped with the inner product and the norm inherited from
L,,(£2, H), denoted, respectively, by (-,-) 4 ) and |- [[4,()-

The weighted right-hyperholomorphic Bergman space associated to §2 is de-
fined by A, ,(Q) = M, (Q) N L2 ,(2, H), with the inner product and the norm
inherited from L ,(§2, H), and denoted respectively by (-,-) 4 (o) and |||, (o)-

In case, p = 1 the space A,(2) will be denoted as A(£2) and it will be called
hyperholomorphic Bergman space. In the same way, the space A, ,(Q) = A,(Q)
will be called right-hyperholomorphic Bergman space.

Proposition. 3.5.2. Let C C Q) be a compact set, then

sup{|f(z)] | = €C} <kellfllaw), VIfe A, (25)
where ke > 0 depends on C.

Proof. Let r, > 0 be such that B(z,r,) C C, and let f € A(Q2), then the hyper-
holomorphic Cauchy integral formula implies that

1
0= 4o [ €010

Applying Stokes” Theorem we obtain:

3
< s | NGLT

Using the Holder inequality for f,1 € Lo(B(z,7,), H), from the last expression we
arrive at .
2

(@) <m, ( / ( )|f|2du> < mo |l fllaw).

where m, = (B(m,rc))é. Finally, as C is a compact set, one obtains that

3
4mrr? K
there exists a constant k., such that

sup{[f(z)] | = € C} < ke[ fll.ace)- O
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Corollary. 3.5.3. Given = € Q, the evaluation functional ¢, is bounded on A(S2).
Proposition. 3.5.4. The space (A(S), || - [ 4()) is a right-H-linear Banach space.
Proof. Let {fn} C A(Q) be a Cauchy sequence, therefore there exists f € L£o(£2, H)
such that f, L2, f. By (25) we note that there exists a function f* defined on

n — oo

Q such that {f,} — f* uniformly on compact sets.
Given e > 0 sufficiently small the Cauchy integral formula for any f,, is

fol(z) = / K¢ —2)0l fu(C)dpc, V€ N.
OB(x,e€)

As fp, — f* uniformly on 0B(z,€), then

therefore f* € M(Q). Since

* 2d 2 * n2d 2 _n2d 2H7
(ﬁu /] u) s(l}f X u> +(K}f flﬁa 0

when n — oo for any C C € compact, we obtain that f* = f € A(Q). O

Of course, the above three facts are crucial since they allow us to introduce
the hyperholomorphic Bergman kernel as follows.

By the Riesz representation theorem for quaternionic right-Hilbert spaces,
see [1], given a fixed point = € Q) there exists B, € A() such that ¢,(f) :=
f(x) = (Ba, f) o for all f € A(Q). The function Bo(z,-) := By () will be called
the hyperholomorphic Bergman kernel associated to €2, and its definition implies
that

ﬂw:A&mwﬂm‘ﬁemm. (26)

Theorem. 3.5.5 (General properties of the hyperholomorphic Bergman kernel).

a) Ba(:,-) is quaternionic hermitian: Bo(x, &) = Ba(§,x), Vz,£ € Q.

b) Ba(-,-) is hyperholomorphic in the first variable and right-hyperholomorphic
in the second variable.

c) For a fixed £ € Q, the function Bq(-,€) is the unique element of A(Q) which
is hermitian and is reproducing; i.e., it satisfies (26).

Proof. a) Directly, one has:

mmm=&m=4&@&@wwzawz&ma

b) By € A(2) and Bq(-,x) = By(-); hence Bgq(-,z) is hyperholomorphic on
Q in the first variable, and the identity
D,[Ba(z,-)] = =D[Ba(,x)] = 0,
implies that Bq(x,-) is a right-hyperholomorphic function.
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¢) Let H(-,-) be a function on Q x Q such that given £ € €, the function
H(-,¢) € A(9) is reproducing and hermitian. Then

H(x,€) = / Bo(z, O)H(C, €)duc = / H(C.€) Bola, O)dpc

The following proposition is a deep analogue to a fact known in one complex
variable theory, see [3], and in quaternionic analysis for the Fueter operator, see [5].

Proposition. 3.5.6 (The normalized MT-hyperholomorphic Bergman kernel as a
solution of a variational problem). Let £ € Q2 be a fized point, define Fe :== {f €
A(Q) | f(&) =1}, then the function fo defined by

BQ(x7£)
Jo(z) == )
belongs to Fe and it is the only solution to the wvariational problem of finding
inf{|[fllaw | f€ Fe}:

[ follay = inf{[| fll.aw) | f€ Fe}.
Proof. Using (26) we arrive at the following:

Ba(£,€) = / Bal(€, O)Ba(C, €)diuc = 1Ba(-, &) A < oo,

1= 1) = [ Bale.OF(Oduc.
Applying the Cauchy-Buniakovsky inequality to the latter expression we obtain:
1
< [ fllae
[1Ba (- &)l a) “

and from the shown facts one concludes that

Bal(:,
I ) laco) < 1o

r €,

implying, in particular, that fo =
there holds:

€ F¢. Furthermore, given any f € F¢

This inequality is true for any f € Fg, therefore fj is the solution of the variational
problem; it is easy to see that fj is unique. O

We complement the above proposition with some facts which seem to be
unknown both in one-dimensional complex analysis and in quaternionic Fueter
analysis settings.

Proposition. 3.5.7. Let g € A() then there exists a unique function f € F¢ such
that

lg — flla = dis(g, Fe) == inf{|lg — hlla) | h € F¢}.



96 J.0. Gonzélez-Cervanves, M.E. Luna-Elizarraras and M. Shapiro

Proof. Since F¢ is a convex and closed set the proof is a direct application of
Proposition 3.4.1, where F' = F¢ and E = A(Q). O

3.5.8. In particular, taking g = Bo(-,£) and denoting by f® € F¢ the correspon-
ding function, that is,

1Ba(:,€) = €l = dis(Ba(-,£). Fe),
we observe the following properties of f©.
Corollary. 3.5.9.
1Ba(,8) = fla) < Iflaw|Bals,§) =1 Vf € Fe.

Proof. As € F¢, there holds:

[Ba(-,€) — f®||A(Q) < ||Ba(+ &) — g;:((7§>)

for all f € F¢. O

lay < I flla@lBa(&: &) — 1law),

What is more, one has

Corollary. 3.5.10.

Bal(-,
L Ba(e) > 1 then | A <17 oy < 8ol lLaeyBa(e.6).
2. If Ba(&,€) <1, then f© = Ba(,¢) , i.e., the solution f© is the normal-

ization of the Bergman kernel.

Definition 3.5.11 (Hyperholomorphic Bergman projection). The operator Bq, is
defined on the space £2(2, H) by

Balfl(e) = | Bale. /(e

For an arbitrary f € Lo(Q2,H) there holds: f = f; + fo with the unique
fi € A(Q) and fo € A(Q)L. Since by (26) we have that Bg[fi] = fi, and
as Balf(z) = /Bg(f,x)fg(f)dug =0, for a.e. x € Q, we conclude that

Q

Bolf] = fi and BoBo[f] = Baolf]. Then Ba[L:(Q2, H)] = A(Q) and BE = Bo.

Moreover, the operator Bg is symmetric, i.e.,

(Balfl, 9) e, 0m = (s Beald)) c,om V.9 € L2(Q H).

Then B, satisfies the Closed Graph Theorem therefore B¢ is a continuous oper-
ator. By previous reasonings B is called hyperholomorphic Bergman projection
associated to the space A(€).
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Observation. 3.5.12. The space A,.(€2) has properties similar to those of A(£2).This
can be obtained directly or using the (R-linear) operator Zy : A(2) — A,(Q),
defined by Zy(f) := f, Vf € A(Q). For example, D = Zy o D,. o Zy leads to

BQ,r(x7 C) = BQ(x7 C) = BQ(C7 Z‘)

3.6. Mébius transformations in R? and function spaces

Let ©,Z C R? be domains such that there exists a Mdbius transformation in R3,
satisfying T'(Z) = 2. We are interested in the relations between some function
spaces on = and on €.

Definition. 3.6.1. Let 7' be M&bius transformations in R? given by (21), such that
T(Z) = Q. Let x € E, define:

la*a@ if ¢=0,
Cr(z) = 5 cxé+de
—|e|%e if ¢ 0
el C|cx6+d6|3’ it e 0,
1, if ¢=0,
pr(z) = 1 :
f 0.
|cxe + de|?’ if e

Theorem. 3.6.2. The operator "M o Wy : Lo(QH) — Lo, (E,H) is an isome-

—1
tric isomorphism of quaternionic Hilbert spaces and its inverse is W__, o " M.

Proof. Observe that Cr does not vanish in = and (CTM oWrp)™l = W__,o "M,

and that the function C7," is defined at each point x € Zby Cp'(x) := (Cr(x)) ™",
while the transformation 77! is the inverse transformation of 7.

For the basic Mobius transformations we have:
1. The dilatation T'(z) = Az = y implies that given f,g € L2(92, H) there holds:
FDesam = | 1o, = [ XifoT@hgoTadns. (@7

When f =g then /|f(y)\2d,uy:/ |f(T(z))|*\*dju,, meaning that
Q

1]

“TM o Wr : Lo(Q,H) — L2,(E,H),
and it is isometric. Hence, (27) may be written now as
3 3
1-9) 0 = (MWl MM oW}
L2(Z,H)

and this is all.
In the other cases we give the analogues of the formula (27) only.
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2. For the inversion T'(z) = = = y, there holds:
T T
s = [ ool o T@) a9 T@ola)drs
where p(z)

a2

3. For the translation T'(x) = z + e = y, where e € R3, one has:

s 9) e = / f o T(@)g o T(x)dpts.

4. For the rotation T'(x) = cxé =y, where ¢ € H, |c| =1, we obtain:

29 ey = / ¢f o T(x)2g o T(x)djs.

Of course, the general case of an arbitrary T is just a combination of the above
four. O

Corollary. 3.6.3. The operator: ~"M o Wy : A(Q) — A, () is an isometric
1somorphism of quaternionic right linear Hilbert spaces.

Proof. Tt is due to the fact that the coefficients Ct in Theorem 3.6.1 and ar in
the equation (22) differ by a positive constant factor only. O

Proposition 4 in [8] shows a fact similar to Corollary 3.6.3 for the hyperholo-
morphic Hardy space theory.

Corollary. 3.6.4. The space (A, (2), || - ||l4,,(z)) s a quaternionic right-Hilbert
space and the evaluation functional is bounded on the space A, (Z).

Hence one can develop now for weighted spaces the rest of the theory we have
constructed for the spaces without weight. We’ll use this freely in what follows.

Corollary. 3.6.5. The mapping J : £(A(Q)) — £(A,,(2)) given by

P "MoWroPoW, 0" M, VP e £(AQ),
18 an isomorphism of real algebras.
Notation. 3.6.6. For any T € (A(Q2))*, let g € A(f2) be the unique element which
corresponds to T by the Riesz theorem for quaternionic right-Hilbert space, thus
T is denoted by Y4, the same for (A, (Z))*.
Corollary. 3.6.7. The mapping § : (A(Q))* — (A, (E))* defined by
VT, € (A()"

YTy +— TCTMOWT L

s an isometric isomorphism of quaternionic linear spaces. What is more, there
holds: o
T =3Y]o "MoWyr, VYec (AQ)),

T=F 1 ToW, oTM, VY€ (A, (=)
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Additionally, as a consequence of Corollary 3.6.3 we obtain
Proposition. 3.6.8. The hyperholomorphic Bergman kernel of A,.(Z) can be ex-
pressed as BE,FT (l’, 5) = CT(x)BQ (T(l’), T(g))CT(g) .
—1
Proof. Given f € A,.(Z) then W__, 0" M[f] € A(2). Therefore
Cr I ) o T ) = [ Baln OCT (T (O o T (€)de.
Applying the operator “TM o Wr to the last equality we get

fla) = / Cr(2)Ba(T (x), T(€))Cr(€) £ () p(€)dte.

It suffices now to allude to the uniqueness of the Bergman kernel. O

Corollary. 3.6.9. The hyperholomorphic Bergman projection associated to the do-
main = s

Bepr = MoWroBgoW, o7 M.
Observation. 3.6.10. In analogy to the papers [5], [8], [12], [13], and others, the

property Bz ,. = “TM o WroBgoW,_ o“T M means the hyperholomorphic
Bergman projection may be called conformally covariant. Similarly, the equal-
ity Bzpr(2,6) = Cr(2)Ba(T(2),T(€))Cr(¢) means that the hyperholomorphic
Bergman kernel can be called conformally invariant.

3.7. Decomposition of the space £((2, H)

Consider L5(2,H) as a right-linear quaternionic Hilbert space, then according to
the general theory of such spaces, A(f2) has a right-linear orthogonal complement:

Lo(Q,H) = A(Q) & AQ)L.

Of course, in such a form the statement is trivial but the next proposition gives a
description of this orthogonal complement in terms of the Bergman kernel.

Proposition. 3.7.1. Let  be a bounded domain with the smooth boundary. Given
f € La(Q,H), it is in AQ)L if and only if

/Qf(x)BQ(vad#z =0, V(e

Proof. (=) It is due to Bq(:, () € A(Q).
(<) For all g € A(Q?) the inner product (f, 9>[:2(Q,H) is equal to

[ 7t@) [ BotaOa(Oducdns = | ( | 1@ Bg<x,<>duz) 9(Q)duc = 0. O
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What is more, using the above fact one can prove that A()~+ :D]\/[VV;(Q,]I-]I)7
where W;(Q,H) represents the set of H-valued functions whose components are
in the Sobolev space W;(Q,R), thus obtaining the decomposition Lo(£2,H) =
A(Q) @ DMTW;(Q, H). We do not enter into the details since the decomposition

itself, with a different proof, the reader can find in the book [6] of K. Giirlebeck
and W. Sprossig.

4. The SI- and hyperholomorphic Bergman spaces

4.1. Preliminaries

In order to emphasize the relation between the quaternions whose scalar part is
zero with the vectors, both will be denoted in the same way using arrows over the
letters.

For any pair of quaternions a = ag+a, b = by + be H, we have the following
relations between some quaternionic and vectorial operations:

o (ag+ @)+ (bo +b) = (ap + bo) + (@ +b),
o (a0 +@)(bo + b) = aobo + bod + aoh — <a, 5>R3 + [57 5} L
e ay+d=ay—d,
o la* = |aol* + || @R
Besides, let Z, ¥ be vectors, their quaternionic product has a direct relation with
the scalar and the cross products:

Ty =— <fag>R3 + [famR3 )
which implies immediately:
o (T,7)ps = —5(T7 + J2),
- 1 2o oo
o [7,7lgs = »(TY — 7).
Moreover, the norm of a vector is the negative of its square in the sense of quater-

nionic multiplication:

|Z|e = &7 = —37F = —3>.

All these properties will be widely used in the proofs of this section.
Let Q C R3 be a domain. The application of the Moisil-Théodoresco operator
D to any function f = fy + f € C1(Q, H) gives us:
DIf] = Dfo + f] = grad fo — div f + rot f.
Moreover,
D[f]=0 R
/] div f =0,
grad fy = rot f,
div f =0,

{ grad fo = frotf_',

Dy[f]=0 <« {
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which implies
R @ 9M(Q) = M(Q) NM,.(Q), (28)

and one notes that any SI-vector field generates a hyperholomorphic function and
a right-hyperholomorphic function.

Observation. 4.1.1. From the equality (28) we obtain that

o If 2 is a bounded domain then

—

R e AQ) = AQ) N A(Q).

e If Q is unbounded domain then

—

AQ) = AQ) N A(Q).

Observation. 4.1.2. Note that the R-linear space A(Q) is a closed subset of A(€).
Therefore Proposition 3.4.1 implies that given Z € €, there exists a unique function

—

gz € A(Q) such that
dist(Ba(-, ), A(Q)) = |Ba(-, &) — §zll -

Proposition. 4.1.3. The function gz given in the previous observation is identically
zero.

Proof. Note that
1Ba( @) = GellZyq) < 1Bl @) = flZye) VF € AQ).
In particular if we choose f = 6, then there holds:
1B (-, ) — Gzl < 1Bal, @)l 20)-
Denoting Bo = Bao + gg, we obtain that
|1Ba(-, ) — §f||ZL(Q,R3) < ||gﬂ(‘»f)||i2(9,ua3)7

and applying the property

see Theorem 2.2.1, we arrive at

gzl 2. (o,r3) < 0. O

4.1.3.1 In conclusion, the element of A(Q) closest to Bo(-,Z) is the function 0,
ie.,

—

dist(Ba(:, 7), A(Q)) = [Ba(:, %))
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4.2. Proofs of the statements of Section 2

Proof of Theorem 2.2.1. The fields Bg,o and Bq are, respectively, the scalar part

and the vectorial part of MT-hyperholomorphic Bergman kernel Bg given in (26).

Their uniqueness as well as their properties are consequences of Theorem 3.5.5.
On the other hand, it is easy to see that ﬁg(Q, R3) is a real-linear space and

using the inequality

| (Bo@9.5®), dns— [ (Bata). ), dus

<(/ |éa<f,v>|2duﬁ) IF = Glesons) VF.5€ La(@RY),

we obtain that £5(€2,R?) is a complete space.
Besides, due to M(Q)N Ly (Q, H) C A(Q) we see that any element § € 9(Q)N
L2(€2, H) satisfies (26), which implies that

/<gg(f,17),§'(17)> duy =0, for ae. e
Q 3

Moreover M (Q)NL; (4, H) # L(Q,R3), since the elements of A(Q) with vectorial
values also belong to [,g(Q R3). O

Proof of Proposition 2.2.4. Let {ﬁl} C .%T(Q) be a Cauchy sequence, then there
exists f € A(Q) such that f, — f = fo+ f in the norm ||-|| 4(q). Proposition 3.5.2

implies that f,, — f uniformly on compact subsets of 2, then for any compact set
C C  there holds:

/|f0|2dﬂ+/ |f*ﬁz|2dll:/ |f*ﬁl|2duﬂo, when n — oo.
C C C

Therefore fo =0 and f = f € A(Q).
Note that equation (1) is a direct consequence of the equation (26).

Finally, we will prove the equation (5) which is equivalent to (2). Thus for
any f € Ez Q,R?) there holds

/ f(@ BQ o(Z,7), —Bo(Z, 17)) dug = ;(%Q +Ba.)[f]-

Then
(«=) It is due to the fact that A(Q) C A(Q) N A.(Q).
(=) If f=1(Bg+Ba,)[f], then

Balfl@) - &) = - | (B@.9).70),, dus
and

B0, (7]~ @) = | (B@.0). 7o), dus
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Therefore

and

Al
!
1

Proof of Proposition 2.2.5. Let {jj;b}n - ﬁg’i be a sequence such that
A fall gy = o

As é( fl; + fm) € ﬁg’i for all k£, m and using the parallelogram inequality one
obtains the following:

”fk - fm”?&'(g) < 2||fk||if(g) + 2||fm||if(g) - 40—23

which implies that { ﬂ}n is a Cauchy sequence, hence there exists ﬁ € /T(Q) such
that {fn}n — f«. As ||fn||j(g) - ||f*||j(Q) then ||f*||,£(g) =0.

Proposition 3.5.2 implies that f,, — f uniformly on compact subsets of €
and using the MT-hyperholomorphic Cauchy formula we arrive at the fact that
f:k(ﬂ') =1, then f, € ﬁﬁ,i-

The uniqueness of f; is obtained applying the parallelogram inequality as
above, and the inequality

| 1Bauo(@ @z + 1ol ) ez
Q
> = \\2

(Baod. D)

which is a direct consequence of Proposition 3.5.6. g

2
Hf*”j(g)

)

Proof of Proposition 2.3.1. It is a direct consequence of the properties of the MT-
hyperholomorphic Bergman projection Bq, see Definition 3.5.11. 0

Proof of Proposition 2.4.1. Given any element fe /:’,Q(Q, R3), then what the the-
ory presented in Subsection 3.7 says is that there exist unique functions g € A(Q)
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and f € D(WL(Q,H)), such that f = g + h; but the condition

/<l§ T, U) f17> 3d/£g:0, for a.e. ¥ €9,

—

implies that g =g € A(Q) and h =Vl +V x 7, with
(0o, 0) € WH(Q,R) x W}(Q,R?). O
Proof of Proposition 2.6.1. Firstly, note that formulas (8) and (9) are the vectorial

versions of the quaternionic representation of the Mobius transformations in R3
given in (21).

Equations (10) and (12) are obtained from Theorem 3.3.2 as follows: the case
¢ = 0 implies that

D,[a(f o T)a] = |al*a(D;[f] o T)a, Vf e CH(Q,H),
and applying Notation 3.3.3 we have that
D.["M® o Wr[f]] = |a* "M o Wr[D,[f]], Vfe C'(QH).
Now, using the identity
PralfoT)="M"oWr[fl, VfeC'(QRY), (29)

in the previous equation and separating the scalar and vectorial parts we arrive at
the expressions (10) and (12).

Working similarly with the case ¢ # 0 and with the same theorem we obtain

the equations (11) and (13). O

Proof of Corollary 2.6.2. It is due to the fact that equations (10), (11), (12) and
(13) relate the zeros of the operators div and rot. O

Proof of Corollary 2.6.5. Tt is a consequence of the steps 1) and 2) of Corollary
2.6.2. O

Proof of Proposition 2.6.6. Using the identity (29) one notes that the proof is a
consequence of Theorem 3.6.2. O

Proof of Corollary 2.6.7. It is a direct consequence of Corollary 3.6.9 and (29).
O

Proof of Corollary 2.6.8. It is a consequence of Corollaries 3.6.5, 3.6.9, and of the
identity (29). O
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To Nikolai Vasilevski on the occasion of his 60th birthday

alo(z,y)]
le(@y N OT

bounded measure metric space (X, u, 0) with doubling measure u satisfying
the upper growth condition puB(z,r) < Cr™,N € (0,00), we prove weighted
estimates in the case of radial type power weight w = [o(z, z0)]”. Under some
natural assumptions on a(r) in terms of almost monotonicity we prove that
such potential operators are bounded from the weighted variable exponent
Lebesgue space Lp(')(X,w,u) into a certain weighted Musielak-Orlicz space

1
L*(X,wr®o) | i) with the N-function ®(z,7) defined by the exponent p(z)
and the function a(r).

Abstract. For generalized potential operators with the kernel
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47B38.

Keywords. Weighted estimates, generalized potential, variable exponent, vari-
able Lebesgue space, metric measure space, space of homogeneous type,
Musielak-Orlicz space, Matuszewska-Orlicz indices.

1. Introduction

The Lebesgue spaces LP() with variable exponent were intensively investigated
during the last years, we refer to the papers [35], [23] for the basic properties of
these spaces. The growing interest to such spaces is caused by applications to var-
ious problems, for instance, in image restoration, fluid dynamics, elasticity theory
and differential equations with non-standard growth conditions (see, e.g., [2], [28],

The first author partially supported by the INTAS grant Ref. Nr 06-1000015-5777. The second
author supported by INTAS grant Ref. Nr 06-1000017-8792.
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[36]). The spaces LP(") with variable exponent are special cases of Orlicz-Musielak
spaces, see [24] for these spaces. We refer to [3], where the maximal operator was
studied in the context of Orlicz-Musielak spaces. A significant progress has already
been made been made in the study of classical integral operators in the context of
the LP() spaces, see for instance the surveying papers [4], [18] and[34].

The spaces LP() on measure quasimetric spaces and maximal and potential
operators in such spaces were studied in [1], [6], [15], [16], [14], [17], [21].

We study the generalized Riesz potential operators

a(o(z,y))
Lf(z): = [ K(z,y)f(y)du(y), K(z,y)= (1.1)
X/ lo (z, y)]¥

over a bounded measure space X with quasimetric g, where N is the upper
Ahlfors dimension of X. In [13], under some assumptions on the function a(p)
there was proved a Sobolev-type theorem on the boundedness of the operator I,
from Lp(')(X ) into a certain Orlicz-Musielak space. In this paper we extend this
result to the weighted case. We deal with the case of power weights

w(z) = [o(x, x0)]", x0 € X.

Note that the interest to the case of power weights is caused not only by the fact
that such weights are first of all important in various applications, but also because
in the case of variable exponents it is a problem to derive the result for concrete
weights from the existing forms of general conditions on weights. (Recall that even
in the case of constant exponents the belongness of these or other special weights
to the Muckenhoupt type classes was first not checked directly, but obtained from
the necessity of the Muckenhoupt condition.)

An extension to the weighted case proved to be a non-easy task within the
frameworks of variable exponents even for power weights, the difficulties being
caused both by the variability of the exponent and non-homogeneity of the kernel.
This extension is based on the technique of weighted norm estimation of kernels of
truncated potentials given and applied in [29], [32], [31], [33], which is developed
in this paper for non-homogeneous kernels.

The generalized Riesz potential operators I, attracted attention last years,
we refer in particular to [12], [25], where such potentials were studied in Orlicz
spaces in the case X = R™ and Euclidean metric, and to [26], where homogeneous
spaces with constant dimension were admitted. We refer also to [27] for the study
of the similar generalized potentials in the Euclidean setting in rearrangement
invariant spaces. For “standard” potentials (that is, potentials with the kernel of

the form x,le*” or B(dafil’f;j;))) on metric measure spaces, we refer to [5], [7], [8],

[9], [10], [11], [19], [20] and references therein.

The main results are formulated in Section 2 and proved in Section 5. The
main technical tool is provided by Lemma 4.1 in Section 3.
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2. Formulation of the main result

In the sequel (X, o, 1) always stands for a bounded quasimetric space with qua-
sidistance o(z,y) = o(y, x):

o(z,y) < klo(x, 2) +o(z,9)], k=1 (2.1)
and Borel regular measure . We denote d = diam X. The measure p is supposed
to satisfy the growth condition

w (B (z,7)) < Kr™. (2.2)

Definition 2.1. A function ® : X x [0,00) — [0, 4+00) is said to be an N-function, if
1. for every z € X the function ® (z,t) is convex, nondecreasing and continuous
int € 0,00),
2. &(z,0)=0, ®(x,t)>0 foreveryt >0,
3. @ (z,t) is a y-measurable function of z for every ¢ > 0.

Definition 2.2. Let ® be an N-function and w a weight. The weighted Orlicz-
Musielak space L?(X,w) is defined as the set of all real-valued p-measurable
functions f on X such that

/CD (m, w(x)/\f(x)) du(z) < oo

X
for some A > 0. We equip it with the norm

[flle,w=1inf ¢ A >0 /fID (m, w(x))\f(l‘)) du(z) <1

X

In particular, ®(z,t) = t*(*), where 1 < p(z) < 0o, is an N-function and the
corresponding space is the variable exponent Lebesgue space LPC) (X, w).

Everywhere in the sequel, when dealing with the space Lp(')(X , W), We sup-
pose that

1<p_ <px) <py < —+oo, (2.3)
A 1
Ip(z) —p(y)| < o1 olz,y) <, (2.4)
n
o(z,y)

and denote
v

w” = [o(z,z0)]”, x0€X.
The function a : [0,d] — [0, 00) is assumed to satisfy the assumptions
1) a(r) is continuous, almost increasing, positive for » > 0 and a(0) = 0,

d
2) Ofa(:)dr < 0.
We denote
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In the following theorem we make use of the notion of the lower dimension
of X defined by

In ( liminf inf #B(@r0
r—0 zeX uB(z,r)
oim(X) = sup

t>1 Int
as introduced in [30]. It is clear that ?im(X) = N in the cases where X has constant
dimension N, that is, ;7Y < uB(z,7) < cor’V. In general, if X has the property
that

0 < dim(X) < oo,
then X satisfies the growth condition with every

0 < N <oim(X). (2.5)
This follows from the inequality

pB(z,r) < CrdmX)—e (2.6)
where € > 0 is arbitrarily small and C' = C(g) > 0 does not depend on z, which is
easily derived from the results in [30], Subsection 2.1.
Theorem 2.3. Let (X, o, 1) be quasimetric space with doubling measure and positive
finite lower dimension 9im(X), and let p fulfill assumptions (2.3)~(2.4) and
dim(X)
P (w0) -
oim(X
b+

0<r<

Suppose that there exists a § € (O7

a(r)

e

)) such that

is almost decreasing. (2.7)

Then the operator I, is bounded from the space LP() (X,w") into the weighted
Orlicz-Musielak space L®(X,w™), where vy = p(;o) and the N-function ® is de-
fined by its inverse (for every fived x € X)

-
o~ (z,7) = /A (t*zlv) £ dt. (2.8)
0
The proof of Theorem 2.3 will be based on Lemma 4.1 and the following
statement proved in [21], [22].

Theorem 2.4. Let X be a bounded doubling measure quasimetric space and p(x)
satisfy assumptions (2.3)~(2.4). The maximal operator

Mf(@)=sup | / F@)ldu(y)

r>0 B(Cﬂ, r
B(z,r)

is bounded in L) (X, w"), if—a;'&(ji) <v< D;lf‘?a(cf))
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We will also use the following lemma proved in [13] (see Lemma 4.9 in [13]).

Lemma 2.5. Let p(z) satisfy condition (2.3) and a(r) be a non-negative almost

increasing continuous on [0,d],0 < d < 0o function such that the function ‘le(tzs
tP+
18 almost decreasing for some € > 0. Then there exist constants C7 > 0,Cy > 0

not depending on x and r such that

A 1 A
o, A0 g (x N) <, 40 (2.9)
7 p() r rp(z)

3. Auxiliary estimates

To prove our weighted generalized Sobolev-type theorem for the potential I, via
Hedberg approach, we need to estimate the integral

p(x)
J(z,7) = / (a (('Qx(x’)%)> o(y, xo)’dp (y), w0 € X.
X\B(z,r) o\ry

Lemma 3.1. Let X satisfy the growth condition (2.2), let the function a(r) be non-
negative and almost decreasing on [0,d] and y(x) be an arbitrary bounded function
on Q. Then the estimate

/ (a[g(x,y)] >p(m) du(y) < C/dtN—l [a(t) r(m) dt, 0<r< ;l, (3.1)

Q(fE, y)“/(fr) t’Y(T)
X\B(z,r)

holds, where C' > 0 does not depend on x and .

Lemma 3.1 was proved in [13] in the case y(x) = N, the proof based on the
binary decomposition is the same for an arbitrary bounded ~(z) in view of the
monotonicity of the power function 7).

Lemma 3.2. Let X satisfy the growth condition (2.2), Suppose that the function

a(r)

a(r) : (0,d) — (0,400) is almost increasing and the function N is almost
decreasing. Then for 0 <r < g the estimate
ot [0 ar, i olwo,2) <7
J(x,r) <CG(z,r):=Cq " d (@)
o(zo, )b [tN~1 h%)} dt, if o(zo,x) >
' (3.2)

holds, where p : X — (1,400), 1 < p(z) < py < 400, b > =N and C > 0 does
not depend on x and r.



112 M.G. Hajibayov and S.G. Samko

Proof. Consider separately the cases o(xo, ) < 5, , o, < 0(®0, ) < 2kr, o(wo,2) >
2kr, where k is the constant from the triangle inequality (2.1).
The case (o, ) < )

o(@o,y) _ kleley) +e(zo,2)) _ o (1 N 9(%0@)) < 9% and
o(z,y) o(z,y) r

o(zo,y) S 1 _ olzo,2) 1 1 o(zo,y)
= > - H < <2k C il
ol,y) ~k ro T ok o S g,y — O ORSCAUOTY,

p(x)
a(o(r,y))

J(x,r) <C < e ) dp (y) -
X\BLT) o(@,y)N @

Then by Lemma 3.1

We have

¢ p(x)
JI(z,7) < C/tN—1 [OZ%)} £ dt.

Therefore
r

J(x,r) < CG(z,7),  olzo,x) <, (3.3)

The case ,, < o(xo,x) < 2kr.
We split the integration in J(x,r) as follows

p(z)
T(a,r) = (“g(fx(z’)%)) o0, v)"dp (9)
r<o(z,y)<2ko(zo,x) ’
p(z)
+ <a<9<x,%v>> o(wo, y)du (y) = i + .
o(z,y)

o(z,y)>2ko(wo,x)

Since i(ﬁ) is almost decreasing, we obtain

J1<C (i@)pm / o(z0,y)"dp (y)

r<o(z,y)<2ko(zo,x)

I'Id Q(x07 ) < 2kr7 then Q(x(hy) S k(g(m,y)+g(l‘o,x)) S

When o(z,y) > r
k (o(z,y) + 2kr) < 3k%*o(z,y). Consequently,
a () \ P&
<C < 7‘(N)> / o(zo,y) dp (y)

o(z,y)<2ko(wo,x)
o(z0,y) <3k o(,y)

<C (a (r) >p(z) / o(xo, y)"dp (y)

o(wo,y)<6k30(x0,r)
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We make use of the known estimate

[ clewlduty) <R b> N (3.4)
Q(l‘,y)SR

valid for quasimetric spaces with the growth condition (2.2), see for instance [8],
Lemma 1 (actually C' = 21512;11 in (3.4), where K is the constant from (2.2)),
which yields

p(z)
2o (") oo

rN

It is easily seen that then

d d a(t) p(x)
Ji < Ca (r)P™ g(xo,x)”N/t*Np(m)*ldt < C’/tN’l [ N } that,
so that
J1 < CG(x,r).

The estimate for Jo =7 (x,2ko(xo,x)) is contained in (3.3) with r=2kp(x¢,z).
Hence

J(x,r) < CG(z,r), ;k < olwo, z) < 2kr (3.5)
The case g(xg,x) > 2kr.
We have
ate@y))"”
J(x,r) = / RN ) o(wo0,y)"dp (y)
o(z,y)

r<o(z.y)< 0™

_|_

o(zq,x)
g(z,y)> 2%

1 1
For the term J; we have o(zo,y) = | o(zo,) = e(,y) = olzo,z) =
1 1
ZRQ(anx) = 2k9($07x) and Q(any) S k(g(anx) + Q(xay)) < 2kg(x0,x) Then
p(z)
a(o(x,
J3 < Colzo, x)° / < (e @) du (y) -
o(z,y)

r<o(z,y)< 5 o(xo,x)
By Lemma 3.1 we then obtain

d p(z)
J3 < Cg(xo,x)b/thl {a(t)] dt = CG(x,r).

tN

r
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o(zo,)
2k

the preceding case J, < o(zo, ) < 2kr. Therefore,
J(z,r) <CG(z,7),  o(wg,x) > 2kr. (3.6)

Gathering estimates (3.3), (3.5), (3.6), we arrive at (3.2). O

The term Jy, coincides with J (x, ) and its estimate is contained in

4. Main lemma

We need to estimate the norm

a(o(z,y))

o(x,y)N ’ 1)

Mo~y (T, 7) =

N—N
Lp() <X\B(x,r),w p(zq) >

~—N y—N
where wr@o) (y) = p(zg,y) 7o) and v > 0.

Lemma 4.1. Let (X, o, 1) be a bounded quasimetric space with Borel regular mea-
sure w: satisfying the growth condition (2.2), d = diam X and let p satisfy as-
sumptions (2.3)—~(2.4). Suppose that the function a(r) : (0,d) — (1,4+00) is almost

N
increasing, there exists 0 < [ < min ( )I,N _ 7 such that
p- p-
a(r) . .
5 is almost decreasing. (4.2)
r
Then
a(r) YN d
py(2,7) < C 7 [max (r, o(wo, )] 7 for 0<r <. (4.3)

o’ (x)

Proof. By definition of the norm

/ (Qa(é’(x,y)) >p<y) o057~V duly) = 1. "

(z, y)an,'y
yeX
o(z,y)>r
1st step. Values 1, , > 1 are only of interest. This follows from the fact that the
right-hand side of (4.3) is bounded from below.

O mae (r, gl )5 = ) min (50, a3 )

7o (@) ro(x)

- min( a(r)  giey o) ) > c“? >0 >0,

) ro’@ ) T

the last inequality following from the fact that aT(};) is almost decreasing on [0, d].

2nd step. Small values of r, say 0 < r < é, are only of interest. To show that
this assumption is possible, we have to check that the right-hand side of (4.3) is

bounded from below and 7, ~(z,7) is bounded from above when r > J.
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Let r > % From the fact that n,, > 1 it follows that

/ <a(9(x,y))>p(y) 771 o(zo,y)" Ndu(y) > 1.

o(x, y)N

p,y
yeX:
g(l‘,y)>1
Hence W
a(o(z, y)))p Y N
< o(xo,y)""'d <C.
o< [ (D) st auty)
yeX:
o(z,y)>1

3rd step. Rough estimate. First we derive a weaker estimate
Ny (2,7) < Cr~Na(r) (4.5)
which will be used later to obtain the final estimate (4.3). From (4.4) we have

o ) () s
X

yE
o(w,y)>r

Since o(z,y) > r, we obtain

zel( ) ()] feonan

p- j
<o|(s) + () |
T Mp,y T Mp,y
where the convergence of the integral [ o(zo,y)? Ndu(y) with v > 0 (see (3.4))
X

was taken into account.

a(r) a(r)

It 5 > 1, there is nothing to prove. When
T p,y T My

a(r)
N7,
4th step. We split integration in (4.4) as follows

3 alolz p(y)
112 / <Q (o(z.1)) ) o(zo, )" Ndu(y) :== I + I, + I,

(z, y)Nnp 4

< 1, we obtain

pP—
1<2C ( > , which proves the estimate.

where

Xi(z) = {ZUEXZT<Q(337ZU) <, K(z,y) >77p,’y}7

SR NCR

Xo(z) = {yGX:r<g(x,y) < _, K(z,y) <17p,,},

Xale) = {we X ot > |
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5th step. Estimation of I;. We have

= / (Qa(e(%y)) )p(@ o(x0,y)" Ny (2, y)dply),

(@, )N p,y
X1 (1‘)
where
- a(g(x, y)) p(y)—p(z)
up(z,y) = N .
o(@, y)Nnp,

We show that the function u,(x,y) is bounded from below and above uniformly
in 2,y and r. To this end, we make use of (2.4) and following estimations in [33],
p- 432, and obtain

a(e(z,y)) @)
N N D,y
@y <o AT g dnw ,
In In
where we took into account that ?V(Q) > 1. Therefore,
Mp,y
ln a((Q(l’,)yA)[) |1na(g(m,y)| —|—N1n ( )
Inw,(z,y)] < C e x,ly <C . o(z,y <c.
In In

Then

c a(o(x,)) \"* _

s / ( A N)> olwo,y)"™ " du(y).
by o(z,y)
X1 (z)
By Lemma 3.2 we get
L < CF(a,r,p(a), (4.6)

where

d q

Jomt[ ] e it oleo2) <

Flx,r,q)=q " ’

d q
o(zg, x)Y =N [¢N-1 [ a(t) } dt, if o(xg,z) >
I

Np,tN

6th step. Estimation of I5. For Is we obtain

I < / <Qa(g(x’y)) )p o(z0,y)" Ndu(y)

r<e<l (x7 y)an7’Y
1 alo(z,y)\"~ NN
- / < olz, g)V ) o(zo,y)"™ " du(y)

Mp,~y
r<o<l
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and the application of Lemma 3.2 gives

I2 S Cf(xarap*)' (47)

Tth step. Estimation of I3. For I3 we have

a(e(zy)) \ PW

C s(up)a(t)
I3 < ,/ o o(zo, y)" N du(y)
Mooy J | ol )N
0>}
ao(y)) \ P~
o[ )
“ oy J | (el y)Y o(wo, y)N =7
0> 5
. C /(a(g(%y)))p‘ dp(y)
Ty S\ elwy)N o(wo,y)N—7’
0>,

where the last integral is convergent and uniformly bounded with respect to = by
Lemma 3.2. Hence

I3 < g (4.8)

T e
8th step. By (4.6), (4.7), (4.8) we have
1

1< C |\ Flz,rp) + F(a,r,p-) + ,_
Moy

We may consider 7, ~(z,r) only for those z,r for which 7, ~(z,r) is sufficiently
1
large: np 4 (z,7) > (2C)*-, where C is the constant from the last inequality. For
such x,r we have nc < é and we then obtain
P,

1

) < CF(x,r,p(x)) + F(z,r,p-)]. (4.9)

Cal(t)

Taking into account that (N > 1 by (4.5), we have

Mo,y
Flx,r,p-) < CF(z,r,p(x))
Then (4.9) yields the inequality 1 < CF(x,r, p(x)), that is,

d p(@)
Jot [ a, i olwo,w) <
e <cgT a p(@) o
o(xo, )N [¢N-1 [at(l\t’)} dt, if o(xo,x) >r
T
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9th step. Final estimate of 7, .. Write (4.10) in the next form

d

[ 10p(@)=Np(@)+7-1 {atg)
(2) T
) <C

" y—N ‘ Bp(z)—Np(x)+N-1 | a(t) p(=) ;

o(xo, ) Jt 2B dt, if o(xg,x) >

T

p(w) )
} dt, if o(zg,z) <r

By (4.2) we have

d
" o(r) p(2) ftﬁp(z)*Np(ferfl dt, if o(ze,x) <r
Mhy < C[ B } " d
o(zg, x)Y N [FAP@)=Np@)+N=1 gt if o(xo,z) >
T
Since 0 < 8 < min (v )/,N - pfy ) we have Op(z) — Np(z) + m < 0, where m

can take two values: N or 7. Then

d
/ {BP(@)=Np(@)+m—1 gy < CpBp(@)—Np(a)+m

Therefore
T [ SR B K
¢ [ () rm [max(e(ro, ), )"~
re'
which proves (4.3). O

5. Proof of the main result

Proof. As usual, we may suppose that f(z) > 0 and || f||Lr¢)(x ) < 1 and show
that
/<I> [z, w@) I f(z)] du(z) < C < oo. (5.1)
X

In accordance with Hedberg’s trick, we split I, f(x) as follows

= [ 8w+ [0 i)
B(a,r) ’ X\Bawy 20

= A (x) + Br(2).
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The estimation of the first term via the maximal function well known in the case
a(r) = r*, now holds in the form

An(z) < CAMf(z), AQr) = / ot) g (5.2)

see [13], Subsection 4.4.
For B, (z), by the Holder inequality

/ F@)g@)d(@)| < kI oo 9] o x.o
X

for variable exponents, we obtain

a(o(x,y))
oz, y)"

9

L2 O (X\B(z,r),w=")

Br(2) < Cfll ooy (x\Blar) )

where we denote w = g(-, zo) for brevity. Under notation (4.1) we obtain
B.(z) < Cny ~(z,r) with =N —wvp'z),

with N from the growth condition (one may take N < 9im(X) arbitrarily close to
oim(X) according to (2.5)-(2.6)).
We apply Lemma 4.1 and obtain

(@) < © 7 fmax(r, oo, )]

re(x)
a(r . a(r _y
<™ oao,2) ~ ™D o, )
rpe(z) r ()
Therefore
a(r _
B.(z) < C (N) o(wo, x)
re(x)
and

Lf@)<C [A(r)Mﬂx) Lo g(xo,xr”}

rp()

<cAw [Mi@+ T o).

rp(z)

where we used the fact that a(r < C'A(r)) which follows from (4.2). Consequently,
by Lemma 2.5 we get

I.f(x) < Ca™! ( fN) [rst0 M (@) + ol 0) ]



120 M.G. Hajibayov and S.G. Samko

1
Now we choose r = and get

o(xo, z) "N Mf(z)"N

ple@ ) Lf(z) < 87 (ool o) PO M f@P))

Hence

[ o (o pletoan 1uf@) ) dute) < [lote. o)™ 3 @7 (o).
X X

Then the application of Theorem 2.4 completes the proof of (5.1), if we take into
account property (2.5). O
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Abstract. We establish Fredholm criteria for Wiener-Hopf operators W (a)
with oscillating symbols a, continuous on R and admitting mixed (slowly oscil-
lating and semi-almost periodic) discontinuities at +o0o, on weighted Lebesgue
spaces LR (R4, w) where 1 < p < oo, N € N, and w belongs to a subclass of
Muckenhoupt weights. For N > 1 these criteria are conditional.
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1. Introduction

Let B(X) be the Banach algebra of all bounded linear operators on a Banach
space X, and K(X) the closed two-sided ideal of all compact operators in B(X).
An operator A € B(X) is called Fredholm if Im A is closed in X and the numbers
n(A) ;= dimKer A and d(A) := dim(X/Im A) are finite (see, e.g., [7]). In that case

Ind A :=n(A) — d(A).

Given 1 < p < o0, let LP(R) be the usual Lebesgue space with norm denoted
by || - |l,- A measurable function w : R — [0, 00] is called a weight if w=1({0, o0})
has Lebesgue measure zero. For 1 < p < oo and a weight w, we denote by L?(R, w)

Work was supported by the SEP-CONACYT Projects No. 25564 and 47220 (México). The second
author was also sponsored by the CONACY'T scholarship No. 163480.
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the weighted Lebesgue space with the norm

1l i= ([P wroie) "

Given N € N, let L% (R, w) be the Banach space of vector functions f = (fx)i_;

with entries f € LP(R,w) and the norm [|f|[zz (g w) = (ijvzl ||fk||g,w)1/p. If A
is a subalgebra of L>*°(R), then Anxxny or [A]nxny denote the matrix functions
a: R — CN*N whose entries belong to A.

In what follows we assume that 1 < p < co and w is a Muckenhoupt weight
(that is, w € A,(R)), which means that the Cauchy singular integral operator Sg
given by

(Sef)(z) = lim / IO 4 ser, (1.1)
e—0 e R\(z—e,z+¢) l—x

is bounded on the space LP(R,w) or, equivalently (see [18] and also [13]),

ow (g [ v i) l/p(|}| [ i) Ve

where 1/p + 1/¢ = 1, I ranges over all bounded intervals I C R, and |I] is the
length of I.
Let F : L?(R) — L*(R) denote the Fourier transform,

(Ff)(x) tz/Rf(t)e”’”dt, r €R.

A function a € L>®(R) is called a Fourier multiplier on LP (R, w) if the convolution
operator W0(a) := F~laF maps L?(R) N LP(R,w) into itself and extends to
a bounded linear operator on LP(R,w) (notice that L?(R) N LP(R,w) is dense in
LP(R,w) if w € Ap(R)). Let [M), ,,] nx n stand for the Banach algebra of all Fourier
multipliers a on L%, (R, w) equipped with the norm

lallng, wiwen = W@ 50 @)

Let x4+ be the characteristic function of Ry = (0,00). By LP(R4,w) we
understand the space LP(R4,w|Ry). For a € M, ,,, the Wiener-Hopf operator
W (a) is defined on the space LP(Ry,w) by

W(a)f = xsW°a)x+f, for feLP(Ry,w).

Let R = RU {oo}, R = [—00,+00], and let PC be the C*-algebra of all
functions on R having finite one-sided limits at every point ¢ € R. By Stechkin’s
inequality (see, e.g., [6, Theorem 17.1]), if a € PC has finite total variation V;(a),
then a € M, ,, and

lallagy... < 1SkllB(Lr@w) (lalleo + Vi(a)), (1.2)

where Sg is given by (1.1). We denote by C, ., (R) (resp. Cp.(R)) the closure
in M, , of the set of all functions a € C(R) (resp. a € C(R)) with finite total
variation. Obviously, C, ,(R) C C(R), Cpw(R) C C(R).
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To study Wiener-Hopf operators with semi-almost periodic (SAP) symbols
we need the set A)(R) consisting of all weights w € A, (R) for which the functions
ex : @ — e* belong to My, for all X € R. Let w € AJ(R). Then the set AP°
of all almost periodic polynomials ZAEAO cxex, where ¢y € C and Ag is a finite
subset of R, is contained in M), ,,. We define AP, ,, as the closure of AP® in M), .
Clearly, AP, ., is a Banach subalgebra of M, ,,. Let SAP, ,, denote the smallest
closed subalgebra of M, ,, that contains C, ,(R) and AP, ,,. It is clear that

APp’w C AP = AP2’1 - LOO(R), SAPp,w C SAP = SAPQJ C LOO(R)
Let C,(R) be the C*-algebra of all bounded continuous functions a : R — C.
Following [25] we denote by SO the C*-algebra of slowly oscillating at oo functions,

SO = {f € Cy(R) : lim sup 1f(t) — f(s)] = o}. (1.3)

T=F00y se(—2a,—z|U[w, 2]

Consider the commutative Banach algebra

SO3 = {a €SONCYR): lim (Da)(r) =0,7 =12, 3} (1.4)
equipped with the norm |ja||sos := max || D7al| o) where (Da)(x) = xza'(x)
v=0,1,2,

for x € R. By [21, Corollary 2.10], SO C M, ,,. For 1 < p < oo and w € A,(R), let
SO,.., denote the closure of SO? in M, ,,. Clearly, SO, is a commutative Banach
subalgebra of My, ,,. Since M), C Ms = L>(R), we conclude that SO, ., C SO.

Let [A, B] denote the smallest Banach algebra that contains Banach algebras
A and B. Then [SO, ., SAP, ] is the Banach subalgebra of M, ,, generated by
all functions in SO, ,, and SAP, .. If w =1, we write SO,, SAP,, and so on.

Fredholm theories for Wiener-Hopf operators W (a) with symbols a € PC, on
Lebesgue spaces LP(R ) and for the Banach subalgebras of B(LP(R)) generated by
the multiplication operators al (a € PC) and by the convolution operators W°(b)
(b € PC,) were constructed by R.V. Duduchava (see [10] and [11]). Fredholmness
and index formulas for such operators on weighted Lebesgue spaces and algebras
generated by these operators were studied in [29] and [27] in the case of power
weights, and in [8] and [9] for general Muckenhoupt weights.

Fredholmness for Banach algebras generated by all operators al and W°(b)
with a € [SO, PC|yxn and b € [SO,, PCp]nxn on unweighted Lebesgue spaces
L% (R) was studied in [1], [2]. Wiener-Hopf operators with slowly oscillating matrix
symbols on weighted Lebesgue spaces were investigated in [21].

Wiener-Hopf operators with semi-almost periodic symbols on the spaces
LP(Ry) (1 < p < o0) were studied by R.V. Duduchava and A.I. Saginashvili [12]
(for preceding results on integro-difference operators see [15], [16]). The Fredholm
theory for Wiener-Hopf operators with semi-almost periodic matrix symbols on
the spaces LY (R4) (1 < p < 0o, N > 1) based on the concept of almost periodic
(AP) factorization was constructed by I.M. Spitkovsky and the first author (see
[6] and the references therein). Wiener-Hopf operators with semi-almost periodic
matrix symbols on weighted Lebesgue spaces were studied in [20].
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A Fredholm theory for Toeplitz operators with oscillating matrix symbols
a € [SO, SAP]n«n on Hardy spaces Hh was constructed in [3].

In the present paper we establish Fredholm criteria for Wiener-Hopf operators
W (a) with oscillating symbols a € [SO, w, SAP, ] on weighted Lebesgue spaces
LP(Ry,w) with Muckenhoupt weights w € AY(R) and, under additional condi-
tions, with matrix symbols a € [SOp.w, SAP, ,|nxn on the spaces LY (R4, w)
with N > 1. To study mentioned Wiener-Hopf operators we apply the Allan-
Douglas local principle (see, e.g., [7]), the notion of almost periodic factorization
[6], and techniques of limit operators (see, e.g., [5], [3], [26]).

The paper is organized as follows. In Section 2 we collect results on algebras
of slowly oscillating and semi-almost periodic functions, their maximal ideal spaces
and associated limit operators, and also present invertibility criteria for Wiener-
Hopf operators with almost periodic symbols.

Section 3 deals with geometric means of matrix functions a € [AP)|nxn
being symbols of Wiener-Hopf operators invertible on the space L% (R4 ).

In Section 4, applying techniques of limit operators, we obtain necessary Fred-
holm conditions for Wiener-Hopf operators W (a) with oscillating matrix symbols
a € [SOp ., SAP, | Nnxn on the space LY (R4, w) in terms of invertibility of some
Wiener-Hopf operators with symbols in the Banach algebra [AP, »]Nxn-

In Section 5 we prove that all the regularizers of Wiener-Hopf operators with
symbols in SAP, ,, belong to the Banach algebra alg W (SAP, ) generated by all
operators W (a) with symbols a € SAP, ,,.

In Section 6 we study the invertibility in quotient algebras associated with
the points of the maximal ideal space M(SO) of SO. Then, applying the Allan-
Douglas local principle and the results of previous sections, we obtain a Fredholm
criterion for Wiener-Hopf operators W (a) with symbols a € [SOp ., SAP, ] on
weighted Lebesgue spaces LP(Ry,w) with 1 < p < co and w € Ag(R).

In Section 7 we establish a conditional Fredholm criterion for Wiener-Hopf
operators W(a) with oscillating matrix symbols a € [SO, v, SAP, | nxn on the
space LY (R, w), and a Fredholm criterion for such operators on the space LY (R.)
provided that their symbols belong to a Wiener subclass of [SO,, SAP,|nxn-

2. Auxiliary results

2.1. Slowly oscillating Fourier multipliers on L? (R, w)

Consider the commutative C'*-algebra SO of slowly oscillating functions defined by
(1.3). Clearly, SO is a subalgebra of L>(R) which contains all functions in C(R).
Identifying the points ¢ € R with the evaluation functionals §; on R, 50 (f) = f(t),
we see that the maximal ideal space M (SO) of SO is of the form

M(SO) =RUM(SO), where My (SO) := {5 € M(SO) : §|C(R) = (500}

is the fiber of M(SO) over co. By [3, Proposition 5], M (SO) = (clos so~ R) \ R
where clos o+ R is the weak-star closure of R in SO*, the dual space of SO. Thus,
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any functional £ € M (SO) is the limit of a net ¢, € R that does not converge
to functionals ¢ € R, that is, f(§) := &(f) = lim f(t,) for every f € SO.
@

Proposition 2.1. [3, Proposition 6] Let {ax}3>, be a countable subset of SO. If
£ € M (S0), then there exists a sequence g = {g,} C R such that g, — oo and

E(ag) = nh_)n;o ax(gn), keN. (2.1)

Conversely, if g, € R, g, — oo, and the limits lim ay(g,) exist for all k, then
there is a £ € Mo (SO) such that (2.1) holds.

Given 1 < p < oo and w € A,(R), we consider the Banach subalgebra SO, .,
of M, ,, being the closure in M, ,, of the Banach algebra SO? defined by (1.4).

Lemma 2.2. [21, Lemma 3.4] If 1 < p < oo and w € A,(R), then the mazimal
ideal spaces of SOy, and SO coincide as sets, that is, M(SOy ) = M(SO).

Lemma 2.2 and the Gelfand theory immediately give the following assertion.

Corollary 2.3. If 1 < p < o0 and w € A,(R), then the Banach algebra SO, ., is
inverse closed in the C*-algebras SO and L>=(R).

2.2. Limit operators and the fiber Mo, ([SO, SAP])
Let 1 < p < o0. Given A € R, we introduce the shift operator Uy on LP(R) by

(Urf)(z) = f(x—=N), for zeR.

Clearly, the operators Uy are invertible, Uy ' = U_y, (Ux)* = Uy !, and ||U,]| = 1.

Let A € B(LP(R)). The operator Aj, € B(LP(R)) is called the limit operator of
A with respect to operators Uy and a sequence h = {h,,} of real numbers tending
to infinity (respectively, to +00 or to —oo) if (cf. [3]) there exist the strong limits

Ap = slim (U_p,, AUy,,) and Bp =slim (U_p,, AU,,)"

m

in B(LP(R)) and B(L%(R)), respectively, where 1/p+ 1/q = 1. Then By, = (Ap)*.

Let BUC be the C*-algebra of all bounded uniformly continuous functions
a : R — C. By [3, Proposition 3], for every function a € BUC and every sequence
h tending to oo (respectively, to +o00, —oo) there exists a subsequence g of h
such that the limit operator (al), € B(LP(R)) exists and (al), = agl where
ag € BUC. Since [SO,SAP] C BUC, the limit operators for the operator al
with a € [SO, SAP] always exist for a subsequence g C h. By [3, Proposition 4],
ag € AP if a € AP and ay is a constant if a € SO. Moreover, by Proposition 2.1,
for every a € SO there exists a £ € M. (SO) such that ay = &(a).

Let us define the limit operators for al when a € [SO, SAP] (see [3]). By
[28], any function a € SAP can be represented in the form

a=a4uy +a_u_ +ap

where the functions ax € AP, ag € C(R), ag(c0) = 0, us(z) = (1 + tanhz)/2,
and the mappings v4 : a — a+ are C*-algebra homomorphisms of SAP onto AP.
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According to [25, Section 3], the C*-algebras SO and SAP are asymptotically
independent, which means the following.

Proposition 2.4. The fiber Mo ([SO, SAP]) is naturally homeomorphic to the set
Moo (SO Moo (SAP), that is, for every character p € Moo ([SO, SAP)) there are
characters § € Moo (SO) and v € Moo (SAP) such that plso = & and u|lsap = v.

Identifying u € Mo ([SO, SAP]) with pairs (§,7) € My (SO) X M (SAP)

due to Proposition 2.4, for every £ € M (SO) we obtain a natural homomorphism
Be : [SO, SAP] — SAP|ym_(sap), (Bew)(v) = (§,v)p for v € M (SAP).

Hence, for every ¢ € [SO, SAP] there exists a non-unique function ¢ € SAP
with uniquely determined almost periodic representatives ¢ 4 at £oo such that

Be ¢ = Pe| s (sap) (2.2)

Since the fiber M. (AP) is homeomorphic to M(AP), identifying M (SAP) and
Mo (AP) x Mo (AP), we conclude that the maps

Vi Pe [ Moo (SAP) P Pe kMo (AP) H et
are Banach algebra homomorphisms of SAP|x_(sap) onto AP. Thus the maps
V&,i = Y+ © ﬁg : [SO, SAP] — AP7 V&i Y = (Pf,i (23)

are well defined Banach algebra homomorphisms for every £ € M, (SO).
The C*-algebra [SO, SAP] consists of all functions of the form

) mp
c= kh_)If)lo Zi:l bk aik (2.4)

where b; . € SO, a;x € SAP, and limit is taken in the norm || - || L (r). Therefore,
for every £ € Moo (SO), the maps ve + : [SO, SAP] — AP act by the rule

: my
Vg tC= klglgo Z¢:1 E(bik)ve(aik). (2.5)

On the other hand, by [3, Section 4], for every ¢ € [SO, SAP] and every £ €
Mo (SO) there exist sequences g+ = {g;"} — 400 such that for z € R,

Hm b p(z+g5) =Ebix),  lm a;n(z+g5) = (veaik) (@),
n—oo n—oo

where for all 7, k the convergence is uniform on R for a; ;, and is uniform on compact
subsets of R for b; ;. Consequently, for the function (2.4) we obtain

(vesc)(x) = lim c(x+gF), for x € R. (2.6)
n—oo

In what follows for every a € AP we use the notation (see [6]):

M(a) := lim ! /Ox a(t)dt, Qa):={XeR: M(ae_y) #0};

T—00 I

k(a) == lim (z~'arga(z)) if att e AP, d(a) =M if Inge AP.

xTr—00
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2.3. Wiener-Hopf operators with almost periodic symbols
Let APW be the Banach algebra of all functions in AP of the form a =3, axex
with ay € C, A € R, and the norm |jaljw =), |ax| < cc.
Let APW# be the closure in APW of the set AP of all almost periodic po-
lynomials ), axex with =X > 0. Thus, APW# are Banach subalgebras of APW .
Given 1 < p < 0o and w € Ag(R), let APW,, ., be the Banach subalgebra of
M), composed by the series a = ), axey with coefficients a) € C and the norm

lallw = ZA lax| llexllns,.,., »

where [lex|[as, ., = [[vallzee @) for A € R and the functions vy(z) =
L>*(R) for weights w € AY(R) (see [20, Proposition 2.3]).

Let AP;U) be the M, ., closure of the set of all almost periodic polynomials
Yoy axex with £X > 0. Along with the Banach subalgebras AP;fw of My, ., we
consider the Banach subalgebras APW,, := APW,, wNAP:, of APW,,,,. Clearly,

APW, ., C AP, C AP, APW}, C APf, C AP*.
Let GA denote the group of all invertible elements of a unital algebra A.
Theorem 2.5. [20, Theorem 4.2] If p € (1,00), w € AY(R) and a € APW,,,,, then
the following three assertions are equivalent:

(i) the operator W (a) is Fredholm on the space LP(R,w);
(i) the operator W (a) is invertible on the space LP (R, w);
(iii) the function a has a canonical Tight APW, ., factorization, that is,

a=a_ay with at € GAPW;FW. (2.7)

w(x+A)

w(z) are 1

For general functions a € AP, ., we obtain the following.

Theorem 2.6. If p € (1,00), w € AY(R) and a € AP, ., then the Wiener-Hopf
operator W (a) is invertible on the space LP(R,w) if and only if the function a
is invertible in L>=(R) (equivalently, in AP, ) and its mean motion k(a) = 0.
Moreover, in that case the geometric mean value d(a) of a is not zero.

Proof. For arbitrary weights w € Ag(]R), the first assertion follows from [20, The-
orem 4.1] (for the case w = 1, also see [6, Theorem 2.28 and p. 376]). Thus, if
a € AP, ,, and the operator W (a) is invertible on the space LP(R,w), then the
functions a and 1/a are in AP,,, and k(a) = x(1/a) = 0. Hence Ina € AP,
due to [14, § 13], and therefore the geometric mean values d(a) = (%) and
d(1/a) = e~ M) are mutually inverse complex numbers. O

Consider now W (a) with a € [APW), w]nxn. Let p € (1,00), w € AY(R) and

lim esssup |lnw(z) —Inw(y)| =0. (2.8)
[t]—=00 2 yelt, t+1]

According to [20, Example 2.4], if the parameters 0, v,n € R satisfy the relations
—1/p <8 — V2 +1 <5+ V0P +1<1/q,
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then the following weight with different indices of powerlikeness at oo (see [4,
Section 3.6]) gives an example of weights in A)(R) possessing the property (2.8):

{e<6+usin<nlog(log|z|>>>logz it |2| > e,

w(z) =
() e if |z| <e.

If w e A)(R), then, due to [24], we can replace w by an equivalent weight w €
AY(R) continuous on R (see [20, Subsection 2.2]). If w € AY(R) satisfies (2.8),

then, replacing w by w, we may assume that vy € C(R) and vy (c0) = 1 for all
A € R. In that case APW,,, C APW and APWi C APW=.
Combining [20, Theorem 6.1] and 6, Corollary 19.11], we get the following.

Theorem 2.7. Let 1 < p < oo, w € AY)(R), N € N, and let (2.8) hold. If a €
[APW,, wINxN, then the following three assertions are equivalent:

(i) the operator W (a) is invertible on the space LY (R4, w);
(ii) the operator W (a) is invertible on the space LY, (Ry);
(i) the matriz function a admits a canonical right APW factorization

a=a_ay with at € GAPWﬁxN.

3. Geometric mean for matrix functions in [AP,|nx N

For 1 < p < oo and w € Ap(R), define HY, | = H N Mp,,. It is easﬂy seen
that H>, | are closed subalgebras of M), .. Let Dy + 1= alg{Cp.. (R), H>, 1}

be the mmlmal Banach subalgebras of M, ,, that contain C,,(R) and
Let x+ denote the characteristic functions of R.

pwi

Lemma 3.1. Let1<p<oo and w € A,(R).

(i) If ax € HY, o, then x-W°(ay)x 41 and x;.W°(a_)x_1I are the zero opera-
tors on the space LP(R,w).

(ii) If ax € Dy +, then the operators x-W°(ay)x+I and x:WO(a_)x—1I are
compact on the space LP(R,w).

Proof. If ay € Hy5, ., then from [6, Section 2.5] it follows that x_W(a4)x+I =0
on the space L(R). Extending x— W (a)x4I by continuity from L?(R)NLP (R, w)
to LP(R,w), we infer that x_W?°(as)x+I = 0 on the space LP(R,w) too. Analo-
gously, if a_ € pr _, then x. W% a_)x_I =0 on the space LP (R, w).

Let a € Cp,(R). Then there is a sequence {a,} C C(R) with Vi(a,) < oo
that converges to a in M, . By inequality (1.2), the operators x_W%(a,)x4+1
and x4 W9 (a,)x_I are bounded on all the spaces L"(R,w) with r € (1,00) and
w € A,(R). Since these operators are compact on the space L2(R) (see, e.g., [6,
Theorem 2.18]), by analogy with [23, Theorem 3.10] and [22, Theorem 3.2], we con-
clude that the operators x_W9(a,)x+I and x+ W%(a,)x_1I are compact on every
space L"(R,w) and, in particular, on LP(R,w). Hence, their limits x_WO(a)x 1
and x4 W°(a)x_TI in B(LP(R,w)) are also compact on the space LP(R, w).
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Consequently, the operators x_W%(a)x+ I and x4 W°(a_)x_1I are compact
on the space LP(R,w) for all ax € Dy, + = alg{Cp(R), H, 1 }. O

W
Under the conditions of Theorem 2.7, the matrix d(a) := M(a—)M (ay) is
defined uniquely. We now extend d(a) by analogy with [6, Theorem 18.12].
Theorem 3.2. Let 1 <p < oo, N € N and
G .= {a € [AP,Inxn = W(a) is invertible on L?V(RJF)}.

Ifa € G and {an} C APY, N is any sequence of almost periodic matriz poly-
nomials which converges to a in [APy|nxn, then the matriz polynomials a, ad-
mit canonical Tight APW factorizations for all sufficiently large n and the limit
d(a) := nhHH;O d(ay) ezists and is a matriz in GCN*N. The map

G — GCY*N g d(a) (3.1)
18 continuous.

Proof. Fix a sequence a, of almost periodic matrix polynomials which converges to
a in the Banach algebra [AP,]n x n. Since W (a) is invertible on the space L%, (R ),
the operators W (a,) are also invertible on this space for all sufficiently large n
and ||[W(a,)] ™! - [W(a)]ﬂ”B(L?V(R”) — 0 as n — oco. Without loss of generality

assume that W(a,) are invertible for all n. By [6, Corollary 19.11], the matrix
functions a, admit canonical right APW factorizations a,, = a,a} with af €
GAPVV]j\,EX ~- Consequently, applying Lemma 3.1(i), we get

X+ W (an)] ™ xs = xa WOl 1" xe WO(lay ™ )xe I

= Wo([a ] x+W([a,]71). (32)
Let x(«) := tanh . Then, by [6, Lemma 19.13], we obtain
Xlag] ™t = xM " (ay) + f, (3.3)

where f¥ e [C,(R) S NxN. As Cy(R) + o4 = Dy +, we deduce from
Lemma 3.1(ii) that the operators x_ WO(f,/)x+I and x - W°(f,;)x—I are compact
on the space LY (R). Hence from (3.2) and (3.3) it follows that

X= W2 00X+ W (an)] ™ X WO )X -1
= x-WOxlaf ] X+ WO x[ag 1™ )x-1
~ X-WOOM ™ af)x+ WM™ ay, ))x-1
=M~ (a; )M~ ag )x- WO 0)x+ WO )x-1
=d™H(an)x-W )X+ WO 0)x-1,
where A ~ B means that A — B is a compact operator. Therefore,
[d™ (an) — a7 (am)]x-W° 0)x+ WP (x)x-1
~ =W 0+ (W (an)] ™ = [W(am)] ™) X WP (0 x- 1,
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and passing to the ( Jj, k)-entry on each side of this formula we obtain
‘( n) _d_l(am))jk| ||X_WO( )X-l—WO X IHess
< WO W (@)™ — W (am)] 7| (3.4)

where [[Al|ess := inf {||[A + K| : K € K(LP(R))}. Following [6, Section 17.3], let
us calculate Sym H for H = x_WO(y )X+W0( )x-1I at the points (0,00, i) for

e Ly = {2*1 + 27 coth[m(x +i/p)] : = € R}. Setting p = \/u(1 — ), we get

(Sym H)(0, 00, p) = [(0) ﬂ F ;pQM 25& 1} {(1) 8} F ;/JZH 2M2ﬂ 1] [8 (1)]

= diag{0, 4p%}.

As Sym H is not identically zero, we deduce from [6, Theorem 17.12(b)] that the
operator x_WO(x)x+ W°(x)x_I is not compact. Hence from (3.4) it follows that

(@7 (an) = d ™ (am)) | < g WO W (@n)] ™t = W ()] Y| (35)
where ¢q := HX_WO( X+ WO (x)x— IHeSS > 0. Thus, the limit b := li_)ngod_l(an)
exists. Hence the limit d(a) = lim d(a,) will exist if b € GCNY*N. To prove that
b€ GCN*N it suffices to Verigf—;;loat there is an M € (0, 00) such that

lim sup |(d(an))jk‘ <M forall j,k=12,...,N. (3.6)

Indeed, (3.6) implies that | detd(a,)| < N!MY, and therefore
|detb| = lim |detd™'(a,)| > 1/(N'M™) > 0.
n—oo
We now prove (3.6). Without loss of generality assume that aff are almost

periodic matrix polynomials. Fix a number n € N. Then there is an o = a,, > 0
such that the Bohr-Fourier spectra Q(af) of a possess the property:

Qa;)N(—a,0) =0, Q)N (0,a)=0. (3.7)

Let X0 := X[0,a] a0d X1 = X]a,+00)- Since the operator W (ay,) is invertible
on the space L% (Ry), it is evident that the operator x1W (a,)x11 is invertible on
the space Lf\,([a, +oo)). Consider the operator

By = xoW (an)xol — xoW (an)x1 (X1W<an)X1I)71X1W<an)X0[~ (3.8)
Because lim ||[W(a,)—W(a)|| =0 and lim H(V[/(an)f1 - (W(a))*lH = 0, there
exists an M € (0, 00) such that for all n € N,

1Bull < IW (an)ll + W (an)IP[[(W (@n) ~H]| < M < oo (3.9)
Since x1 W (an)x11 = xaW°(a;; )x1W°(a;)x11, we conclude similarly to (3.2) that
CaW (an)xa )™ = Wo(a) ™ )W ((az) ). (3.10)
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Taking into account the equality xoW (an)xol = xoW°(a, )x+WO(a,})xol, we
infer from (3.8) and (3.10) that

By = xoW(a; )x+ W (a;)xol = xoW*(az)xaW (a)xol
= xoW*(az)xoW (@} )xol- (3.11)
On the other hand, from (3.7) it follows that a;f = M(af) + g;*, where the
matrix polynomials g € [APW*]nxn are of the form g = E:EAZQ caex. Hence
oW (g:5)x0I = X[o,0] Zi)\za AAXAA+a)Ux =0, (3.12)
where W0(ey) = Uy and (Uyf)(z) = f(z— A) for z € R. Applying (3.12), we infer
from (3.11) that
By = xoW"(M(az) + g )xoW (M(ar}) + g7 )xol
= XoM (a, )xoM (a,; )xol = d(an)xol. (3.13)
Finally, from (3.13) and (3.9) it follows that
limsup |(d(an))ju| < [[Ball £ M < oo,
n—oo

and hence d(a) = lim d(a,).
n—oo
We now prove the continuity of the map (3.1). Fix a € G and € > 0. Then
there is a § > 0 such that b € G and ||[(W(a))~™" — (W(b))~!|| < & whenever
b e [AP)nxn and [[b— alljar ]y, < 6. Fix this b and choose ay, b, € APY,
such that a, — a and b, — b in [M,]nxn. As in the proof of (3.5), we obtain

[d™ (an) — a7 (ba)|| < O (W(an)) ™" = (W(ba) ™|
with some constant C' < co. Passing to the limit as n — oo, we get
[d™ (a) a7 )| < Of|(W(a) ™t = (W (b))~ < Ce.

Hence the map a — d~1(a) is continuous, which implies that the map a +— d(a)
is also continuous. U

4. Necessary Fredholm conditions
Below we need the following weighted analogue of [7, p. 487].

Lemma 4.1. [21, Lemma 5.2] If p € (1,00) and w € A,(R), then the Banach sub-
algebra alg W(pr(ﬂ'%)) of B(LP(Ry,w)) generated by all Wiener-Hopf operators
W (c) with symbols ¢ € Cyp ., (R) contains the closed two-sided ideal K(LP(R,, w))
of all compact operators in B(LP(R4,w)).

Let 1 < p < oo, w e A)(R), N € N, and let
A := alg (sgn x, VVO([SOW,,7 SAP, wINxN)),

B := alg (sgnz, WO ([APy.w]nxnN)) -
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be the Banach subalgebras of B(L (R, w)) generated by the operators (sgnz)f
and W0 (a) where, respectively, a € [SOp. w, SAPy w]Nxn and a € [AP, w]NxN-
Lemma 4.1 and [20, Lemma 3.8] (also see [6, Lemma 10.1]) give the following.

Lemma 4.2. If1 <p < oo, w € A)(R) and N € N, then the ideal (LY (R, w)) is
contained in the Banach algebra 2 given by (4.1), and for every K € K(L%, (R, w))
and every real-valued sequence h tending to oo (respectively, to +o0o, —o0), the
limit operator Ky, := hs;hinoo(e_h"Aeh"I) exists and is the zero operator.

For every £ € Moo (SO), we introduce the mappings pe + : A +— Ag + defined
on the generators of the Banach algebra 2 by

pre+((sgna)l) := (sgnz)l, (42)
pe+(Wo(a)) := Wag 1) for a € [SOpuw, SAP, w]NxN, (4.3)

where ag + 1= Vg 1a € [AP, ] nxn and the map ve 4 is defined by (2.3) or (2.5).
Theorem 4.3. For every £ € My (SO), the mapping pe + + A — A¢ 1, defined
on the generators of the Banach algebra 2 by (4.2) and (4.3), extends to a Ba-

nach algebra homomorphism of the Banach algebra A onto the Banach algebra 5.
Moreover, for every A € A and all £ € M (SO),

[ A ]| < [[Alless == inf {|A+ K] : K € K(LY(R,w))}. (4.4)

Proof. First we consider the operators of the form

A= Z Hj A, (4.5)

where 4, ; € {(sgnz)I, W°(a) : a € [SOp,w, SAP, w]nxn}, the indices i and j
run through finite sets, and the products in (4.5) are ordered. For such A, we put

pe,x(A) = Zz Hj pe+(Ai 7).

On the other hand, for every £ € My (SO) there exists a sequence h,, — o0 as
n — too, such that (see (2.6))

pe +(A) =

Indeed, all limit operators for the operator (sgnz)I € B(L% (R, w)) coincide with
(sgnx)I and, according to Subsection 2.2, the limit operators for the convolu-
tion operator W9(a) with matrix symbol a € [SOp, ., SAP, ] Nxn coincide with
WOag 1) for £ € Moo(SO), where ag + = ve 1a € [AP, w]nxn. Applying then
Proposition 2.1 and (2.6), we arrive at (4.6).

Lemma 4.2 implies now that

pe +(A) = s-lim (e_hn(A + K)ehnI) for all K e (L% (R, w)).
n—=+oo

(e_hnAehnI). (46)

s-lim
n—=4o0o

Hence, for all A € 2 of the form (4.5), from [5, Proposition 6.1] it follows that

Al < inf A+ K| = ||Alless- 4.7
Ines (A< inf A+ K] = 4] (47)
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As the set of all operators of the form (4.5) is dense in the Banach algebra
2, we infer from (4.7) that the homomorphisms p¢ 1+ extend by continuity to the
whole algebra 2. Setting A¢ 1 := pe +(A) for every A € A, we obtain (4.4). O

Applying limit operators of the form A, = s—liin (e—n, Aep, I) and slightly

hy,—doco
modifying the proof of [6, Corollary 18.11] (cf. also the proof of Lemma 6.2 below),
we obtain the following.

Theorem 4.4. If an operator A € A is Fredholm on the space LY (R,w), then for
every & € Moo (SO) the operators Ae + = pe +(A) € B, where the homomorphisms
pe,+ are given by Lemma 4.3, are invertible on the space on LY (R, w), and

sup maxH(Agi)_lH < 00.
EEM (SO)

Lemma 4.3 and Theorem 4.4 imply the following corollary.

Corollary 4.5. Ifp € (1,00), w € Ag(R), N € N, and the Wiener-Hopf operator
W (a) with a symbol a € [SOyp .y, SAP, ] Nx N s Fredholm on the space LY (R4, w),
then for every & € Moo (SO) the operators W(ag +) with symbols ag + = ve +a €
[AP, w]Nnxn are invertible on the space LY (R4, w) and the norms of their inverses
are uniformly bounded.

5. Regularizers of Wiener-Hopf operators with symbols in SAP, ,,

Lemma 5.1. If1 < p < oo, w € AY(R) and the Wiener-Hopf operator W (a) with a
symbol a € SAP, ., is Fredholm on the space LP(Ri,w), then every its reqularizer
(W (a))=Y belongs to the Banach algebra alg W (SAP, ).

Proof. By [20, Theorem 3.1], every function a € SAP, ,, can be represented in the
form

a=a_u_ +ayuy + aop, (5.1)

where at € AP, ,,, the functions uy : z — (1+£tanhz)/2 are in Cp ,,(R), and ag €
Cp.w(R), ag(oc) = 0. Hence, in view of the stability of Fredholmness under small
perturbations and by the density of the almost periodic polynomials in AP, ,,, it
is sufficient to prove the lemma for the Fredholm Wiener-Hopf operators W (a)
with symbols (5.1) such that a1 are almost periodic polynomials.

Since the operator W (a) is Fredholm on the space LP(R,,w), we infer from
[20, Theorem 3.7 and Corollary 3.11] that a € GSAP, ,, and the operators W (a4 )
are invertible on the space LP(Ry, w). Because ax € APW), ,,, from Theorem 2.5
it follows that the functions a+ admit canonical right APW),, ,, factorizations (2.7),
which can be written in the form a+ = aZd(a+)al, where

az € GAPW,,,, af € GAPW,,, M(aL)=M(al)=1 (5.2)
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and, according to Theorem 2.6, d(a+) # 0. Then, by [20, Theorem 3.15], there exist
functions b € GC, ,(R) and g* € GSAP, ., N GD, 1+ such that b(+oc0) = d(ay)
and a = g~bg™. Consequently, we deduce from [20, Theorem 2.9] that

W(a)=W(g )W) W(g") + K, (5:3)

where W (g*) are Fredholm operators because g* € GD,, 4 +, and K is a compact
operator on the space LP(R,., w). Therefore, the operator W (b) is Fredholm along
with W (a).

According to [6, Theorem 17.9], every regularizer (W (b))(~1) of the Fredholm
operator W (b) belongs to the Banach algebra alg W (C,, ,(R)) C algW(SAP, ).
On the other hand, since g* € GSAP,, N GDp. 1, all the regularizers
(W(g*))=Y of the operators W (g*) are in the Banach algebra alg W (SAP, ).
Hence, applying (5.3), we infer that the regularizers

(W(a)) = = (W(g") VW) W(g )Y
of the operator W(a) belong to the Banach algebra alg W(SAP, ). O
Approximating Wiener-Hopf operators W (a) € B(LY (R4 )) with matrix sym-
bols a € [SAP,|nxn by Wiener-Hopf operators W (ay,), where a,, € [SAP,|nxn
and their almost periodic representatives (a,)+ € APY. y, and applying Theo-

rem 2.7 in the case w = 1, we obtain by analogy with Lemma 5.1 its unweighted
matrix analogue.

Lemma 5.2. If 1 < p < 0o, N € N, and the Wiener-Hopf operator W (a) with a
matriz symbol a € [SAPy)nxn is Fredholm on the space L, (Ry), then every its
reqularizer (W (a))(=Y) belongs to the Banach algebra alg W ([SAP, NN )-

6. Wiener-Hopf operators with symbols in [SO,, .,, SAP, ]

Given p € (1,00) and w € Ag(]R), we consider the following Banach subalgebras
D :=algW([SOp, SAP, »]), Z:=algW (SO, )

of B(LP(R4,w)). Both these algebras contain the ideal K := IC(LP (R4, w)).
By [21, Lemma 5.3], the commutators of operators al (a € PC) and convo-
lution operators W(b) (b € SO,.,) are compact on the space LP(R, w). Hence
W(a)W (b) ~ W(ab) ~ W(b)W(a) forall a e M,,, andall b€ SO,,, (6.1)

where A ~ B means that the operator A — B is compact on the space LP(Ry,w).
Let A := A(Z) denote the Banach subalgebra of B = B(LP(Ry,w)) that
consists of all operators of local type (with respect to Z), that is,

A= {A € B(LP(Ry,w)) : W(c)A— AW(c) € K forall ce sop,w}.

The quotient Banach algebra A™ = A/K is inverse closed in the Calkin algebra
B™ = B/K and contains the Banach algebra D™ := D/K, and Z7™ is a central
subalgebra of D™ and A™ (see (6.1)). For A € B, let A™ := A+ K.
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For every £ € M(SO) = M(S0,.,), let JI and jg denote, respectively, the
closed two-sided ideal of A™ and D™ generated by the maximal ideal

7= {W”(b) b eSOy, E(b) = 0}

of the commutative algebra Z7, and let A7 := A™/JI and Df := D”/jg be the
corresponding quotient Banach algebras. Clearly, jg C J{. Consider the cosets
W (a) == W™(a) + JF € AT, W{(a):= W™(a) + JF € DE.
To study the Fredholmness of Wiener-Hopf operators W (a) with symbols

a € [SOpw, SAP, ] on the space LP(Ri,w) we will apply the Allan-Douglas
local principle. Thus, we need to study the invertibility of the cosets W (a) in the
quotient algebras Af for every ¢ € M(SO).
Lemma 6.1. If a € [SOp, ., SAP, ] where 1 < p < 0o and w € AY(R), then for
every £ € R the following three assertions are equivalent:

(i) the coset W (a) is invertible in the quotient algebra AT,

(i) the coset Wg(a) is invertible in the quotient algebra D,

(i) a(€) £ 0.
Proof. Given a € [SOp.,, SAP, ,,] and £ € R, let us show that

W7 (a) = W (a()) = W(a - a(¢)) € J¢, (6.2)

where the ideal jg CJ{is represented in the form

Jr=cosp-{>" ATBI: AT €D, BY € If, neN}. (6.3)

Because the matrix function @ := a — a(&) belongs to [SOp ., SAP, ] along with
a, we conclude that W7 (a) € D™. Moreover, a(§) = 0. Then for any € > 0 there are
a function a. € [SOp ., SAP, ;] and a number 6 > 0 such that |[a — a.||n, , <€
and a.(x) =0 for all x € (£ — 3, + ) (see, e.g., the proof of [20, Theorem 3.7]).
Choosing now a function be € Cp.(R) such that be(§) = 0 and bg(x) = 1 for
|lz—§| > 0, we deduce that a. = a:be and W7 (b¢) € If. Hence, by (6.1), W™ (a.) =
W™ (ae)W7™(be), and therefore, by (6.3), the cosets W7 (a.) and W™ (a) belong to
the ideal jg

Since W(a(€)) = x+F ta(é)F = a(&)I, we have W™ (a(€)) = [a(¢)I]™. Hence
we infer from (6.2) that for every £ € R,

Wé(a) = [a©I" + J&,  Wila) = a1 + ¢,

which immediately implies the assertion of the lemma. O

Given p € (1,00), for every k > 0 we consider the isometric dilation operators

Vi € BIPR), (Vif)(@) = K/Pf(ke) (z€R), (6.4)

and the limit operators A, = s-lim (Vh,,,LAVh;%) of operators A € B(LP(R)) related
to a sequence h = {h,,} C ergflding to +oo. By [3] and [5], for every function
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a € SO and every sequence h C Ry tending to +o0o there is a subsequence g of h
such that there exists the limit operator (al)y := s-lim (thth_l) = ayl and a4
m— 00 m

is a constant, which equals £(a) for some £ € M, (SO) by Proposition 2.1.
Let Vi (k > 0) denote the dilation operators (6.4) on LP(R) and on LP(R ).

Lemma 6.2. If p € (1,00), w € A)(R), b € Cpw(R), £ € Mx(SO), and the
coset Wg (b) is invertible in the quotient Banach algebra A’g, then the Wiener-Hopf
operator W(b(foo)xf + b(+oo)X+), where x+ are the characteristic functions of
Ry, is invertible on the space LP(R.), that is, for every x € R,

1 — coth i 1 th ;
boo) L T [7;(% +i/p)] +co [7;(56 Pl L (6.5)
Proof. As the coset W (b) = W™ (b) + J{ is invertible in the quotient algebra Af,
there exist operators B, C1,C2 € A such that CT, C7 € J and

W®B)B =1+Cy, BW(b) =1+ Cs. (6.6)

Clearly, the operators C1, Cs are limits in B(LP(R4,w)) of sequences of operators
of the form ), D;W (c;) + K, where i runs through a finite set, D; € A, K € K,
¢i € SOp . and ¢;(§) = 0. Passing in (6.6) to the operators acting on the space
LP(R, ), we obtain

+ b(—0o0)

W®B=1I+Cy, BW(b)=1I+Cs, (6.7)

where W (b) := wW (b)wI, B := wBwI, and C := wCw~1 for C € {Cy,C,}.
By Proposition 2.1, for every £ € M (SO) and any at most countable set {c¢;} C
SO, there is a sequence {k,} C Ry such that

lim ky =0, ei(6) = £(es) = lim_ci(1/kn). (6.8)

Since w € AY(R), we may without loss of generality assume due to [24] that w is
continuous on R (see [20, p. 90]), and therefore both indices of powerlikeness of w
at the point 0 equal zero. Then we infer from [21, Theorem 4.3] and (6.8) that

s-lim (Ve, wW (D)w™ "V, 1) = W (b(—00)x— + b(+00)x4), (6.9)
%—Eg‘} (anwW(ci)w_lvk;l) =W (ci(§)) =0. (6.10)

Similarly to [17], if K € K(LP(R4,w)), then the operator wKw~'I € K(LP(R.))
can be approximated in B(LP(Ry)) by the operators T of the form
n 1 —x 11—y
T = i - I i A1
T =5 @) (18 - 8e, V) b))
where a; and b; are continuous functions on Ry with compact support on [0, c0),
and the operator Sg, is given by (1.1) with R replaced by R (see, e.g., [19,
Lemma 10.1]). Because Vi, Sg, V' = Sk, , we deduce from (6.11) that for every
K € K(LP(R4,w)) and every sequence {k,} C R such that k, — 0 as n — oo,
s-lim (anwKw_le;l) =0. (6.12)

n—oo
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Since the operators Cy,Cy are approximated in B(LP(Ry,w)) by the operators
of the form ), D;W(c¢;) + K, we infer from (6.10) and (6.12) that for every £ €
Moo (SO) there is a sequence {k, } C Ry such that lim, .o k, = 0 and

s-lim (Vi,, 1V, ') = s-lim (Vi,, C2 Vi ') = 0. (6.13)

By (6.7), for every n € N, we obtain
I=[Vi, BV [Vi, W) V] = [V, C2 Vi1 (6.14)

Since ||Vi, B Vk; BLr(Ry)) = ||B||B LR, = | Blla(Lr(ry w)), Wwe deduce from
(6.14) that for every f € LP(R;) and all n € N,

£ 1oy < IBllsee @ wn Vi, WO Vi il oge, ) + 1V C2 Vi fll o,
(6.15)

Applying (6.9) and (6.13) and passing in (6.15) to the limit as n — oo, we get
[fllLe e,y < ||BHB(LP(R+,w))HW(b(*OO)X* + b(+OO)X+)fHLP(R+)' (6.16)

Analogously, since [* = (E)*(W(b))* - (61)* due to (6.7), and hence

=) (B) (Vi) TV (W) (V)] = [V, ) (G (Vi)

we infer that

[fllzae,) < ||BHB(LP(R+,w))H [W(b(—00)x- + b(+OO)X+)]*fHLq(R+)' (6.17)

Finally, (6.16) and (6.17) imply that the operator W (b(—o0)x— 4 b(+00)x+) is
invertible on the space LP(R), and

—1
[ (W (b(=00)x— + b(+00)x+)) "l sznesyy < 1Bllsnr, (6.18)
Obviously, in (6.18) we can replace ||BHB(LP(R+7W)) by ||Bg||A§~

By [10, Proposition 2.8], the operator W (b(—o0)x— +b(+00)x+) € B(LP(R4.))
is invertible on the space LP(R;) if and only if it is Fredholm of index zero. The
latter coincides with (6.5) in virtue of [6, Theorem 17.7]. O

Theorem 6.3. Let p € (1,00), w € Ag(R), let a € SAP, ., with almost periodic
representatives ax € AP, ,, at oo and let £ € Moo (SO). If the operators W(a+)
are invertible on the space LP (R, w), then the following assertions are equivalent:
(i) the coset W[ (a) is invertible in the quotient algebra Af;
(i) the coset Wg(a) is invertible in the quotient algebra D} ;
(iii) for every x € R,
1 — coth[m(x + i/p)] 1+ coth[m(x 4 i/p)]
d(a4)
2 2
Proof. (iii)=-(ii). If the Wiener-Hopf operators W (a4 ) are invertible on the space
LP(R4,w), then, by Theorem 2.6, the almost periodic functions a4 are invert-
ible in AP, ,, and d(a+) # 0. Hence, there exists a function by € Cp . (R) with

+d(a) #0. (6.19)
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bo(o0) = 0 such that the function a+ by belongs to GSAP, ,,. By [20, Theorem 4.7
and Remark 4.9], the Wiener-Hopf operator W (a + bg) is Fredholm on the space
LP(R ., w). Moreover, in virtue of Lemma 5.1, every regularizer (W (a+bo))~" of
the operator W(a + bg) belongs to the Banach algebra W(SAP, ), and therefore
the coset W™ (a + bg) = W(a + bg) + K is invertible in the quotient algebra D™.

Consequently, the coset W (a+bo) = W7 (a+bo) + jg is invertible in the quotient
algebra Df . It remains to observe that Wg(a +bo) = Wg(a)

(ii)=-(i) is evident because jg C J¢.

(1)=-(iil). First assume that ax € APW), . Since the operators W(a4) are
invertible on the space LP (R, w), we infer from Theorem 2.5 that the functions
ayr € APW, ., admit canonical right APW,, ,, factorizations, which can be written
in the form ax = ajd(ay)al, where a] and al satisfy (5.2).

Constructing now the functions b € GC,, ,(R) and g* € GSAP, ,,NGDy . +
such that b(+o00) = d(a+) and a = g~ bg™ as in the proof of Lemma 5.1, and
applying (5.3), we infer that

W(a) =W (g ) WEB) W (g™), (6.20)
where the cosets Wg(gi) are invertible and (V[/'gr(gi))*1 = Wg((gi)’l). Hence,
by (6.20), the coset W7 (b) = W™ (b) + JI is invertible in the quotient algebra A7
along with the coset Wi (a) = W7 (a) + J§. By Lemma 6.2, the invertibility of the
coset W (b) in the algebra A7 implies (6.5), which is equivalent to (6.19) because
b(+o0) = d(ax).

Assume now that ay € AP, ,,. Since the invertibility of the operators W (a+)
on the space LP(Ry,w) and the invertibility of the coset W[ (a) = W™ (a) + JF
in the quotient algebra Ag are stable with respect to small perturbations of the
symbol a € SAP, ., in the norm || - |5z, ,,, we can find a function @ € SAP, ,, such
that its almost periodic representatives a4 at too belong to APW,, ,,, the coset
W{ (a) is invertible in the quotient algebra Af, the operators W (a4 ) are invertible
on the space LP(R;,w), and d(a+) = d(a+). Then we infer from the part already
proved in the case ax € APW, ,, that (6.19) holds for any a € SAP, ,,. O

Applying Lemma 6.1 and Theorem 6.3, we get a Fredholm criterion for W (a).

Theorem 6.4. Let 1 < p < oo, w € AY(R) and a € [SOyp ., SAP, ]. The Wiener-
Hopf operator W (a) is Fredholm on the space LP(R.,w) if and only if the following
three conditions hold:
(i) a(x) #0 for all z € R;
(ii) for every & € Moo (SO), the operators W (ae +) with almost periodic symbols
ag+ = vegra € AP, ., are invertible on the space LP (R4, w) (equivalently,
the functions ae + are invertible in AP, ., and k(a¢ +) = 0);
(iii) for every & € Moo(SO), the number ne := d~*(ag +)d(ag,—) satisfies the
condition

11
7. 6.21
) + ., argie ¢ (6.21)
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If W(a) is Fredholm, then all its regularizers belong to the Banach algebra D =
alg W ([SOpw, SAP, )).

Proof. Suppose conditions (i)—(iii) are fulfilled. According to the Allan-Douglas
local principle, the operator W (a) with symbol a € [SO,, ,, SAP, ,,] is Fredholm
on the space LP(Ry,w) if for every § € M(SO) = RUM(SO) the coset W (a)
is invertible in the quotient algebra Df.

First, let £ € R. Then a(§) # 0 by condition (i), which implies due to
Lemma 6.1 that the coset Wg (a) is invertible in the quotient algebra Df.

Suppose now that £ € My (SO). By (2.2), for every £ € M (SO) there
is a non-unique function a¢ € SAP,,, with uniquely determined almost periodic
representatives a¢ + € AP, ., of a¢ at £oo such that G¢(a — ag) = 0 and therefore,
by (2.3), ve.+(a — ag) = 0. Hence from (2.5) it follows that the coset W™ (a — a¢)

belongs to the ideals J and J{. Consequently,
W(a) = Wi (ag), Wi(a) = W¢ (ag). (6.22)

Since the Wiener-Hopf operators W (ag +) are invertible on the space LP(R4, w)
according to condition (ii) of the theorem, it follows that a¢ + € GAP, ., k(ag,+) =
0 and d(a¢,+) # 0. It is easily seen that, under the condition d(ae¢ +) # 0, the
relation (6.21) is equivalent to (6.19) with a4 replaced by a¢ +. Hence condition
(iii) of the theorem implies by Theorem 6.3 that the coset Wg(ag) = Wg(a) is
invertible it the quotient algebra Df for every & € M (SO) too.

Finally, applying the Allan-Douglas local principle to the Banach algebra D™,
we infer that the Wiener-Hopf operator W(a) with symbol a € [SO, ., SAP, ]
is Fredholm on the space LP(Ry,w), and all its regularizers belong to the Banach
algebra D, that is, the algebra D™ is inverse closed.

Conversely, if the operator W (a) is Fredholm on the space LP(R,,w), then
Corollary 4.5 implies that for every { € M (SO) the operators W(ae +) are in-
vertible on the space LP (R, w). This gives part (ii) of the theorem and implies that
a¢,+ € GAP, ,,. By the Allan-Douglas local principle applied to the Banach algebra
A7 the Fredholmness of the operator W (a) on the space LP (R, w) is equivalent to
the invertibility of the cosets W/ (a) in the quotient algebras A for all { € M(SO).
By Lemma 6.1 the invertibility of the cosets W (a) = [a(§)I]™ + J{ for all { € R
implies part (i) of the theorem. On the other hand, if £ € M, (SO), then there is a
function ag € SAP, ,, such that W (a) = W{ (ag) (see (6.22)). Since the operators
W (ae,+) are invertible on the space L?(R4, w), from Theorem 6.3 it follows that
the invertibility of the coset W[ (a) for § € Moo(SO) is equivalent to the condition

1 — coth[m(x + i/p)]

d(ag 1) ' —&—d(ag,_)l + coth[m(x + i/p)]

9 #0 forall x € R,

which in its turn is equivalent to condition (iii) of the theorem. O
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7. Matrix case

Given 1 < p < oo, w € Ag(R) and N € N, in this section we study the Fredholm-
ness of Wiener-Hopf operators W (a) with matrix symbols a € [SOp ., SAP, w]Nx N
on the space L%, (R4, w) under the condition that for every £ € Moo (SO) the mat-
rix functions a¢,+ = v¢ +a admit right AP, ., factorizations. We save the notation
AZ and Df for corresponding quotient algebras in the case N > 1.

According to [20, Section 5], a matrix function a € [AP, ,|nxn~ is said to
admit a right AP, ., factorization if it can be represented in the form

a=a" diag{ex,,...,exyta’

where a® € G[APS, Inxn and k(a) := (A1, ..., An) C R. A right AP, ,, factoriza-
tion with k(a) = (0, ..., 0) is referred to as a canonical right AP, ., factorization. If
a € [AP, ,,|nx~ admits a canonical right AP, ,, factorization, then the geometric
mean d(a) = M(a~)M(a™) € CVN*¥ is independent of the particular choice of the
canonical right AP, ,, factorization of a.

The next result is a matrix version of Theorem 6.3.

Theorem 7.1. Leta € [SAP, w]Nnxn where 1 < p < oo, w € A)(R) and N € N, and
let the almost periodic representatives ay € [AP, w|Nxn of a admit canonical right
AP, . factorizations. Then for every & € Mo (SO) the following three assertions
are equivalent:

(i) the coset Wi (a) = W™ (a) + JI is invertible in the quotient algebra Af,

(i) the coset Wg(a) =W7(a) + jg is invertible in the quotient algebra DF,
(iii) for every x € R,

det|d(as) 1- coth[g(x +1i/p)] +d(a) 1+ coth[g(m +1i/p)] 40,
Since the matrix functions a+ € [AP, ,]nxn admit canonical right AP, ,,
factorizations, we conclude that detd(as) # 0 and the Wiener-Hopf operators
W (as) are invertible on the space LY (R4, w). Consequently, by analogy with
Lemma 5.1, the regularizers of the Fredholm Wiener-Hopf operator W (a) with
symbol ¢ = a_u_ + ayuy + ag € [SAP, w]|nxn belong to the Banach algebra
algW ([SAP, wInxn) C B(LY (Ry,w)). Arguing similarly to the proof of Theo-
rem 6.3 and applying the matrix version of Lemma 6.2, we obtain Theorem 7.1.

Theorem 7.2. Let 1<p<oo, weAg(R), NeN, and let a€[SOp 1, SAP, w|NxN-
If for every § € Moo (SO) the matriz functions ag + = ve 1a € [AP, w]nxn admit
right AP, ., factorizations, then the Wiener-Hopf operator W(a) is Fredholm on
the space LY (R4, w) if and only if the following three conditions are satisfied:

(i) deta(z) #0 for all x € R;
(ii) for every & € Moo (SO), k(ag+) = (0,...,0);
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(iii) for every & € Moo(SO) and all j = 1,2,...,N, the eigenvalues ne ; of the
matriz d=*(ag 4 )d(ag, ) satisfy the condition

2

If W(a) is Fredholm, then all its regularizers belong to the Banach algebra D =
alg W ([SOpw, SAP, w|NxN)-

Proof. Necessity. Let the operator W (a) be Fredholm on the space LY (R4, w).
Then, by the Allan-Douglas local principle, deta(xz) # 0 for all x € R and for
every § € Moo (SO) the coset Wi (a) = W7 (a) + J{ is invertible in the quotient
algebra A7. By Corollary 4.5, for every § € Moo (SO) the operators W (ag 1) are
invertible on the space LY (R4, w). Since all the matrix functions ag + = vg 1a €
[AP, ]Nnx~ admit right AP, ,, factorizations, from Theorem 2.6 it follows that
k(ae,+) = (0,...,0), and therefore the right AP, ., factorizations of a¢ + are canon-
ical. Hence, taking an ag € [SAP, w|nxn such that W (ag) = W{(a), we infer
from Theorem 7.1 that for every £ € M (SO) and all x € R,

1 — coth[r(x +i/p)] 1 + coth[m(x +i/p)]
i : £0.  (7.2)

Since det d(ag,+) # 0, we conclude that (7.2) holds for all z € R, which is equiva-
lent to condition (iii) of Theorem 7.2.

Sufficiency. Suppose all the conditions of Theorem 7.2 are fulfilled. Then for
every £ € Mo (SO) the matrix functions a¢ + € [AP, ] nx v admit canonical right
AP, ., factorizations, and hence, taking a matrix function a¢ € [SAP, ,,|nxn such

11
7. 7.1
» + o, A ¢ (7.1)

det |d(ag,+) +d(ag,-)

that Wg (ag) = Wg (a) and applying Theorem 7.1, we infer from condition (iii)
of Theorem 7.2, which is equivalent to (7.2) in view of det d(ag +) # 0, that the
coset Wg (a) =WT(a) + jgr is invertible in the quotient algebra Df. On the other
hand, condition (i) implies that the cosets Wg (a) = [a(OI]" + jg are invertible
in Dg for all £ € R. Hence, by the Allan-Douglas local principle, the Wiener-Hopf
operator W (a) with a matrix symbol a € [SOp ., SAP, | nxn is Fredholm on the
space L (R4, w) and all its regularizers belong to the Banach algebra D. O

Applying [6, Corollary 19.11] or Theorem 2.7 with w = 1, we immediately
deduce the following corollary from Theorem 7.2.

Theorem 7.3. If 1 < p < oo, N € N, a € [SO,,SAP,)|nxn, and for every £ €
Moo (SO) the matriz functions ag + = ve +a are in [APW]nxn, then the Wiener-
Hopf operator W (a) is Fredholm on the space LY (R.) if and only if the following
three conditions are satisfied:
(i) a € G[SO,, SAP, N« (equivalently, a=! € LY, x(R));
(i) for every £ € Mo(SO), the matric functions a¢ + admit canonical right
APW factorizations;
(iii) for every & € M (SO) and every j =1,2,..., N, the eigenvalues ne ; of the
matriz d=*(ag 4 )d(ag, ) satisfy (7.1).
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1. Main results

In this paper we are concerned with nostrongly hyperbolic systems, i.e., systems
such that the well-posedness of Cauchy problem depends on the lowest terms.
We assume that the leading symbol of a real first-order hyperbolic system

Ayu+ Au=0 (1.1)
has the form
A(x n,€) =nl + D (&) ||} (', €)|| D71 (2, ), (1.2)
where ' = (t,z), § (n,€), I is the identity ((T +2) x (r + 2))-matrix, the
symbols D,D~1 € § (R"H X R”) , b?j (2',€) € St (RZ,JFI X Rg), and
M. 0 0
Hb?j ($/75)H = 0 X d |, (1.3)
0 0 As

where I, is the identity (r x r)-matrix and it holds that ImA; = 0,5 = 1,2, 3.

This research was partially supported by project of CONACYT Mexico and by project of SIP —
IPN.
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The substitution u = D (2/, —i0,) v reduces the leading symbol of system
(1.1) to the triangular form. It follows from the analysis of pseudodifferential op-
erators (PDO) that the complete matrix symbol A, of the hyperbolic system for
the function v has the form

Ac = nl + [0} @, )|+ 0" (2", ), (14)
k=1

where b (a7, €) = |[b; (2!, )|, and b (', €) € S1F (Rgg x [0,T] x Rg), keN. In
what follows the element b, , ., ; of the matrix symbol b' (2, £) plays an important
role.
We assume that the set
Siog = {2/, € M = X2 = A3}
is not empty and it is a smooth C'°*°-manifold of dimension (2n — 1) in Rifig'l\f =0,
the sets
Bij = {2, £ M= X,1<4,5 < 3,0 #j},
are C*°-manifolds of dimension 2n in ]Riflé x[0,T]\ {¢ = 0}, and the Poisson brack-
ets in variables (z';¢’) satisfy conditions

{n+Xi,n+ A} s, nge=1y # 0, (1.5)
for 1 <i4,j <3,i#j (i.e., L1235 C X;5). In what follows we use the abbreviations
[i, 5] == {n+ Xi,n+ A} (1.6)

Also suppose that the restriction d|2123n{|§|=1} is not identically zero.

An example of a real first-order hyperbolic system with a leading symbol
reducible to form (1.3) provides a linearization of hydrodynamic system for ideal
compressible fluids. It was proved in [12] that the characteristic roots n = =\ (2/, §)
satisfy the equation of the form

det (n] + ||b?j (a:’,f)H)
= (n+ (u0,€))* (n+ (uo, &) — (@) [€]) (0 + (uo, &) + (') €]) = 0.

Evidently at the points ' such that c¢(z') = 0 the characteristic roots Ay =
(up, &) £ c¢|€| coincide with the characteristic root A = (ug, ). Therefore, at such
points the multiplicity is equal to three. A simple calculus shows that at the points
x:¢(po (x)) = 0, there are three eigenvectors and one adjoint vector, i.e., a Jordan
block of second order arise. Evidently in this case the set of multiplicity > C Rffgl
is such that

Y ={a,&:c(a') =0} (1.7)

A differential system with the complete matrix symbol of the form

is a basic example of the systems with multiplicity of third order, such that the
well-posedness of Cauchy problem with the initial data at ¢t = 0, depends on the
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lowest terms. Here we set n = 2,7 = 1; the elements bo» have form (1.3) with
d = &; the elements b}j c s (R;L x [0,T] x R?) ; # 0for i # j and bl = 0.

We define the characteristic roots A; as

9
M =36+ 42125 Ao =& 2180 A3 =& + 5218 — 2t§2. (1.9)

In the basic example it holds that Y93 = {(:v',{) cxy = gt, & = 7%55215}, and
evidently conditions (1.5) hold true.

The ill-posedness of Cauchy problem (1.1) when 9, A = 0 can occur because
the closure of the operator Ain a Sobolev space has the sequence of spectral points
om such that Re o,,, — —00. Such an example of real hyperbolic system with three
involuting characteristic roots {n + Xi,n + A;} [s,;n{¢|=1) = 0 was provided in [1].

It is well known that when the symbol of system (1.1) has form (1.3) with
a Jordan block of second order and constant multiplicity: Ao = A3, X152 = &, the
well-posedness of Cauchy problem depends on the lower-order term b} o1 [11],
[4]. That is, if db), o, (2',&) € RL (here R} = {y : y > 0}), for all (2/,¢) €
Rffﬁgl it holds that the Cauchy problem for system (1.1) is well posed in the
Sobolev spaces. Whereas, if at some point (tg, Zo,&p),to > 0,&p # 0 it holds that
db} o, 1(to, z0, &) ¢ RL, then the Cauchy problem for system (1.1) is ill posed
in all Sobolev spaces. In the case of variable multiplicity of second order, that
is Y19 = &, ¥13 = &, Y39 # & and condition (1.5) holds for i« = 2,j = 3, the
Cauchy problem is well posed [4] in the Sobolev spaces for all lower-order terms.
In the present paper we show that the additional multiplicity 15 # @, Y32 # &,
Y123 # & implies the ill-posednes of Cauchy problem for some lower-order terms.

We investigate the well-posedness of system (1.1) through a formally asymp-
totic solution (FAS) of the Cauchy problem with oscillating initial data (the formal
definition of FAS is presented below).

Suppose now that the wave front of the initial data of the Cauchy problem
is concentrated on the Lagrangian manifold Ag, such that

P (A0||§‘:1 il t=0) >0, fori,j=1,2,3,i # . (1.10)

Let 7, and 7, , be the orthogonal pro JeCthHS of the space RQT?,LQ onto the planes

{¢’ =0} and {£ = 0,t = 0}, respectively, let g RZ” RQ”E be the one param-

eter family of dlffeomorphlsms generated by the Hamlltoman flow of the Hamil-

tonian A (z,t¢,§) and g’ = I. Following the papers [3], [5], [7], [9], we consider

the set of trajectories gj(-t’o) (2,8); (x,€) € Ng,j = 1,2,3, in the extended phase

space R2"+1 and their ramifications [3]. Ramification arises when the trajectory
(t 0)
(@
9;

x, ) ,€ # 0, in a moment of time ¢; passes through the point (¢;, z;, ;) of the

manifold Xz, j # k (Z, C Ri?gl) and generates a new branch — the trajectory

g](:’tj) (x,&;),t > tj. Moreover, when these branches g,(:’tj) (z;,&;) in moments of

time ¢ passes through the points (¢, xk, &) of the manifold Xy, k # m they
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generate new branches gf\“’“) (g, &k), t > ti, k # m and so on. The union of the

(£,0)

initial trajectory g; (z, &) with the sequence of all branches generated by it dur-

ing the period of time [0,77] is called the complete ramification of the trajectory
(t,0) ;

g; " (2, €) in [0,T].

Condition 1.1. Suppose that for all the trajectories g§t’0) (z0,&0),1&0| > 0,5 =

1,2,3, in a finite period of time: t,T € [0,T] it holds that

”i&gﬂ ¢ 09" (w0,&)| = e(T) €|, e(T) > 0, for all (z0,&) € R¥%.  (1.11)

Conditions (1.5) imply that the functions (A; —Ag)(¢, g](-t’o) (2,8),£#0,5 £k
are strictly monotone. Hence, if the distance between the complete ramification
in [0, 7T of this trajectory and the set X123 is positive, then the trajectory and its

branches can intersect only once every surface X in the time interval [0,7]. In

this case every trajectory g](-t’T) (z,€),|¢] > 0 can generate only a finite quantity
of branches in [0, T].

When 3123 is not empty the complete ramifications of the trajectories lo-
cated in some vicinity of Y123 may contain periodic cycles or stable and nonstable
motions that have the pattern of “logarithmic spiral”, and the Cauchy problem be-
comes ill posed under some conditions on lower-order terms. This effect does not
exist in the case of multiplicity of second order, that is when Y193 = @.

Now we introduce conditions on the roots A;,7 = 1,2,3, that provide the
pattern of “logarithmic spiral”.

Define the sets Afj, as

A;; = {(m',f) :0 < )\z — )\j}, A; = {(l‘/,f) : )\z — )\j < O},

and let Aiijmt be the set of the internal points.

Let 2y = (0, 0), |€] > 0 and assume that the point (2, &) belongs to i3
Suppose that in some vicinity

Us :={(,8):0<t<e|zg—z|<e | —¢& <e} (1.12)
it holds that

S5 NUS C {ALNAL FU{ALNAL Y, (1.13)

and suppose that
[1, Q]Ug > 0, [3, Q]Ug <0, [37 ].]Ug > 0. (114)
It is easy to show that basic example (1.8), (1.9) satisfies conditions (1.13), (1.14).
For the basic example (n = 2) in Figure 1 we present the projection of the man-
ifolds ;5 and the complete ramification of the trajectory gét’o) (2,8),(0,z:¢) €
Al NAS NUS at Ri,g x {t:t = 0}.In Figure 1 the complete ramification contains
a piecewise smooth trajectory of converging “logarithmic spiral” form (the dotted

lines describe the additional branches that belong to the complete ramification,
but are not included in the emphasized trajectory of “logarithmic spiral” form).
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A==0 A—A,=0
+ [3,2]<0

Projection onto the plane (x,&)

FIGURE 1

In some cases the complete ramification can contain a trajectory of diverging “log-
arithmic spiral” form or a periodic trajectory.

Now consider the Cauchy problem for hyperbolic system (1.1) with highly
oscillating initial data of the form

w(0,2,h) = D (0,2, —i0,) {¢ (z) e2 exp {;L (z,8) }},f #0;h€(0,1], (1.15)

ez :=(0,1,0)", here t stands for the transposition,

(0 x supp ¢ x &) € {A, NAF NU}\ S1a3,60 < €. (1.16)

Here US° is the vicinity of the form (1.12) at € = eg; (supp ¢)* is the p vicinity
of the set supp ¢ and let Ag be a initial manifold defined as

Ao :={(z,&) 1z € (supp )", =¢&,€#0}. (1.17)
Evidently for a sufficiently small value p it holds that
p (R0, Sijl o) > 0.5 = 1,23, for i # (1.18)

Ao € {Al_Z N A3_1 n USO} \ Y123. (119)
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Definition 1.2. A function v (z,t,h) € C* (C§° (RZ), [0, T]), which depends on the
parameter h € (0, 1], is called the formally asymptotic solution of Cauchy problem
(1.1), (1.15) with the precision O(hM) (FAS/O(h™M)) if it holds that

u(0,z,h) — v (x,0,h) = O (WM), (1.20)

Ay + Av = O, (hM). (1.21)

The functions Oy, (hM) € C§° (R?), O,n(hM) € O (C° (R?),[0,T]) are such

that supgn+: af,Om(hM)’ < CghM-18l; SUPRy (0,7 ‘af,Orh(hM)’ < COghM-181]
Cs < 400, where 85, = 8?08511 .00 and |B] = B0+ -+ B

Definition 1.3. A function w (x,t,h) € C>°(Q), where Q € R? x [0,T], is called
the formal asymptotic solution of differential system (1.1) in the domain € with
the precision O(hM) (FAS/Q,O(hM)) if for every point (t,7) € Qo in a sphere
Ul(t,z,h*/?=9/2) of radius h'/27%/2 0 < § < 1/4, centered at the point (¢,z), it
holds

(0 + Ayw (x,t,h) p(h) = O(WM),

sup
U(t,e,h1/2-6/2)

af,O(hM)’ <, WM

Let bl 42.-+1 be the matrix element of the lower-order symbol bt (z,€), let 030
be the function defined on Y193 as

71
Zbr+2,r+1d

78 {n+A3,m+ Ao}

Y123

and denote by ¢ the function

o =Reos2(0, 20, &) + 3/2.

Suppose that the complete ramification of the trajectory gét’o) (2,6),(0,2:¢) €
AL NAZ NUS°, with (0,2;8) ¢ X123, in the interval [0,73], 71 < T intersects
the manifold X35 at least N times. In what follows we prove that as time passes
the amplitude of FAS/O(h™) (M > N) became of order h®~. Therefore, if it
holds that ¢ < 0 and N became large as the time passes then the Cauchy problem
became ill posed.

Theorem 1.4. Assume that hyperbolic system (1.1) has leading symbol (1.2) and the
substitution w = D (a', —i0;) v reduces it to a system with the complete symbol of
form (1.4). Suppose that the eigenvalues \; satisfy conditions (1.5), (1.1); X123 #
@; and condition (1.11) holds true. Let (x4,&0) € 123, x( = (0,20),|&0| > 0 be
a point such that conditions (1.13), (1.14) hold true and d(x(,&) # 0. Assume
that the lower-order terms satisfy the conditions: b}i (z(,&) # 0, for j # i and
Re 032(0,20,&0) + 3/2 < 0. In this case for all natural numbers k,l,m such that
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k> m,l >0, and any constant C > 0 there exist a moment of time T > 0 and a
function ug i m (x,t) € C™ (CF° (R2),[0,T]) such that

e Lkt (Ol g, gy § > € e {1Ewkm ()], gy + 10k m (0) L, g
(1.22)

The value of T can be chosen arbitrary small.

2. Ramifications of trajectories

Existence of a function wuy ., (z,t) that satisfies estimate (1.22) for all k,I,m
such that & > m,l > 0 signifies that the Cauchy problem is ill posed in any
Sobolev space. The functions uy ; n, (x,t) are calculated by the asymptotic methods
[3], [10]. FAS of the Cauchy problem (1.1), (1.15) attached to the Lagrangian
manifold generated by the complete ramification of the trajectories originated on
the manifold Ag = {(x,f) cx €supp ¢, & = f} e AL, NAS NUGC.

Lemma 2.1. For every T > 0 and every integer number N there exists g : 0 <
g0 <e/2 and time Ty : 0 < Ty < T such that:

1. For all initial data (0, ;&) € {A7,NA3; NUG Y\ X123 the complete ramifica-
tion of the trajectory ggt’o) (2,8),(0,2;6) € {ALNAZ NU T\ Z123 in the
interval [0,T1] has at least N intersections with the manifold X3o.

2. This complete ramification belongs to Ug/z.

3. The distance between X123 and the complete ramification of the trajectory
gét’o) (z,€) in the interval [0,T1] is positive.

Proof. 1.) Let the initial point (z;£) of the trajectory gét’o) (z,€) be such that
the point M = (0,z;€) € {ALNAZ NU}\ 123 and g9 < ¢, as it is drawn
in Figure 1. Also suppose that the trajectory gét’o) (z,€) in a moment of time
t1 intersects X190 at the point My = (t1,21,&1), the trajectory ggt’tl)(xl,fl) in a
moment of time ¢y intersects X3 at the point My = (L2, x2,£2), the trajectory
gét’tQ)(fg,fg) in a moment of time ¢3 intersects X3o at the point Ms = (t3, x3,&3),
and the trajectory gét’m (x3,&3) in a moment of time ¢4 intersects 312 at the point
M4 = (t4,l‘4,f4).

At first suppose that there exist such small ey that all the points M; € Ug / 2(
that is t; < e/2 for j = 1,...,4) and suppose that there exists 7(¢) : T >

7(e) > max{t1,...,ts} such that the trajectories gét’tl) (z1,&1), gY’tz) (22,&),

gét’m (x3,&3) are defined for ¢ < 7(g). Below we prove this step by step calculat-
ing t;.
Conditions (1.14) imply that in the domain A, N Az, it holds
d

_ (t,t1) d B (t,tr)
GO0 =20) (g8 (@,6) >0, 1 O = o) (98" (@,6)) <0
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for t € [t1,7(¢)]. As the function (A; — A2) (t,gét’tl) (:U,{)) ,& # 0 is monotone in-
creasing and the function (A3 — A2) (t, gét’tl) (z, 5)) ,& # 0 is monotone decreasing,

it holds that the trajectory ggt’tl) (z1,&1),t > t; belongs to the domain A, NAZ,
for t; < t as it holds for ¢ = ¢;. Using similar considerations we can obtain the
remaining inclusions, i.e.,

g (w1,6) € U2 N AL N Ay 917" (22,6) € U2 N AL NAY;  (2.1)

9" (x3,65) € US> N AF, N A, for t € [t, 7(e)] k= 1,2,3,
2.) Evidently for every initial point (7,z,&) € Ug/ ? there exists 7o such that
the trajectories gj(.t’T) (x,8),7 = 1,2,3, for 7 < t < 79 exist and belong to U§.
Consider the function (A — A2) (t, gét’o) (z, 5)) Its first derivative with respect to
tis[1,2] (t, gét’o) (z, 5)), and the second derivative is bounded for ¢ < 7. Inequality
(1.14) implies that the function (A1 — Ag) (t,gét’o) (x,f)) is monotone increasing

for t < 79. Expanding the function (A1 — A2) (t,gét’o) (x,g)) in t up to O(t?) we
prove that there exists 6; > 0 such that if [(A; — A2)(M)| < 07 then the trajectory
gét’o) (2, ) intersects the manifold X2 in the moment of time ¢; given by formula

= {In = 22| /L2 D) +0 (J0n = X)P (M) and i <700 (2.2)

Evidently [(A — A2)(M)| — 0aseg — 0, and t; — 0 also. Hence M; — (0, z0, &o)
as €9 — 0, and therefore |(A3 — A1)| (M7) — 0 also. Thus we prove that My € US/Q
if number ¢ is sufficiently small.

3.) In what follows we consider the value (A3 — A\1)(M7) (the points M; are
defined above in 1.)) and prove that if [(As — \)(M7)| < 61, My € US/Q then it

holds that
(A3 = AD)(My) = (As = M) (My) + O(|(As — Ar)(My)[?). (2.3)

First we suppose that the assumptions of item 1.) are valid. In this case applying
the considerations of the item 2.) we obtain that

ta —t1 = {[(As — \1)/[3,1][} (M1) + O (\()\3 - M) (Ml)) < 7o, (2.4)
ts —ta = {|(%s = 22)/[3,20} (M2) + O (I = X) P (M) <70, (25)
t—ts = {|(\ = A2)/[1L2[HMz) + O (| = M) (Ms)) <70, (26)

if [(Ag — A1) (M1) < 81, [As — Ao| (Mz) < 61, [A1 — Ag| (M3) < 61 and M; € Ug/g.
In item 2.) we have seen that |(A3 — A\1)| (M) — 0 as eg — 0. Therefore t—t1 — 0
and ggt"”tl)(xl,fl) — (x0,&) as eg — 0. Thus we prove that M;, My € US/Q if g9

is sufficiently small. Similarly is obtained that M; € Ug/z for j =1,...,4. So the
number 7y from item 2.) stands for number 7(¢) from item 1.).
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Below we use the identity
(A1 = A2) + (A3 — A1) = (A3 — A2). (2.7)
Now, as (A3 — A1)(Mz2) = 0 ,(A — A2)(M7) = 0, then from (2.7), (2.4) it follows
that
Az = Aof (M2) = [A1 — Ao| (Ma)
= (t2 = 1) |[1.2)| (M) + O (|t - ta]?)
_ [As = A (M) [[1,2]] (M)
|3:1]| (M)
Hence from (2.5) it follows that

by — gy = A3 = Ml (M[L,2][ (M)
|3, ]| (M) |[3, 2]] (M>)

Equalities (A3 — A1)(Mz2) = 0, (A3 — A2)(M3) = 0 and formulas (2.7), (2.9) imply
that

A= Aol (M3) = [As = M| (Ms) = (t3 — t2) [[3,1]| (Ma) + O((t3 — 12)*)  (2.10)

s — Al (M) [[1,2) (M) I3, 1] (M) .
= Blanpaen O (0e—awren).

Therefore, from formulas (2.9), (2.6) we obtain

bty = 3 = Al (ML, 2]] (M) |[3, 1] (M)
|3; 11 (M) |13, 21| (Mz) [[1, 2]] (M3)

Similarly we have that |>\3 - /\1| (M4) = |/\3 — )\2| (M4) = (t4 - tg) |[3, 2” (Md) +
O(|t4 — t3)?), and formula (2.11) implies that

N — M| (M) |[1,2]] (My) |[3, 1]] (Mz) |3, 2] (Ms)
113, 1]] (My) |[3, 2] (Mz) |[1, 2]| (M) (2.12)
+0 (10s = A)I* (01)).

(2.8)
+0 (10 = M) ().

+0(I0a = A)P ). (29)

+0 (|()\3 )P (Ml)) . (2.11)

Ns— M| (M) = |

Evidently the distances have an estimate
p(Mit1, M;) < ce(tivr —ti), (2.13)
and we proved that |t;11 — t;]| = O(JAs — A1| (M1)). Thus
p(My, M;) < e1|As — M| (My),for i = 2,3, 4.
It follows from this estimate and formula (2.12) that the formula
A3 — M| (Ma) = A5 = M| (M) + O(|(As — A1) (M) ) (2.3)

holds true.
4.) Above we prove that the existence of €g such that the assumptions of the
item 1.) and the statements of items 2.) and 3.) hold true.
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Now in what follows we prove the statements 1, 2, and 3 of the lemma. Evi-
dently in expression (2.3) it holds that |O (A3 — A1)*(M1))| < e |As — M| (M)
for My € Ug°. In this case we have that

|)\3 — )\1| (Ml) (1 — 6150) < |)\3 — )\1| (M4) < |)\3 — )\1| (Ml) (1 + 6150) . (2.14)

If the point My belongs to U5® \ X123 we can set M| = M, and determine the
points M5, M4, M. We set Mz = Mb, Mg = M4, M7 = M, € 315 and extend this
construction assuming that Msjiq1 € UG® \ Xqg3 for j = 1,..., N. From (2.14) it
follows that

A3 = 1] (My) (1 = e1g0)” < A3 — M| (M3j41) < [Az = M| (M) (14 cie0)’

(2.15)
Estimates (2.13), (2.15) and formulas (2.4), (2.5), (2.6) imply that the above-men-
tioned constructions hold true assuming that M; € USY ~\ X123, where en(N +
1)(1+ c160)Nea < eg with some constant ¢ independent on N. Hence there exists
£ such that if (0,2;¢) € {A, NAZ; NUSH N S123) then My € USYN \ X193 and
the complete ramification of the trajectory gét’o) (x,€) has at least N trisections
with the manifold Y3. All these intersections occur in [0, T1] where Ty = t1 + (t2 —
t1) 4+ -+ (tny —tn_1) < en(N + 1)(1 + c1e0)Nea < o. Therefore decreasing ey
we obtain that T7 < T.

In what follows we estimate the distance between the complete ramifica-
tion and the manifold ¥123. Evidently this distance can be estimated by the
minimal value of the function |A; — Aa| + |[A3s — A2| + |A3 — A1]| on the ramifica-
tion. Simple manipulations provide that this minimal value is bounded below by
3| A3 — M| (M7)(1 — ¢120)" with some constant c3 independent on N. O

Now we consider the ramification of the manifolds generated by the complete
ramification of the trajectories g;’o (z0,&0), (x0,&) € Ao in the interval [0,7] in
the extended phase space Rifﬁ?, where ¢ = (&,m). We proceed step by step
considering a sequence of ramifications. Evidently this ramification of manifolds
contains the manifold A3 ™" obtained by the displacement of the manifold Ag along
the trajectories of the Hamiltonian vector field corresponding to the Hamiltonian

)\27 i.e.,
APt = {(m',f’) (2, €) = g5 (20, &), (20, €0)

L (2.16)
€ Nosn = —Xa (£.95°(@0.&)) 0 <t < T,

where T > sup,, ¢)ea, (t1(0,&0))-

Lemma 2.1 implies that the trajectories gé’o(xo,fo), (z0,&) € Ao intersect
the manifold ¥4 in the moment of time ¢ (xg, &y). Consider the set of the ramified

trajectories gi’tl (gél’o(:vo,fo)), which start at the points (%f) = gél’o(:vo,fo),

(z0,&) € X971 in the moment of time tl(:vo,fo),(§7 g,tl) € Y91 and generate the



On the Ill-posed Hyperbolic Systems 157

manifold A;‘il ; defined as

A= {0 ) @9 = g (7)),

n=-M (tgi’tl(%a g)) sti(xo,80) <t < T} .
We define manifold ilg as 512 = Y1 X R},. The following lemma holds true.

Lemma 2.2.
1) The function ty(xo,&o) is C°°(Ao).

2) The set A”Jr N9 is n-dimensional infinitely differentiable Lagrangian man-
ifold in RQ”'*'2 and A""‘1 1 is (n + 1)-dimensional infinitely differentiable

x' &
Lagrangian mamfold
Proof. 1.) Define the function F (¢, 20,&p) := {1 — A2} (M), My := (t,gé’o(xo,fo)).
Then the function t1(x,&p) satisfies the equation F (t1,20,&) = 0. Evidently,
condition (1.5) implies that:

OF (t,20,80) =y, = AN+ A1sm+ A2} (My,) # 0, at M, € ¥io.

Therefore, the statement of item 1.) follows from the implicit function theorem.

2.) Now we prove that AZ+? N 55 is n-dimensional infinitely differentiable
manifold in Ri"g,LQ Evidently, it holds that

A;H_l N i12 - {x,7£, : (‘Tag) = 951’0(1’0750)7t - tl(x0750)a77 = 7A2<xvtla€)}a

where (29, &) € Ao.

The intersection of (n + 1)-dimensional tangent plane 75" to the manifold
ASH at the point D € ASH N 21 with (2n + 1)-dimensional tangent plane l%”“
to the manifold ilg at the same point D has a dimension not less than n. The
dimension is exactly equal to n if there exists a vector f : f € l}‘,“, such that
fé l%"“. The vector f = {O¢Aa, 1, —0zA2, =0t A2} € l}‘,ﬂ, but does not belong
to I3 due to condition (1.5). As it holds that for any point D € A3 N Sos
the dimension of the intersection lgﬂ N l%”“ is equal to n, then AZT' N Y10
is n-dimensional infinitely differentiable manifold. In what follows we prove that
\Vanle $12 is the Lagrangian manifold. Let (2,€) = g5°(x0, &). Differential of
the variable (z9, &) is denoted by dxg, 6. Then we have that dz; = dz; + Oz, dty,
dfl = 5& + 8t§¢dt1, where (51’1 = Z?:l (Bxi/é)xoj)dxoj -+ (8%1/8&)]) (55()]', and
0&; = Z?Zl(ﬁfi/axoj)(;x()j + (0€;/0&0;)0&0;. Direct calculation provides:

(Z?_ da; A dé; + dit A dn) g, = ijl S A OE; + Z;l(@tm)dtl A 06

= (@dt Now =Y (e Aa)dby S = > (D No)dty A0

As the diffeomorphism ¢&° is a canonical one, then 3.1 | dz; A §& = 0 at ALt
furthermore it holds that 0;xz; = Oc A2, 0:§; = —0zA2. Therefore, the other terms
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in the previous equality cancel and we obtain that the restriction of the sym-
plectic form over the manifold Ag“ N ilz is equal to zero, that is the manifold
\Vanle Y15 is the Lagrangian manifold. At any point D € AJ™! N Y12 the vec-
tor {Oe¢A1,1, =0z 1, —0: A1} does not belong to the tangent plane ZZD”Jr1 due to
condition (1.5). Therefore, this vector is not tangent to the manifold A3 N Y12

as well. Hence Agilm is (n 4 1)-dimensional infinitely differentiable Lagrangian
manifold. O

Now we follow the considerations of Lemma 2.2. Note that the intersection of

the Lagrangian manifold A§i11,1 with X3 is n-dimensional infinitely differentiable

Lagrangian manifold. Hence the manifold A?:}m defined as
A;Li13,1 = (l’l7 5,) : (SU, 5) = g:t)’,tz (1’07 50)7 (5607 t2a 503 77) €
AETM NSa13m = —As (4,95 (20,&)) , t2 <t < T},
is (n + 1)-dimensional Lagrangian C'°°-manifold. In a similar manner (n + 1)-
dimensional Lagrangian C'*°-manifold AgilzJ is generated in RiTLZQ by the Hamil-
tonian flow of the Hamiltonian (74 A2) with the origin on the n-dimensional
Lagrangian C'°°-manifold A?ié,l N X32; similarly (n 4 1)-dimensional Lagrangian
C*°-manifold Agilm is generated in R9267?2 by the Hamiltonian flow of the Hamil-
tonian (1 + A1) with the origin on the n-dimensional Lagrangian C°°-manifold

Agilz,1 N Y32, and so on. Therefore if the distance between the set 23 and the

complete ramification of all trajectories ggt’o) (20,%0) , (20,&0) € Ao in the interval

[0,T] is positive, then the complete ramification is a finite sum of the (n + 1)-
dimensional Lagrangian C'°°-manifolds AZilj ; generated in Ri?? by the Hamil-
tonian flow of the Hamiltonian (n+ A;) with the origin on the n-dimensional La-
grangian C'°°-manifold A:‘nik’l N Xj;, where 2 = [ or i = [ + 1. The distance in
Ri?’g? between all the manifolds Afn’jk,l, A:Lnﬂk,zv A:Ln+—1>k,37 ... is positive as they
start on the manifold X,,x in disjoint intervals of time.

Lemma 2.3. For everyT > 0 and every integer number N there exist 0.0 < g9 < €;
time Ty : 0 < Ty < T; C§°-function ¢ (x) and a point & # 0 such that:

1. Lagrangian manifold (1.17) satisfies conditions (1.18), (1.19)

2. The closure of the complete ramification of every trajectory ggt’o) (z,6),
(z,€) € Ao in the interval [0,T1] is at positive distance from Y123 and be-
longs to Ug/g.

3. The complete ramification of every trajectory gét’o) (,8), (x,€) € Ay in the
interval [0,T1] intersects the manifold 3o at least N times.

4. The complete ramification of every trajectory ggt’o) (x,8), (x,8) € Ao it the
interval [0,T1] is a sum of finite number K of (n+1)-dimensional Lagrangian
i’;i—lmamfolds A:‘ni,“. and (n + 1)-dimensional Lagrangian C*-manifold

A

The proof of Lemma 2.3 follows directly from Lemma 2.1 and Lemma 2.2.
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3. Proof of the theorem

1. We assume that on all the Lagrangian manifolds AZH,A:L;F_{M it 1s possible

to choose local coordinates (t,x1,...,x,). The general case is considered in the
same manner employing Maslov canonical operator. Further suppose r = 1 and the
substitute w = D (x', —i0y) v has reduced the symbol of equation (1.1) to form (1.4).

To calculate FAS of Cauchy problem (1.1), (1.15) with high precision it is
necessary to consider the manifolds A7 AZT! in Ritizﬁz generated by the dis-
placement of the manifold Ay along the trajectories of Hamiltonian vector fields
corresponding to the Hamiltonians A1, Az. To simplify the proof of Theorem 1.4 in
what follows we slightly change initial data (1.15) in such a way that the manifolds
AT AZT can be neglected in the considerations. Furthermore we assume that
the support of the initial data is in h'/27%/2-vicinity (for 0 < § < 1/2) of a point
y, and that the point M in Figure 1is: M := (t =0,z =y, £ = &), M ¢ X123. Re-

call that the trajectory gét’o) (y,f) in the moment of time ¢1(y) intersects 12 at

the point My = (t1,21,&1), the trajectory ggt’tl)(:vl,fl) in the moment of time

to(y) intersects Y31 at the point My = (2, z2, &), the trajectory gét’tz)(xg,fg) in
the moment of time ¢3(y) intersects X3o at the point Mz = (t3,x3,&3), and the
trajectory ggt’m (3,&3) in the moment of time t4(y) intersects 312 at the point
My = (tq,24,&4), and so on.

2. FAS/O(h™M) of the Cauchy problem is calculated step by step. Consider
in the space Ri?’gl all h1/2=0_vicinities of the intersections: AZT! N Ey1; A;TM N
22171\311171 N Tay; A?iél N igl,A?ial N Ya9; ete. for 0 < § < 1/2. These vicini-

ties are denoted as U (A”+1 N ikj, hl/Z*‘s). Outside these vicinities the WKB-

m—k,i

Maslov [7] method can be applied to construct a FAS/Q, O(h™) of the Cauchy

. . +1
problem as a sum of Maslov operators on the Lagrangian manifolds A} ki How-

ever, near the points of intersections A:‘j_l)k’i N f)mj and A:Lnik',i N ikj the Maslov

construction [7], [8] should be modified. In the vicinities U (A;Lilu N 1o, hl/z"s) ,

U (A;Lilu N igl, hl/z"s) symbol (1.3) does not have the Jordan block, hence the
multiphasic method developed in the paper [3] can be applied. Note that in the
vicinities U (A?i‘l“ N 32, hl/z_‘;) symbol (1.3) has a Jordan block of the second
order. Therefore it is possible to use a modification of the method developed in [10].

3. Assume that the symbol of system (1.1) is reducible to form (1.4). Denote
by 7, the projection of Ritizﬁz onto Riné x{t=r},and let (AJT"), := WtASH. Sup-
pose that m AL T € AL N A for t € [0,¢1]. The linear subspace of functions
of the space C*° (A;‘+1 N{t:0<t<t}) such that their restrictions on (A3,
belong to C§° ((A3™"),) for ¢ € [0,#,] is denoted by 6’6’0 (ASTIN{t: 0 <t <t4}).
Evidently ¢; can be taken as t;(y) — h'/27%/2, Furthermore, let 7, be the projec-

tion of Ri?g,z onto R}; . be the projection of Ri?g,z onto RZ,H and let a set ()
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be defined as Qg := [ASH N{t:0<t< tl}]. Following the WKB-Maslov method
[7], [8] we calculate a function

M+n

o(h) =" Wej ;e Co((A™N{t:0<t<t}) (3.1)
j=0

such that the Maslov operator KA;Hgo(h) provides a FAS/7,/Qq, O(hM). The
vector functions ¢; are calculated from a recurrent systems of differential equations
on the manifold A5™" N {t:0<¢ <t} [8]. The function ¢, € Co (A is a
solution of so-called transport equation [3], [8] with the initial data (g00|( AZ“)O) °
7,1 = ¢(x) ez (here the function ¢ (z) ey is the amplitude in data (1.15)). This

x
solution is unique and [8] it holds that

t 1 n
Ant exp {A [2 E aikgk /\Z(Ta Z, 5)
k=1

) db} T
—i (b§2 e _23)\3> (T,l’7§):| o gé ’O)(xo,f)dT} .

Direct calculations imply that the function K AP+ ©(h) satisfies perturbed initial
data (1.15)

vo(t, z0) = ¢ (z0) €2
(3.2)

Kypn cp(h)’ = ¢o(x, h)exp { ;(x,f)} , where
M+n )
¢o(x,h) = ¢ (z)ea+ > Wby; vy € C3°(R™),supp ¢; Csupp 6. (3.3)
j=1

In what follows we use corrected initial amplitude (3.3).

4. Tn the vicinity U (Ag+1 N30, hl/H) it holds that Ay # Az and A, = Ao
on Xi5. Hence symbol (1.3) does not have the Jordan block. Therefore the formal
asymptotic solution in the domain m, U (A;H'1 N ilg, h'/2=%) can be calculated
following the paper [3], [16]. This formal asymptotic solution in the intersection
U (Qo, h1/2_‘5/2) N e U (AS+1 N ilz, h1/2—5) (here the set Q is defined in item

3.) is equal to the FAS/7, Qo, O(h™M), obtained above in item 3., with a precision
O(hM). Furthermore, applying the stationary phase method and its estimations

[15] to the formal asymptotic solution in the domain 7, U (Ag+1 N ilg, hl/Z*‘s)

[3], we obtain that this formal asymptotic solution in the domain
mor (ATt () = 2O < < (y) + n1E0 Y]
U [A5FL 0 {t s taly) = 22 <t < () + 0202 ]

can be presented, with the precision O(h), as a sum of canonical Maslov operators
on the manifolds A5 ™' NAf,NAS; and Agill’l NAT,NAZ; . Therefore, this formally
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asymptotic solution can be extended. As a result of the extension the function
FAS /7. Q1,0(h™M) is obtained by WKB-Maslov method, here

Q= [A;l“ N {t St (y) + AP <t < TH
U g [A"“l N {t t1(y) + B2/ <t < ty(y) — hl/Q—WH .
The function FAS/7m, Q1, O(h™M) is the sum of following canonical operators
Kygre® (1) + Kyyir o= (). (3.4)

Here: a) it holds that the amplitude

M+n
i (2 2
P2 (h) = > W o) = ¢,

where (o were constructed in item 3. and

(2) c Coo (An+1ﬂ{t t ( )+h1/276/2 StST}) )

Here sup ’85, (2)‘ < clﬂh_j(l/Q""s)_lﬂl‘; for j > 2, and for j = 1 it holds that
sup ’85,4,01 )‘ <c¢jp |lnh|m(5)

b) the amplitude ¢>~=)(h) has the form
M+n

LI () = VR Y R (3.5)

§=0
where
AP e G [Agth i nly) + WP e <aa(y) - w0

(2—1

the function ¢y =) does not depend on h and

x/(p;_zﬁl,f)‘ < ¢j gh~IA2H=181 o > 1,

Now we determine the function gaég_)l’_) explicitly. Let vector e; be e; =

T(z',€)(1,0,0). From [3] it follows that with the precision up to the factor ¢,
‘ew| =1, it holds that

G717 = ealagn X @Pinlta(@o), mo)bly (1 (o), g (w0,€) ) (3.6)
V1Dfw 0 gt 0 gm0 0 )}/ Day| |

X . 0 X
JID{ 0 g7 0 g5 @0, O}/ Dol |y, 0y /I11.2]] 0 050, )

t k=n
exp{ / {
t1 (1‘0)

Zamh 7,3,8) - z‘bhm@ﬂ o gyt Ogél(x‘))’o(xo,f)df}.

:el
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5. In the vicinity U (Agjlm N 3s, hI/H) it holds that Ay # As and A = As
on Xj3. Hence symbol (1.3) does not have the Jordan block. Therefore the formal
asymptotic solution in the domain 7, U (A" RL 213 hi/2= ‘S) can be calculated
following the paper [3]. This formal asymptotic solution in the intersection 7,1 N
T U (A”+1 1N Elg hl/Z*‘s) is equal to the FAS/7,/Q1, O(hM) obtained above in

item 4., with the precision O(h*). Thus the considerations of item 4. are valid
and the function FAS/7,Qs, O(hM), where

0y = [A"“l LNt ba(y) + Y22 <t < T
U [AFF5 L O{Es ta(y) + 2792 < < t(y) — B2
is a sum of the following canonical operators
Kyprn @700 () + Kypr 0737 (h). (3.7)
The amplitudes =5 +)(h) and ¢ =3%7)(h) in formula (3.7) are similar to the
amplitudes ¢ (h) and >~ =) (h) in formula (3.4) respectively. Hence it holds

that
M+n

S0(1—»3,*)(h) _ h Z hjso‘gl—>3,—)’
where
P14 e Cge [A?ié LNt ta(y) + RY2 <t < tg(y) — B2 2}} :

@élﬁg’f) does not depend on h and

zl(pg_bs,f)‘ < ¢j ghIW2HO=IBE  for > 1.

(1—

The function ¢ %) has a representation with the precision up to the factor

t
et |€u9| = 1 similar to (3.6). Let e3 be equal to T'(z’, &) (O, /\31\2 , 1) , and let e}
be equal to (T*)~1(z',£)(1,0,0)%, then

1—3.— 7 2—1,—
=) =

), eflagt )(E2(0), 0) (3.8)

APEL X b31 (tQ(l‘o) th(mO) (o) 921 (x0). O( 75))

\/’D T og o ;t1(960) 0951($0),0(x0,€)} /on

X e3

T=t12 (CL‘o)
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1 t 1 —
X ex 02 o A3(r,
ta(@0) 1 (0) 11 (20).0 p{/tg(xo) |:2 z_: K&k 3( 5)
|[1,2]| 0 gy ° gy (20,€) k=1

)\ - A T T xr T T
B R O B T

The application of formulas (3.2), (3.6) and (3.8) yields an estimate
o857 (t0)| 2 16 (o) e (3.9)

6. Now we extend the function FAS/m, Qz, O(hM) through Y35 to obtain
a formal asymptotic solution in m, U (A{L’Lé’l N ilg,hl/%‘s). In this vicinity it

holds that A\ # A2, A1 # A3, and A2 = A3 on igg. Hence symbol (1.4) has a
Jordan block on igg. To calculate the FAS we modify the representation of the
asymptotic solution.

a) Toward this end it is convenient to modify principal symbol (1.4). For that
we introduce an operator Us(t, 7) that is the solution of the Cauchy problem

ithoUs(t, 7) = {Aa(x,t, —ih0y) + N5(z,t, —ihdy)} Ua(t, 7); Us(r,7) = 1,1 = 7.
(3.10)
Evidently, the operator Us(7,t) such that

—ih0:Us(7,t) = {Xa(x, 7, —thdy) + A5 (x, 7, —ihdy) } Ua(7, t); Ua(t,t) = 1,6 2 T,

is the inverse operator of Us(t, 7). In what follows we use the asymptotic expansions
Ugs(t,7) and U$*(1,t) of these operators with respect to the small parameter
h [8]. The FAS solution u of Cauchy problem (1.1), (1.15) is presented in the
form u = U$*(t,0)v. Hence the function v satisfies with the precision O (h™) the
equation

(—ih) g: +BY (x’, —z’h;x, h> v=0. (3.11)

with the initial data of form (1.15). Following the papers [13], [14] we obtain a
matrix-valued symbol BY (z/,¢,h) of the h~1-P.D.O. BY (actually the operator
BY is obtained by commutation of a P.D.O. with a Fourier integral operator [9])

It holds that

g,afB;f (x’,f)’ < cap(y)(1 +1€]) for €] > v > 0. Consider the first

two terms in formula (3.12). The notation f(a’,&) signifies that the functions are
valued at the argument {t, gé’o(x, f)} . For example Xj(t, z,8) ==\ (t, g;’o(x, f))
Then it holds that

BY (2/,¢) :=

g(i)j (»T/yf)H — Xl

(BY (. = (0@, 1)

J
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for i # j and (i,75) # (r +1,r + 2). We set
B (¢,€) = BY (/,€) + -+ W IB] (¢, ) + - .
The substitution v = U$*(¢, 0)u generates a canonical transformation G of the
phase space: G(t,x,&,,n) = {t,gé’o(x,f),n — X (t,gé’o(x,f)) } In what follows

we use new Hamiltonians A, := X — Xz,()\lg = 0) and as above introduce the sets

¥ij» X123- As the transformation G is canonical in the space Ri?g?, then we have
that . ,
{n+Xon+ X} sy nge=1 (313)
= {n+ X+ A} sy nge=1y # 0
Furthermore it holds
LN = A{lel=1} = {n+ X+ Ay, =1y #0- (3.14)

Now we can construct manifolds similar to Afjjl ., using the Hamiltonians \; and
initial manifold gg ""'Ag. In the notation of such manifolds similar to A:Lijl . We in-

clude the symbol’, i.e., the notation A?ﬂ’,/c is used. Evidently A:H'Jl,’c =G AT

-7 - i—j,k"

b) A spacial choice of the local coordinates on the manifolds Afj_l)k' ; is needed.
First for simplicity sake assume that there exists a vicinity Us of the point ¢ €

A?iéﬁ NX5, on the Lagrangian manifold A’l”ré’l with two sets of local coordinates:

(t,z) and (x,n). That is g((;?) o, # 0. Therefore the projections 7, : R2/{? —

R Ty Rifﬁ‘gg — RIH! are coordinate diffeomorphisms in this vicinity. (In
addition IT is proved that general case can be reduced to this one.) Consider the
Jacobian determinant Js := |D(z,n)/D(x0,t)| on the manifold A?ié’,,p and let
S3(z,t) be the phase function in Us such that

dSs(x,t) = [ > &du; — Nydt : (3.15)
3=t ATié’,ll
Evidently, it holds that 0.S3(x,t) = 77|U3 = — N3]y, and the equation of intersec-

tion UsN Xf, in the local coordinates (x,7n) has the form n = 0. We suppose that
the vicinity Us has the diameter h'/2=%. Define in Us the Legendre transformation
of the phase function

§3($, 77) = SS(xa t) —tn,no 71—:1:115 = atSS(xa t)

and assume that the vector amplitude function ¢ has form ¢ = w(n, z, h)x(x,n).
Here the function w(n,z,h) € C* (R? x C\{n = 0}) is analytic with respect to
the variable 7 in the vicinity of the point n = 0 cut by some ray radiated from the
point n = 0 and x(x,n) € C§°(m4,,Us). The function w(n, z, h) is calculated below.
In what follows we perform the integration over the contour C' in the complex plane
7. Here the contour C belongs to the real axis except outside a small vicinity of
the point 7 = 0. The contour C' bypasses from below the point n = 0 by the
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circle 7 = h'/2+%; and over the contour C' it holds that |Imn|, < h*t1/2. By
definition argn = —x if < 0 and argn = 0 if > 0. Evidently, over this contour
C' it holds that |h/n|, < h'/27¢. Hence over the contour C' this ratio is a small
parameter. In order to apply deformations to the contour in the complex plane n
we use almost analytic expansion of amplitude, that is for example, the function

x(x,n) at the point 1y + ins is defined as a sum: x(z,n) = fozo (“72) 8171 (z,m).
Using the Green’s formula we obtain that a deformation of the contour provides an
error of order hV# if during the deformation it holds that || < h* and if during
the process of deformation the amplitude ¢ is bounded. In the map Us over the

functions ¢ = w(n, x, h)x(z,n) the modified Maslov operator K (Us) is defined as

exp{ ] —i37(q)}

K(Us)(pomen) = Jorh

as v a P
op(e.0) [ exo{ s+ o} 7 an
(3.16)
here (g) is an integer number connected with the Maslov index [8] on A?ié’fl.
Detailed analysis of asymptotic of integral (3.16) as h — 0, implies that the con-
tribution of the saddle points in the asymptotic of integral (3.16) gives rise to a
wave with a wave front on the manifold A?ié "|; the contribution of the singular
point 7 = 0 in the asymptotic of the integral (3.16) gives rise to a wave with a
wave front on the manifold A5"Y !, [15].
¢) In what follows we determine the equation for the amplitude ¢ in the

domain 7, ,Us. The manifold ¥4, N US° can be presented in the form

S NUS = {2, t = f(z,8), f € S°}. (3.17)
In the map Us it holds that |(t - f(x,f))|U3| < h(1/2=¢)  Therefore, with the pre-
cision O(hM) it is possible to replace all the symbols by their Taylor expansions
with respect to (t — f(x,&)) up to O (|t — f(x, §|3M). Applying the Fourier trans-

form with respect to the variable ¢ to equation (3.11) we obtain an equation in
“x,n"-representation for the vector function

= (2rVh)™? /exp(f }itn)v(t, x, h)dt.

In this “x,n”-representation, to h~!1-P.D.O.’s Xg\,cz (ﬁf) . with symbols /\;-,cz

(B,lk])kl correspond h~1-P.D.O.’s Aj = )/\\’j (ih0y, ¥, —ihdy, h), d" and (BY)],, re-
spectively. These operators are differential operators with respect to the derivative
0p. With this notation we obtain that

r+2
(n+A)y; = —hZBU DUk, J=1,.0m

_h r+2

Z (BU)T-l-l K Yk

h 1
{1 + (BE)Z+1,T+1} Yre1+  dMypyo =
N n k=1,k#r+1
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r+2

0+ M) yro=—=hy_ (BY)! ., , vn (3.18)
k=1

We consider system (3.18) over the contour C' and search the solution of system
(3.18) in a class of functions © defined over the contour C such that the functions
(Bf)ﬁ+1’r+1@|c are bounded over the contour C'. Therefore, due to the estimate

-1
|h/n|o < h'/2=¢ the operator { (BU)T+1 T+1} exists as a formal series in

(—1)7 ( (BY)) 0 r+1) (the functions of the class © are defined below). Hence in

system (3.18) we can express the component y,.11 through the other components

and reduce equations (3.18) to some equations with respect to Y1, ..., Yr, Yrt2 :
h 111 T2
Yrp1 = — {1 + (B, r+1} d" + > Bk (3.19)

! 1 k#r+1,k=1

(7205 = _hz Vi & hz (B a1 (3.20)

k=1
h L n
X {1+ n(BU)r-H r+1} (77> (Bi]);]+1’kyk+‘l’j(yr+2); j=1...,n

h

-1
(n+ )\g)yﬂ.z - h(Bi]):z+2,r+1 {1 + " (BU)TH r+1} (3.21)

1 h
X {nd" + n(BE)r+1 r+2} Yry2 T h(BE)Z+2,r+2yr+2 =@, p0(y1,...Yr)-

Here the functions W;; j =1,...,7; ®, 9 have the form:
h -1
= 0B {1 B | (322)

1 h
X {nd" o (BI)41, r+2} Yrrz — h(B)]  oyrso

r+1
Cpp2 = *hz * r+2,kyk+h(Bg)Z+2,r+1 (3.23)
h —1 h r4+2
x {1+ 77(BU)H”H} (n) S B

k=1,ksr+1
Thus it is necessary to solve system of equations (3.20), (3.21) in the class © with
the precision O(hM*+1). We do it applying the WKB method to system (3.20),

(3.21) for n € C. Over the contour C it holds |h/n|, < hY/?7¢; and system (3.20),
(3.21) over C does not have multiplicity points and Jordan block. This system
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has singularity in the coefficients, but it is proposed to apply the standard WKB
method to obtain formal asymptotic solution of the system [10].
The above-defined phase function S3(x,n) satisfies the equation

n+ )\g (—8,,§3, x, axgg) =0.
It follows from (3.15) and (3.17) that
§3(x70) = S3(f(x7€)7x)|U3r1 54,0

R ) (3.24)
anSZS(xv 0) = 7f(l’, 5) o 71—;,77(1'7 0)
G a - D(t, z) n?
_ _ 1 o ) 3
Sy(r.m) = Sy(w.0) = nf@.€) o (w.0) = = p ) @)} +00). (325)
We calculate the WKB solution in the form
i 3M+1

y=ew{ B} 3 mtom i (3.26)

=0

Applying the commutation formula of Ah~-P.D.O. with exponent exp { Zé\g(x, 77)}

we obtain the expansion in an asymptotic series with respect to the small param-
eter h [8]. In the expansion we consider (h/n) as a new variable and include this
term in the transport equation. Equations for the vector amplitude functions p;
can be obtained in the standard manner. We have that po = (0,...,0,1)%)0/y/J3
where the Jacobian determinant J is defined above. The function g satisfies the
so-called transport equation:

‘ N . d h -1
Vit = 100 (-0, 50.2,0.80) " - {1 N >:1+1,m} (3.27)

CAZ?)} r -0, §37x58$§3 h~ 7 g. S.
X { sz 77" ) + nbi+2,r+1bal~+1,r+2(_8ns37x’&”‘%)

Db a2~ 00 S, 2, 0555) | o + A(=0,85, 2,0, 5)b0 = 0.
In formula (3.27) A(a’, &) is the function
/ R _Z - 82 /
A(.’I},f) T ) - aaaﬂ 3>
j=1 J P
where a = (z,7),8 = (§,—1), and

d - ~ o~ ~ =
dn = Z — {8§j ()\3 — /\2) /é)t ()\3 — )\2) } aq;j + 877.
j=1
The transport equation is considered over the contour C. As the diameter C' <
h=9%+1/2 we can resolve the transport equation with the precision O(h") using the
expansion of its coeflicients with respect to the argument 7. Consider the equations
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for all the amplitudes p; = {(0,...,0, 1)+ f1}/v/J, where the functions f; depend
on the amplitudes ; [8]. Let 032(96) e the function defined as

O’gg(iﬂ) = {ii)\g+27r+1a\/at (/)\\3 — Xg)} (7377:9\, xZ, Vz§) ’ 0 .
n=

Direct calculations imply that the amplitudes p;(x,n,h) ,1 =0,1,..., of the stan-

dard WKB approach can be presented in the form

po = 77032w0(xa 7, h)CO (1’),

3.28
pL= 770327%‘)1(1'7 7, h) ( )

Here the functions w; have the form

3M+1 h
=

Ji
) K> (hlnn)? (nlnn)* 9’ cjy i (z, h) + O(RY),  (3.29)
1=0,71=0,...,55=0

where I = 1,2,...5 (j) = (j1, J2, J3, Ja, js); and the vector functions c(;);(x, h) are
polynomials in A with C°°-coefficients in the projection of the vicinity Us onto the
plane {n =0,t =0, =0} € Rifﬁ?g.

The function constructed above (3.26) satisfies system (3.20), (3.21) with the

precision up to a function O(h™*1), such that
|05080(WM+Y)| , < CophM TG+ |Inp| + 1317

d) Function (3.16) is a formal asymptotic solution in domain m,,Us. Applying
a stationary phase method to integral (3.16) we obtain formal asymptotic solution
in domains (m,Us) N Az, and (m,:Us) N A5,. In addition is proved a statement

Lemma 3.1. Let o € R\ {0}, 0 € C and y is the contour that passes through the real
azis and below the point p = 0 along the circumference of radius |p| = h1/2+20 0 <
0 < 1/8. By definition argp = —m if p < 0 and argp = 0 if n > 0. Suppose the
function x(p) € C°(RY) and x(p) = 1 for |p| < hY/?739/2 and x(p) = 0 for
Ip| > h'/2720 Then in the domain h*/?=%/2 >t > h'/279 the integral

2

Iy (t) = wlﬂh / exp; (pt + apQ > p7x(p)dp, (3.30)

for ae > 0 has asymptotic

= L T rotD) (y _ imo 5
U(t)\/t<t) ez (1—e J{T (e +1)+ 0O (r°)} (3.31)
cen (s ) alal e (7) (-0 (),
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and for a < 0 it has asymptotic

I, (t) = \}te"’z”ﬂﬂf) <ZL>UH/Z (1 — emizro) {r (0+1)1+0 (h1/2)} (3.32)

ro()s) M o (-17) (o)),

In the domain —h'/?=% <t < —h'/279/2 the integral I, (t) for a € {R'\ 0} has

asymptotic
i t2 —zTrUQ(a) i 1/2
Ig(t)—exp h2a \/|a| exp |, sign (1+O(h )),
(3.33)

where (o) =1 if « <0 and 0(a) =0 if a > 0.

o

t

The phase function in integral (3.16) is

D(t,x) n?
D, 2) (x,0) 5 +O(n?).

Now we apply the statement to integral (3.16). We see that if (¢t — f(x,§) o
W;}](x,())) < 0, then in the domain (7, Us) N A, the asymptotic of integral
(3.16) is defined by it stationary point. Asymptotic solution (3.16) in the domain
(7 Us) NAF, must coincide with Kpps1 14,0(1*3’_)(h) up to O(h™M). This condition
assigns initial data for amplitudes p;. The asymptotic expansion of integral (3.16)
in case (t — f(x,&) om, } (2,0)) > 0, that is in the domain (7,,Us) N Az, has the
form

t77+§3($777: (t—f(l‘,f)oﬂ';}](l‘,()))’l’]—

Kygn @072 (R) + Kygn o170 ().

The manifold A?ié,l does not intersect Y15 but manifold A”+2 , intersects. Hence
consider the term KA;LHQ 1<p(3_)2’+)(h), which contributes into the asymptotic in

the domain AT, NA,. It follows from the formulas (3.9), (3.28) and formula (3.31)
that the amplitude p(3—21)(h) satisfies an estimate

PO ()| = AR 2 |6 (o) e (3.34)

on such subdomain D of AJ%L \{U(S12,h'/279/2) U U(S32, h/?>7%/2)} that it
holds that |¢ (z0)|, > 1/2. Here 039 = minpns,,, Re o32. Therefore after one turn
around the set Y193 the amplitude grows up in h%3213/2 times. The trajectories
make N turn around the set Yqa3.

For times t € [tan (y) —h'/?70, tun (y) —hY/?7% +h1/27%/2] the formal asymp-
totic solution w(t, x, h) of the Cauchy problem (1.1), (1.15) will be a sum of some
finite functions. Then finite function with the support in the set

Q= {AL N A NUSN\{U (D12, Y2 70) U U (S50, A1 /270 (3.35)
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satisfies an estimate
(I, 1)l )} 2 Anlw /DN ket (3.:36)

Here constants A, ¢ do not depend on parameter h; €, is the cross-section of domain
Q (3.35) with a hyperplane Riflg x {7 : 7 =t}. The statement of the theorem is a
direct consequence of estimate (3.36) and condition (032 +3/2) < 0. The theorem
is proved.

4. Addition

1.) Proof of Lemma (3.1).

A) First we consider the case o > 0. In this case integral (3.30) has a singular
point p = 0 and a stationary point p = —t/«. Consider the real part of the phase
function in integral (3.30):

2
Re {z (pt + osz )} = —pa (t + ap1), where p = p; + ips.

Note that for (t + api) > 0 the contour y can be moved upward and for (¢t + ap;) <
0 it is possible to move the contour v downward. In the proses of the contour
deformation we change the truncated function x(p) for its analytic continuation

. M (ip2)®
X(p1 +ip2) = Yoaty 12 0F x(p)-
1. Let ¢ be in the interval: —h'/279 < ¢t < —p1/279/2 and p; < —t/a. The
contour v will be deformed downward. As
i
exp

p*\ 9
pt+ o ) x(p1 +ip
//plso;pgso h< 2) dp (b1 +4p2)

then with a precision O(h™) integral (3.30) equal to an integral from the same
integrand by the contour presented in Figure 2.

dprdpy < CphM/2+9/2)

Aip,

FIGURE 2
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Hence for such values ¢ only the stationary point contributes in the asymptotic
solution and the singular point p = 0 does not contribute. Applying the stationary
phase method obtain formula (3.33).

2. Now suppose that ¢ > 0. Then for p; > —t/« the contour v will be moved
upward, and for p; < —t/«a the contour v will be moved downward. So let ¢ be
in the interval: h'/279/2 > ¢ > h'/2=% Hence with similar arguments we obtain
that with a precision O(h*) integral (3.30) is equal to an integral from the same
integrand by a contour ~; U 7y, presented in Figure 3.

FIGURE 3

The asymptotic of integral along the contour 7; is calculated by the stationary
phase method. Consider integral along the contour ~s.

2
(pt + ap > pdp. (4.1)

1
= ex
V271h Jy, P h

Introducing the substitution p = st one obtains that

pol ta'Jrl th 82 "
P (1) = Jorh exp (|8 + 5 s%ds (4.2)
Y2
t0+1 & / (th ) SU+2k' <zt2a> k
= exp s ds + O(h™
V2rh kzzo ~an{ls|<1} h Kb\ h2 "

ot RS 1 A\ fia\F , .
~ Jorht Z Ll <t2) (2) / exp (i1) FO+2k g (4.3)
: Y2

2
k=0
Consider integrals in formula (4.3). If Reo + 2k > —1 then

Ig"l (t) :

2

/ exp (i7) 70 R dr = (GOFEHTR (1 — 72D (g 4 2k + 1), (4.4)
Y2

The analytic continuation in variable o provides formula (4.4) for all o € C.
Substituting expression (4.4) into formula (4.3) we get asymptotic formula (3.31).
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B) The proof of the case a < 0 is similar to the case of o > 0, presented
above.

I1.) Now counsider local coordinates on the Lagrangian manifold, i.e., the item
6.b in the proof of the theorem. Suppose that in the map Us € A?:é’,'l exist local
coordinates ( t,x1,...,2,) but at the point ¢ € Us it holds at( ) = 0. In such
case we must modify formula (3.16). For this aim define a Hamiltonian H := }£?;
the flow ¢7 in the phase space R27? ¢ generated by the Hamiltonian vector file with

the Hamiltonian H : ¢"(x,&) = (z + 7€,€); an operator H = -3 : ! (%z and
change formula (3.16) for the next one
K(Us)(p o) o= “PUT IO} —iriyenyy g (15)

V2rh

X [ exp t77+S xn} dn
[ {im+ S} 7

where the function §§ (x,n) is the phase function on a manifold UJ obtained from
Us by canonical transformations U3 := ¢"Us, and J3 is the corresponding Jacobian
on U3 . It holds the lemma.

Lemma 4.1. Let A" be a (n+1)-dimensional C*° Lagrangian manifold in Rifbg,ﬂ

and let a Hamiltonian H be equal to éfg. Suppose q is any point at A"t and
(t,z) be the local coordinate in some vicinity U, € A1 of the point q, i.e., the
projection Ty 4 s the coordinate diffeomorphism at U,. Also suppose that 77|Uq =

(@', €|y, where A(a',€) € 5 (RZ,“ x Rg), DN )y, # 0 and €|y, # 0. If
(0n)(7t,2q) = O then there exist value T > 0 and such vicinity U, C U, of the

point q that in the vicinity g7 (U;) there are two sets of local coordinates: the set
(t,z) and the set (n,x).

Proof. Let S(t,x) be the phase function in 7,/ Uy, i.e., §'|Uq = 0pS(2"). Then
S + Aa!,0,5(t,x)) =0 and

2

) S(t, x). (4.6)

28 = —9 (2, 8,5(t, x) Z e, \)(2', 9, S(t, x))
J=
As 9in(q) = 02S(q) = 0 and A (2',0,5(t,x)) # 0 in 7, Uy, then it follows from
formula (4.6) that

9:¢(q) = Van(q) = V20:5(q) # 0. (4.7)

Let us (¢, 7;7, E) = g7 (2", &) = (t,x + 7&n,€); hence for a small 7 local

coordinates in g7 (U, ), for some U, C U, are (t,7). Evidently for a small 7 it holds

x =T — 7t a:) —7& + O(7?), (t x) = n(t, 7 — 7E(t,T) — 7& + O(72)) where
8f° ...0F»O(7%) have the same order 72. Therefore

e, ) = 0, T — T(E(t, ) + &0)) + T(Van(t, ), 0E(1, 7)) + O(r%).  (4.8)
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By the condition of the lemma 9n(m .q) = 0. Suppose (t,%Z) = 79" Leyq,
then 9y (t, 7 — 7(£(¢,7))) = O(r?) and it follows from formulas (4.7), (4.8) that
on(t,7) = 7(Van(t, T), 0,£(t, 7)) + O(72) # 0 for sufficiently small value 7. Hence
there exist small vicinity U, and the value 7 such that in the vicinity g7 (U,) there
exist two sets of local coordlnates the set (¢,x) and the set (1, ). O

In general case always exist local coordinates (¢,27,¢,), TUT = (1,2,...,n),
I'NT = @. In this case representation (4.5) must be change for the next one
eXp{ 4 i 27 }

(2rh)11+D)/2

< [ow{ n+ S50t g} J} ande;.

3,1

K(Us)(p o may) = p{ elp e hTHIUS(1,0)

=~ 2
Here Hy = — 3> ,c; aii — Y her & 052, dsg,( al &m) = Erdat — 2ldg, — tdn;
31 =Dm,x I ¢,)/Dp and D,u:dtdml...dxg.
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On C*-Algebras of Super Toeplitz Operators
with Radial Symbols

M. Loaiza and A. Sanchez-Nungaray

To Nikolai Vasilevski on the occasion of his 60th birthday

Abstract. We study Toeplitz operators with radial symbols acting on the
Bergman space of the super unit disk. We prove that, generalizing the classical
case, every super Toeplitz operator with radial symbol is diagonal. This fact
implies that the algebra generated by all super Toeplitz operators with radial
symbols is commutative.

Mathematics Subject Classification (2000). Primary 47B35; Secondary 47L80,
32A36, 58A50.

Keywords. Toeplitz operators, commutative C*-algebras, Bergman spaces, su-
permanifolds and graded manifolds.

1. Introduction

The existence of commutative algebras of Toeplitz operators is not usual, for exam-
ple there are not non trivial commutative algebras of Toeplitz operators acting on
the Hardy space. For the case of the Bergman space of the unit disk the situation is
different, there are many commutative algebras of such kind of operators. In [5] S.
Grudsky, R. Quiroga and N. Vasilevski classified the algebras of symbols such that
the corresponding algebras of Toeplitz operators, acting on the Bergman space
of the unit disk are commutative. Families of symbols that produce commutative
Toeplitz algebras are invariant under the action of certain kind of commutative
groups of Mébius transformations (see [5] ). A classical example of this kind of
algebras is the following: Consider the algebra R of all radial functions defined on
the unit disk. The C*-algebra generated by all Toeplitz operators which symbol
is in R is commutative. Since the unit circle acts on the unit disk as a group of
rotations, the algebra of symbols R consists precisely of the functions f: D — C
which are invariant under the action of the unit circle. Some recent works related
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to this topic in other domains such that the unit sphere, Reinhart domains and
the unit ball are the following [8, 9, 10, 11].

Recently, Toeplitz operators acting on super Bergman spaces have been ob-
ject of study. Specially because they are close related to physical objects. In [7]
Super Toeplitz operators on the unit disk were studied. In this article the authors
find an explicit representation for super Toeplitz operators in terms of classical
Toeplitz operators. In [12] is proved that the algebra of Toeplitz operators with
invariant symbols under the action of the unit supercircle on the super-sphere is
a commutative algebra.

The aim of this article is to study super Toeplitz operators with radial sym-
bols acting on the super Bergman space of the unit disk, where by a radial function
we mean that it is invariant under the action of the unit supercircle. We show
that the algebra generated by all super Toepliz operators with radial symbols is
commutative. Finding an orthonormal basis of eigenvectors of the super Toeplitz
operator we give explicit conditions for boundeness and compactness of such kind
of operators.

The article is organized as follows. In Section 2 we give some results from
[7]. The representation of a Super Toeplitz operator in terms of classical Toeplitz
operators is given (Theorem 2.5). In Section 3 we study the super unit circle, we
prove that it is a subgroup of SU(1,1|1), the group of Mobius transformations of
the super unit disk. Since a radial function is invariant under the action of the
circle (i.e., f(z) = f(e'z),t € [0,27)) we define, in Section 4, a radial function
as an invariant function under the action of the super circle and find an explicit
form for this kind of functions (Theorem 4.1). Section 5 is devoted to the study
of super Toeplitz operators with radial symbols. We prove that a super Toeplitz
operator with radial symbol is diagonal and therefore they generate a commutative
Cx-algebra. The last section is devoted to the study of a commutative algebra of
super Toeplitz operators which include as a special case radial (classical) functions
as symbols.

2. Super Toeplitz operators on the unit disk

In [7] Super Toeplitz operators on the unit disk were studied. We write here the
main results down for the unit disk. Let O(B) denote the algebra of all holomorphic
functions ¥(z) on the open unit disk

B:={zcC: |z| <1}

Let A; denote the complex Grassmann algebra with generator (, satisfying the
relation ¢? = 0. Thus

Al = (C<17 C>
The tensor product algebra

OB := OB) ® A, = OB)(1,¢)
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consists of all “super-holomorphic” functions
U =1y + (P
with 1,11 € O(B). We sometimes write
U(z,¢) = vo(2) + (¥ (z)
for all z € B.
Definition 2.1. For v > 1, the weighted Bergman space
H2(B) := O(B) N L(B, du,)

consists of all holomorphic functions on B which are square-integrable for the
probability measure

—1
Ay (z) =" 7 (1= |22 24z, (2.1)
T
Here dz denotes Lebesgue measure on C.
It is well known [HKZ] that H2(B) has the reproducing kernel
Ky(z,w) = (1 —zw)™
for all z,w € B. Let A denote the complex Grassmann algebra with 2 generators
¢, ¢ satisfying
(= =0, =
Thus
AT = C{1,¢,¢,¢¢) = Aa(1,0).
Let C(B) denote the algebra of continuous functions on B. The tensor product
11
C(B ") :=C(B) ® AT = C(B)(1,(,¢,¢C)
consists of all “continuous super-functions”

F = foo + ¢ fio + ¢ for +¢C f1, (2.2)
where foo, f10, fo1, f11 € C(B). The involution on C(Bm) is given by
F=foo+¢fio+Cfor +CC 1

where f(z) := f(z) (pointwise conjugation).
C(IB‘SM) contains O(B!I') as a subalgebra, and for ¥ = 1 + (1 € O(B)
we have

W = Yoo + (g th1 + Cy tho + (CYy Y1

Given a super-function F' € C (Blll), we define its Berezin integral

J d¢ F = f1; € C(B)
and
/dzdg F(z,0) ::/dz / d¢ F(z,0) :/dz F11(2). (2.3)

Bt B Col1 B
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Thus the “fermionic integration” is determined by the rules

[acc= [acc= [aci=o, [accc=1

Colt Colt Colt Colt
As an example, we have

/ dzd¢ F(z,¢) F(z,0)

= /dz(fOO(Z) f11(2) + f11(2) foo(2) = f10(2) fr0(2) + fo1(2) fo1(2))

B
which shows that the (unweighted) Berezin integral is not positive. For ¥ = ¢ +
Cp € O(B'Y), it follows that

/ dzd¢ U(z,0)U(z,¢) = /dz P1(2)Y1(2)
Bll1 B

is positive, but not positive definite since the g term is not present.
Definition 2.2. For any parameter v > 1 the (weighted) super-Bergman space
H2(B'Y) c oB')

consists of all super-holomorphic functions ¥(z, ) which satisfy the square-inte-
grability condition

(W), = | /dzdc (1— 22— €O (=, Q) W(z, ) < +oo.

Bl
Proposition 2.3. For ¥ = ¢y + (1 € OB we have
1 1
o[ dede (1= 22— OGO W) = (Wl + ) (il
Bl

i.e., there is an orthogonal decomposition
Hy(B'') = HZ(B) @ [H},1(B) ® AN (C")]

into a sum of weighted Bergman spaces, where A'(C') is the one-dimensional
vector space with basis vector (.

Proposition 2.4. For U = 1y + (¢ € H2(BU') we have the reproducing kernel
property
U(z,() = 71r / dwdw (1 —ww — ww)’ 11 - zw — (W) ¥ (w,w),
Bl
i.e., H2(B') has the reproducing kernel
K, (z,(,w,w)= (1 —zw—(w)™".
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For F € C(Bm), the super-Toeplitz operator TISV) on H2(B'") is defined as
TYVW = PO(FO),
where P(*) denotes the orthogonal projection onto HZ2(B!I!).

Theorem 2.5. With respect to the decomposition U = 1y + (11, the super-Toeplitz
operator TIEJ') on H2(BY) is given by the block matrix

v 1-— v 1—
o (Ty (oo + 1m0 fur) Ty (% fuo) ) »
Tuy+1 (fol) Ty+1 (fOO)
Here T;’Lj(f), for 0 <i,j5 <1, denotes the Toeplitz type operator from Hfﬂ- (B)

to HZ ;(B) defined by
Ty (N = Pori(f9)
forv € HZ, ;(B) and P, ; is the orthogonal projection from L7, ;(B) onto H} ;(B).

3. Action of the super circle on the super disk

The Berezinian is the analogous of the determinant in super analysis. It is defined
by the following formula

A BY_ i .
Ber( C D > =det(A—BD C)det D™,
where A, D are even, D is invertible and B,C are odd. The super Lie Group
SU(1,1]1) is the supermanifold SU(1,1) and its structure shift is generated by
the 3 x 3 matrices (s;;) and (s;;), where the element s;; (resp. s;;) is even if
1<4,j <2ori=j =3 and odd otherwise. We also require that s*.Js = J, where

1 0 0
J=1 0 -1 0
0 0 -1

and that Bers = 1.
The super Lie Group SU (1, 1|1) acts on the unit super disk as follows. Given

a b «
amatrix | ¢ d [ | € SU(1,1]1) the corresponding transformation are given
v 0 e
by the formulas
. az+b+al (3.1)
cz+d+ 3¢
vz 4§+ eC

cz+d+ pC
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Consider the form

= 0?log(1 — 2z — () 9?log(1 + 2z — ()

9295 dzdz + 9200 dzd¢
0%log(1+ 2z — ¢C _ 0%log(14+ 22— (C -
B 550, P850
where
d?log(l — 2z —¢C) 1 (14 22)¢C
020z C(1-22)2  (1-22)3"
0?log(1 + 2z — () zC
020C B (1 —22)%’
0*log(1+ 22— ¢C) 2C
0¢oz (1—22)2’
0?log(1 + 2z — () 1
a¢coC T (1-223)

In [2] is proved that the form g is an invariant form under the action of the
super Lie group SU(1,1|1). This form produces a metric (Bergman super metric)
for the unit super disk. This metric is invariant under the action of SU(1,1|1).

The super circle is defined as the super manifold

S = {(a=a) +iag, 7 =m +in2)| a® +a2 =1, mai+nas =0}

where 11,72 are real Grassmann variables.
The definition of S'I* given above is equivalent to define the super unit circle

as the set of matrices
( a T ) 7
T a

such that A*A =1, BerA=1.
In the following theorem we see that S'I' can be seen as a subgroup of
SU(1,1]1), the super group of isometries of the super unit disk.

Theorem 3.1. The super-circle is a super-group of isometries of the super unit disc.

Proof. In order to see any element of S'I' as an element of SU(1,1|1) we define
the following function

A8 — SU(1,1)1),
by
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Furthermore

Implying that the map A is well defined. Easy calculations show that A is a
homomorphism of Lie super groups. Then S is a super-subgroup of SU (1,1]1)
which is a group of isometries of the super unit disk. O

Since the action of the group SU(1,1|1) on the super-manifold B!I' is given
by formulas (3.1), the corresponding action of S 11 is given by
z—w=az—T1(, (3.2)

(—n=T1z+a(.

4. Radial functions: S*'-invariant functions

In this section we find the explicit form of all functions, defined on the super unit
disk, which are invariant under the action of S*I*.

Theorem 4.1. Let f be a smooth function defined on the super unit disk. If f is
invariant under the action of S'*. Then f has the form

fo(r)

TS (4.)

F(z0) = folr) + fr(r)zC + fi(r)z¢ -
where r = |z| and fo and f1 are radial functions.
Proof. An element f € C°(B!!) is of the form

f(2,¢) = foo(2) + f10(2)C + for(2)¢ + f11(2)CC, (4.2)
where f;; € C°(B).
If f is an invariant function under the action of S'1', f holds the following
equation
f(zv C) = f(CLZ - T(a TZ + GC), (43)
for each (a,7) € S,
We start finding all functions which are invariant under the action of elements
of the supercircle which have the form (a,0). Let f be a function having this
property. Then

foo(2)+ f10(2)C+ for (2)¢+ f11(2)CC = foolaz)+ for(az)al + fio(az)a+ fi1(az)(C.

Since a is any complex number in the unit circle, last equation implies that
the functions fop and f1;1 are radial functions. Moreover the function fi9(z) can
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be written as zfi1o where fio is a radial function and foi(z) = Zfo1, being for also
a radial function.

f(2,¢) = foolr) + wa(T’)EJr 5f01(7’)f + fu1(r)¢c. (4.4)

An invariant function under the action of S'I' must be invariant under the
action of any element of the form (1, 7). Consider the special case for the variable
7 =46, where 0 is a real Grassmann variable. Under the transformation given by
formula (3.2) we get the new variables

w=z—10C and n=1iz0+ (.

We note that

5 := (ww)'/? (z —i0¢) (2 —i0¢))/?
2z —i0Cz — i0z¢)M?
w(zgrzc).

~(
~(

For any differentiable function h(z,y) defined on the plane R?, the superposition
h(s) is defined by the formula

i0(z¢ + 2€)
2r

We will use the same notation for the superposition of a function and the
original function. Then

h(s) = h(r) — h'(r). (4.5)

h(s)wn = (h(r) - iQ(ZCZ:r %) h'(r)) (2 —i00) (120 + ¢) = h(r)(ir?0 + 2¢), (4.6)
and
h(s)wi = h(r)(z¢ — ir?0). (4.7)
Analogously
h(s)in = <h(7~) —~ w(zg: %) h’(r)) (—i20-+C) (i20+C) = h(r)(—if(2¢+iz{)+CC).

(4.8)
As a consequence of equations (4.6)—(4.8), we have

Fw,n) = foo(s) + for(s)wn + fro(s)wn + fi1(s)im
— foolr) — zo(zg; 26) 1 ) & For () (720 + 20) + Fro(r)(2C — ir20)
+ f11(r)(—=i0(Z¢ + 2C) + ¢C).

Therefore, a function f is invariant under the action of the unit supercircle if this
function satisfies Equation (4.4) and the following condition:

Fia(r) = _fg‘;(” and fio(r) = for(r). (4.9)
O
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5. Super Toeplitz operators with radial symbols

Generalizing the characterization of radial complex-valued functions we define a
radial super function as follows. A radial super function is an invariant function
under the action of S'I'. By Theorem 4.1 radial super functions have the following

form
1) = folr) + A=C+ A=c - 70 e (1)

For a radial super function f consider the super Toeplitz operator T acting
on H?(B'"). The main result of this paper is the following theorem.

Theorem 5.1. A super Toeplitz operator with radial symbol is a diagonal operator.

Proof. Consider the base {z",2"(|n > 0} for H2(B''). Let f be a radial super
function and n > 1. Then
y—1 2"

Y [awt - w0 s e

T (fo—

- / dw(l —ww)’ (1 — zw) ™" (1 — ww) f(;(:) w"
B

w2 (S T ) e

k=

_ w1l — ww)’—2 - F(kJFV)kak —ww fé(r)wn
/Bd (1 ) (kO kT (v) ><1 ) 2r '

Calculating the first integral of last equation we get

Gl

k=0
I'(n+v)

= /dw (1 — ww)* =2 fo (r)w]>"

o 2m
:Fr(z‘f‘ v—1 // drdt(1 —r?)" =202 fo(r)r

= 2F7§7!1I‘—(~_V)) (v— 1)z”/0 dr(1 —r?)" =22 o (r)

1 ’ 1 n—
e ey P

The first integral of last equation can be written in the following form

/O d?”(l o 7,2)u727,2n+1f0(7,) _ Q(V B 1) /(1 o 7,2)u71[f6(7,)r2n + fo(T’)?ﬁTZnil]dT.
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On the other hand

[ duts -y ( r' w)(l_ww)fé(r)w

2r

1_ 1/ 1 2n+1

= n+y2z”/ f()dr.
TL'F 0

Then

1
F?i?F—(:))Zn2/O (1 — =12 £ (r)dr.

TV, (f2(r)2) (") / dw(1l - ww)~ (1 — 2w) ™ fr (ww

= —ww)? ! Tk + v+ )zw r)yww™
= /dwl ww) [kzzo (v + 1) P fi(r)

I'(n— v
/dw (1 —ww)”~ ! (én 1)1!;_(1/1_11)) Z"_1|w|2nf1(7“)

T (foo+ | f)(en) =

— I'(n+v) I/Zn 1 w1 — ww)? = w2 f, (r
C n-DIT v+ 1) /Bd (1 )Y w|T fa(r)
= F(n—l—y) Von-1 ! B R L R N Ay
= Diro gy 2 A )

n+v 1

Using the results above we get

n+v) (!
Ty(2") = {2711;(“;) )/0 (1 TZ)”lrznlfo(r)dr] 2" (5.2)
21/1—‘(”+V) ! v—1,2n+1 n—
{(n— 1)!r(y+1)/0 (1 —r2)rirint f1<r)dr] 2n > 1.

The case n = 0 easily reduces to the following formula

-1
Ty (2%) :V /dwl—ww” 2fo(r) /dw —ww)”~ 1f02(r)' (5.3)
According to formula (2.4) in order to calculate T(2"¢),n > 0, we need to
compute T/ (11 (f1(r)w)(2"¢) and T} (fo(r))(2"). Then

re (1 ) 5

_ ! /Bdw(l — ww2)(1 = 2w)) V(1 — ww)(—fi (r))w"

™
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1 /dw( ww)y 1[ F<k+y)zk’wk]f1(7")wn+l

— EIT(v)
1
N 2(1;LT-:-+)1FJ(r V)) Zn+1/0 (1 — 2y~ 1p2n D+ £ (), (5.4)

The operator 7./} (fo(r)) acts on 2™ in the following form

T (fo(r)2" = / dw(1 — ww)* (1 — 2w) " fy(ryu”

= /dw (1 —ww)”~ 1[2 k'F((IZiyl;klz; ] fo(r)w™

r
W/dw(l—ww)”*l éTF?VV—FJrl)l)zn'anfO(r)

wl(n+v+1) [t o
- n!(F(V +1) )[/o (A=) fo(r)dr)e™. (55)
Using equations (5.4) and (5.5) we get the following formula

n v) [*
Tp(2"¢) = [Q(F,L(+J1r)}r+(y))/o ( 7,,2)V17,.2(n+1)+1f1<7,.)d7,:| et

1
[21/71;!(1?(;:1 ;r) 1 /0 (1- r2)”1r2"+1f0(r)dr] 2"¢,n>0. (5.6)
From equations (5.2), (5.3) and (5.6), the space generated by 2°, i.e., all
constant functions, and the space generated by {z",2"~!(},n > 0, are invariant
subspaces for the operator 7.
For n > 1 the restriction of the operator Ty to the bi-dimensional space
generated by {2", 2" 71(} can be written in matrix form as follows

2T (n +v) fol(l — 2Ll g (r)dr fol(l — 2= lpntl g (rYdr/n
(- DT \ 10—yt e a2t e )

This 2 x 2 matrix has the following eigenvalues

2l(n+v) ! _p2y-lp2n=l g 000 ! 2yl 2ndl g oy
(n— 1)I°(v) (/O (1=r7) Jol )d)i/o(l ) fi(r)d /\/>.

The corresponding eigenvectors are

z’ﬂ

n—1

n—1
Wny = +z ¢, Wny = —

vn
which norms are

_ _(n=1)T'(v) n!T(v)
loons I = flons || = \/ I'n+v) + (n+v)I'(n+v)
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Let {1, wn,,wn,|n > 0} be the orthonormal basis obtained normalizing all
eigenvectors. Then the super Toeplitz operator with radial symbol f is the diagonal
operator such that

Tf(wni) = (jr_(q;lrrlz)y) </0 (1- 7ng)y_lrgn_lfO(r)dT

1
T (1) / (1- r?)”lr%“fl(r)dr/m) wney  (57)
0
fori=1,2,n=1,... O

Corollary 5.2. The spectrum of the Toeplitz operator with radial symbol f(z) =
Jo(r) + fu(r)z¢ + fi(r)=¢ = 7947 ¢¢ s

n=1,.. /dwl—ww”2f0 /dw ”lfOQ(r)}

The correspondmg eigenfunctions are

W, = Jn 42" I¢
z" e
wnz = 7\/7?/ +z 1<
wo = ZO
Proof. 1t follows from the proof of last theorem. O

Corollary 5.3. The Toeplitz algebra generated by all super Toeplitz operators with
radial symbols is commutative.

Since the second factor of formula (5.7) has the term 1/y/n, if f1 is a bounded
function we have the following statements.

Corollary 5.4.
1. The super Toeplitz operator T is bounded if and only if

(i [ 4ot

is a bounded sequence
2. The super Toeplitz operator Ty is compact if and only if the sequence

(i [ et

tends to zero when n — oo.
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6. A generalization of the Toeplitz algebra with radial symbol
(classical)

In the definition of radial function given above we exclude all complex-valued
radial functions. In order to see the classical case of Toeplitz operators with radial
symbols as elements of a commutative algebra of super Toeplitz we introduce the
following group of elements of SU(1|1]1). For two complex numbers z = e w = e
in the unit circle, consider the element of SU(1, 1|1) given by the following matrix

e 0 0
Te=| 0 €t 0
0 0 et

It is easy to prove that T2 = {T|s,t € [0,2m)} is a subgroup of SU(1,1|1).

Theorem 6.1. Let f be a bounded function on the unit super disk. If f is invariant
under the action of T? then f has the form

f(z.0) = fo(r) + fi(r)CC, (6.1)

where fo and f1 are radial functions.
Proof. The proof is analogous to the proof of Theorem 4.1. O
From Theorem 2.5 the super Toeplitz operator with symbol f(z,¢) = fo(r)+

f1(r)¢¢ has the form

v 1—ww

( Ty (fO + v—1 fl) y+? > ) (62)
0 175 (fo)

Theorem 6.2. The Toeplitz algebra generated by all super Toeplitz operators which

symbols are invariant under the action of T? is commutative.

Proof. Note that since fo and f1 are radial functions the super Toeplitz operator
with symbol fo(r) + f1(r)(¢ is a diagonal operator. O
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Abstract. We prove that there is essentially only one C*-algebra generated
by a unitary element u and a self-adjoint idempotent p such that

up = pup and up # pu.
This result is related to a theorem of L. Coburn stating that there is essentially
only one C*-algebra generated by a non-unitary isometry.
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1. Introduction

A theorem of L. Coburn [1] tells that the C*-algebra generated by a non-unitary
isometry v (that is v*v = e,vv* # e) is universal in the sense that any two C*-
algebras with this property are isometrically isomorphic. An instructive example
for such a C*-algebra is given as follows: Let H? C L*(T), T := {2 € C: |2| = 1},
be the familiar Hardy space and Pt : L?(T) — H? the Riesz projection which is
known to be self-adjoint and surjective. Given a € L*°(T), define the operator

T(a): H> — H*, f+s PTaf.

The operator T'(a) is clearly bounded, and is called a Toeplitz operator. Let x+1 be
the functions x4 (t) = t*',¢ € T. Then T*(x1) = T(x_1) and T*(x1)T (x1) = I,
but T'(x1)T*(x1) # I. Hence, T'(x1) is a non-unitary isometry. It is well known
that the smallest C*-algebra 7 (C') C B(H?) generated by T'(x1) (B(X) stands for
the Banach algebra of all bounded linear operators acting on the Banach space

First author partially supported by CEAF, IST, Technical Univ. of Lisbon, and “Fundagao para
a Ciéncia e a Tecnologia” through the program FCT/FEDER/POCTI/MAT/59972/2004.
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X) contains all Toeplitz operators T'(a), with a € C(T), where C(T) denotes the
algebra of all continuous functions on T. Moreover,

T(C)={T(a):ac C(T)}-HK(H?),

where KC(H?) denotes the ideal of all compact operators acting on H? (see for
instance [3], Corollary 4.15 and Theorem 4.24).

Clearly, 1/ is a unitary operator on L%(T), (x11)* = x_1I, and PT is a
self-adjoint projection. It is easy to see that

x1PT =Pty PT and xyiPT # PtyI.

The smallest C*-subalgebra SO(C) C B(L*(T)) containing x;I and P* contains
all singular integral operators

A=aP"+bP~
with P~ := 1 — P* and a,b € C(T). Moreover,
SO(C) ={PTaP* + P bP™ :a,bec C(T)}+K(L*(T)),

where KC(L?(T)) is again the ideal of all compact operators acting on L*(T) (see
[3], Corollary 4.76; notice that this corollary is applicable in our case, and that
QC(U) can be identified with K(L*(T))).

These considerations show that 7 (C') is a subalgebra of SO(C). The close
relationship between Toeplitz and singular integral operators gives rise to the
question whether SO(C') is a model for a universal C*-algebra. We will show that
this is indeed the case. Our proof is based on features known from the theory of
singular integral operators with continuous coefficients. This theory is developed
in many text books, and we will use mainly [2] and [3] because the approach given
there is mostly convenient for us. Let us also notice that the study of finitely
generated algebras is an important task. More about this topic can be found, in
particular, in [4] and [5].

2. The main result and its proof

Let A be any C*-algebra generated by a unitary element u (that is uu™ = u*u = e)
and by a self-adjoint idempotent p* such that

upt = pTup™ und up™ #pTu. (1)
Passing to adjoints and using v~ ! = u* yields
pru=t =ptu=ip*t, (2)

and thus
uTlpT =pTuTlp,

where p~ :=e — pt.
We denote by > the class of all C*-algebras of this type.
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Theorem. Let A; and As be arbitrary C*-algebras belonging to Y. Then these
algebras are isometrically isomorphic. This isomorphism can be chosen so that
uy,p1 are taken into usg, p2, respectively.

Proof. Due to the GNS-construction we may assume (without loss of generality)
that there is a Hilbert space H such that for A € > the elements u and p* are
operators on H which generate A.

Let ¢ € C(T) be an arbitrarily given quasipolynomial,

k
= Z a;t’, a; € C and form q(u Z aju’ .

j=—k ==k
We call ¢(u) € A a quasipolynomial of v and let Ly(u) stand for the (non-closed)

algebra of all quasipolynomials of u, and let £(u) be the closure of Lo(u) in B(H).
Since u is a unitary element, we know that

sp(u) = sp(u=!) = T.
The general theory of commutative C*-algebras entails that £(u) is isomet-
rically isomorphic to C(T), and the isomorphism takes u into xi:

L(u) = C(T).

Now let A € > be generated by u and p*. Introduce the (dense) subalgebra
Z of A:

7= {ZH Qs (WP + bus (WP 7) ¢ Gus (1), bys (1) eco(u),M,NeN} .

v=1 s=1

Take an element ¢ € Z, say

M N
:ZHG'US p +bva() )

and suppose that it is invertible in A. We would like to express its invertibility in
terms which can be used for further analysis. For this aim we proceed as follows:
Given r € N let H" stand for {(h1,...,h,) : h; € H, 7 = 1,...,r}. This linear
space becomes a Hilbert space by introducing the scalar product
T
<(h17 ey hr)a (gla oo ;gr)> = Z<hj7gj> y
j=1
and B(H") can be identified with (B(H))"*" in a natural way. Then form a linear
extension ¢ of ¢ exactly as it is done in [2], Chapter VIII, § 10. The properties of
¢ are (and only these are needed):
1. ¢ € (B(H))™™" for some r € N and the entries of ¢ are among the elements
O, 1, ar(w)p™ + b1 (w)p™,...,ann(uw)p™ + byn (u)p™.
2. cis invertible in B(H) (and therefore in A by the inverse closedness property
of unital C*-subalgebras) if and only if ¢ is invertible in B(H").
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Now observe that ¢ can be written by 1. as

&= Av(u) diag {p*, ..., p"} + Ag(u) ding {p™,..,p"}
N~~~ N~ 7
r—times r—times
where Aj(u), A2(u) are r x r-matrices with entries from Lo(u). Now we apply
the theory of [2], Chapter VIII, § 8 (the condition dim coker (u[imP%*) < oo,
which is formulated there, can be dropped down because we are only interested in
invertibility):
a) the invertibility of ¢ implies the invertibility of A;(u) and As(u), that is
detAy(t) # 0,detAs(t) #0 forall t €T,

where A (t) and As(t) are the matrices whose entries are the Gelfand trans-
forms of the entries of A;(u) and As(u), respectively.

b) Notice that the functions A;(t), A2(t) belong to the class W™, where W
is the Wiener algebra. Moreover, the invertibility of ¢ implies that the right
canonical Wiener-Hopf factorization of t +— A5 ' (t) A1 () (€ WT*") exists with
all partial indices equal to zero. Conversely, if this condition is fulfilled then
¢, and thus also ¢, is invertible. Notice that this fact is true independently of
the choice of A.

Now take two algebras A4; and Ay from ) . The element ¢ and the
algebra Z are denoted now by ci1,co and Zy, Zs, respectively. Further, we
define a map ¢ : Z1 — Zs, 1 — co and we need to show that v is correctly
defined. Using that ¢ is invertible if and only if ¢y is invertible (in A4;) then
by the above argument, we get

sp(c1) = sp(ea2) .
Because cjc1 € Zy,ciea € Zs, we therefore obtain
sp(cic1) = sp(ciea),
and using [le1||? = ||cier]| = llc3eall = |lca]|, that
el = fleall-

(Recall that for a self-adjoint element the norm and the spectral radius coin-
cide.) This equality shows that v is correctly defined and that ¢ represents an
isometric isomorphism between Z; and Zy. Moreover, 1u; = ug,9p; = p3.
The continuous extension of 1) to the whole of A; provides us with the wanted
isomorphism and finishes the proof. O

Remark: This proof can easily be adapted to prove Coburns result which was orig-
inally proved by different methods.
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Commutative Algebras of Toeplitz Operators
and Lagrangian Foliations
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Abstract. Let D be a homogeneous bounded domain of C" and A a set of
(anti-Wick) symbols that defines a commutative algebra of Toeplitz operators
on every weighted Bergman space of D. We prove that if A is rich enough,
then it has an underlying geometric structure given by a Lagrangian foliation.
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1. Introduction

In recent work, Vasilevski and his collaborators discovered unexpected commuta-
tive algebras of Toeplitz operators acting on weighted Bergman spaces on the unit
disk (see [7] and [8]). It was even possible to classify all such algebras as long as they
are assumed commutative for every weight and suitable richness conditions hold;
the latter ensure that the (anti-Wick) symbols that define the Toeplitz operators
have enough infinitesimal linear independence. We refer to [3] for further details.
Latter on, it was found out that the phenomenon of the existence of nontrivial
commutative algebras of Toeplitz operators extends to the unit ball B™ in C™.
There exists at least n 4+ 2 nonequivalent such commutative algebras which were
exhibited explicitly in [5] and [6]. The discovery of such commutative algebras
of Toeplitz operators on B™ was closely related to a profound understanding of
the geometry of this domain. The description of these commutative algebras of
Toeplitz operators involved Lagrangian foliations, i.e., by Lagrangian submanifolds
(see Section 2 for detailed definitions), with distinguished geometric properties.
In order to completely understand the commutative algebras of Toeplitz op-
erators on B” and other domains, it is necessary to determine the general features
that produce such algebras. In particular, there is the question as to whether or

Research supported by CONACYT, CONCYTEG and SNI.
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not the commutative algebras of Toeplitz operators have always a geometric origin.
More precisely, whether or not they are always given by a Lagrangian foliation.

The main goal of this paper is to prove that, on a homogeneous domain,
commutative algebras of Toeplitz operators are always obtained from Lagrangian
foliations. This is so at least when the commutativity holds on every weighted
Bergman space and a suitable richness condition on the symbols holds. To state
this claim we use the following notation. We denote by C°°(M) the space of
smooth complex-valued functions on a manifold M and by C;°(M) the subspace
of bounded functions. For a given foliation F of a manifold M, we will denote by
Az (M) the vector subspace of C>°(M) that consists of those functions which are
constant along every leaf of . Our main result is the following.

Main Theorem. Let D be a bounded domain in C" and A a vector subspace of
C° (M) which is closed under complex conjugation. If for every h € (0,1) the
Toeplitz operator algebra Tp,(A), acting on the weighted Bergman space A% (D), is
commutative and A satisfies the following richness condition:

e for some closed nowhere dense subset S C D and for every p € D\ S there
exist real-valued elements ay, ..., a, € A such that day,,, ..., day, are linearly
independent over R,

then, there is a Lagrangian foliation F of D\ S such that A|p\s € Az(D\S). In
other words, every element of A is constant along the leaves of F.

To obtain this result we prove the following characterization of spaces of
functions which define commutative algebras with respect to the Poisson brackets
in a symplectic manifold.

Theorem 1.1. Let M be a 2n-dimensional symplectic manifold and A a vector
subspace of C*° (M) which is closed under complex conjugation. Suppose that the
following conditions are satisfied:
1. A is a commutative algebra for the Poisson brackets of M, i.e., {a,b} =0
for every a,b € A, and
2. for every p € M there exist real-valued elements ay,...,a, € A such that
dayy, . ..,dan, are linearly independent over R.

Then, there is a Lagrangian foliation F of M such that A C Ax(M).

This together with Berezin’s correspondence principle (see Section 3) allows
us to prove the Main Theorem.

We note that it is a known fact that for a Lagrangian foliation F in a sym-
plectic manifold M, the vector subspace Ax(M) is a commutative algebra with
respect to the Poisson brackets. More precisely we have the following result.
Proposition 1.2. If F is a Lagrangian foliation of a symplectic manifold M, then:

{a,b} =0,
for every a,b € Ar(M).

Hence, Theorem 1.1 can also be thought of as a converse of Proposition 1.2.
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2. Preliminaries on symplectic geometry and foliations

The goal of this section is to establish some notation and state some very well-
known results on symplectic geometry and foliations. For the next remarks on
symplectic geometry we refer to [4] for further details.

Let M be a symplectic manifold with symplectic form w. Being nondegen-
erate, the symplectic form w defines an isomorphism between the tangent and
cotangent spaces. More precisely, we have the following elementary fact.

Lemma 2.1. For every p € M the map:
T»M — T;M
v o— w(,),
s an isomorphism of vector spaces.

This remark allows us to construct vector fields associated to 1-forms. In
particular, for a complex-valued smooth function f defined over M, we define the
Hamiltonian field associated to f as the smooth vector field over M that satisfies
the identity:

df (X) = w(Xy, X),
for every vector field X over M. The Poisson brackets of two complex-valued
smooth functions f, g over M is then given as the smooth function:

{f,9}) = w(Xy, Xy) = df (Xy).

The following well-known result relates the Poisson brackets on smooth functions
to the Lie brackets of vector fields.

Lemma 2.2. The Poisson brackets define a Lie algebra structure on the space
C™®(M). Also, we have the identity:

(X7, Xg] = X{1,}
for every f,g € C°(M). In particular, the assignment:
f= Xy
1s a homomorphism of Lie algebras onto the Lie algebra of Hamiltonian fields.

Another important object in our discussion is given by the notion of a foliation
F of a manifold M. This is given as a decomposition into connected submanifolds
which is locally given by submersions. More precisely, we define a foliated chart
for M as a smooth submersion ¢ : U C M — R* from an open subset of M
onto an open subset of R¥. Given two such foliated charts ¢, ), defined on open
subsets U, V respectively, we will say that they are compatible if there is a smooth
diffeomorphism & : o(UNV) — (U NV) such that o =1 on UNV. A foliated
atlas for M is a family of compatible foliated charts whose domains cover M ; note
that we also need k above to be the same for all the foliated charts. For any such
foliated atlas, we define the plaques as the connected components of the fibers of
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its foliated charts. With these plaques we define the following equivalence relation
in M:

T~y <= thereis a sequence of plaques (Pj)§'=o

of the foliated atlas, such that x € Py, y € P,
and Pj_1 NP;# ¢ forevery j=1,...,1

The equivalence classes of such an equivalence relation are called the leaves of the
foliation, which are easily seen to be submanifolds of M. For further details on
this definition and some of its consequences and properties we refer to [2].

Finally, a foliation F in a symplectic manifold M is called Lagrangian if its
leaves are Lagrangian submanifolds of M.

3. Berezin’s correspondence principle for bounded domains

In the rest of this section D denotes a homogeneous bounded domain of C™. We
now recollect some facts on the analysis of D leading to Berezin’s correspondence
principle; we refer to [1] for further details.

For every h € (0,1), let us denote by A? (D) the weighted Bergman space
defined as the closed subspace of holomorphic functions in L?(D,duy,). Here, duy,
denotes the weighted volume element obtained from the Bergman kernel. If we
denote by B](Dh) : L*(D, duy) — A2(D) the orthogonal projection, then for every
a € L*™(D,duy) the Toeplitz operator 7" with (anti-Wick) symbol a is given by
the assignment:

W A2(D) —  AZ(D)

a

¢ — B (ap).

For any such (anti-Wick) symbol a and its associated Toeplitz operator Téh),
Berezin [1] constructed a (Wick) symbol aj, : D x D — C defined so that the
relation:

T () (2) = /D (2 Oe(OFa (¢, Odu(©),

holds for every ¢ € A% (D), where dyu is the (weightless) Bergman volume and F,
is a suitable kernel defined in terms of the Bergman kernel and depending on h.
This provides the means to describe the algebra of Toeplitz operators as a suitable
algebra of functions. To achieve this, one defines a *-product of two Wick symbols
ap, by, as the symbol given by:

(@ % by (2, 2) = /D (2, OBn(C, 2)C(C, €, 2 2)du(C),

where G}, is again some kernel defined in terms of the Bergman kernel and de-
pending on h. We denote by .Zh the vector space of Wick symbols associated
to anti-Wick symbols that belong to C;°(D). Then Ap, can be considered as an
algebra for the x-product defined above.
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Berezin’s correspondence principle is then stated as follows.

Theorem 3.1 (Berezin [1]). Let D be a homogeneous bounded domain of C™. Then,
the map given by:

T(CiP(D) — Ay
Téh) — Zih
is an isomorphism of algebras, where Ty (Cp° (D)) is the Toeplitz operator algebra
defined by bounded smooth symbols. Furthermore, the following correspondence
principle is satisfied:
(@n * by — by, * an) (2, 2) = ih{a,b}(2) + O(h?),
for every h € (0,1) and every a,b € Cg° (D).

4. Proofs of the main results

For the sake of completeness, we present here the proof of Proposition 1.2.

Proof of Proposition 1.2. For a given a € Az(M), the condition of a being con-
stant along the leaves of F implies that:

w(Xa, X) = da(X) =0,

for every smooth vector field X tangent to F. Since the foliation F is Lagrangian,
at every p € M the space T,F is a maximal isotropic subspace for w and so the
above identity shows that (X,), belongs to T,,F. Hence, for every a € Ax(M) the
vector field X, is tangent to the foliation F. From this we conclude that:

{aa b} = da(Xb) =0,
for every a,b € Ax(M). O

We now prove our result on commutative Poisson algebras and Lagrangian
foliations.

Proof of Theorem 1.1. Let us consider a subspace A of C°°(M) as in the hypothe-
ses of Theorem 1.1. For every p € M define the vector subspace of T,M given
by:
E,={(X4)p:a€ A}

We will now prove that £ = Upep E)p is a smooth n-distribution over M; in other
words, that in a neighborhood of every point the fibers of E are spanned by n
smooth vector fields which are pointwise linearly independent in such neighbor-
hood.

First note that since the assignment a +— X, is linear, every set £, is a
subspace of T, M. Furthermore, being A commutative for the Poisson brackets, it
follows that:

w(Xa, Xp) ={a,b} =0,
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for every a,b € A. In particular, E, is an isotropic subspace for w and so has
dimension at most n.

On the other hand, for every p € M we can choose smooth functions
aiy...,a, € A whose differentials are linearly independent at p. Hence, it follows
from Lemma 2.1 that the elements (Xg,)p, ..., (X4, )p are also linearly indepen-
dent at p, thus showing that I, has dimension exactly n. By continuity, the chosen
vector fields Xg,,. .., X,, are linearly independent in a neighborhood of p and so
their values span F, for every ¢ in such neighborhood. Hence, E is indeed an
n-distribution and our proof shows that its fibers are Lagrangian.

By Lemma 2.2, the assignment a — X, is a homomorphism of Lie algebras,
and so the commutativity of A with respect to the Poisson brackets implies that
the vector fields X, commute with each other for a € A. Since the latter span the
distribution F we conclude that E is involutive and, by Frobenius’ Theorem (see
[9]), it is integrable to some foliation F. Note that F is necessarily Lagrangian.

It is enough to prove that every a € A is constant along the leaves of F. But
by hypothesis we have:

da(Xp) = {a,b} =0,
for every a,b € A. Since the vector fields X, (b € A) define the elements of E at
the fiber level we conclude that for any given a € A we have:

da(X) =0

for every vector field X tangent to F. This implies that every a € A is constant
along the leaves of F. g

Finally, we establish the necessity of having a Lagrangian foliation underlying
to every commutative algebra of Toeplitz operators with sufficiently rich (anti-
Wick) symbols.

Proof of the Main Theorem. For every h € (0,1), let us denote by .Zh(A) the al-
gebra of Wick symbols corresponding to anti-Wick symbols a € A. By the first
part of Theorem 3.1, the algebra .Zh(A) is commutative. Hence, by the corre-
spondence principle stated in the second part of Theorem 3.1 it follows that A is

commutative with respect to the Poisson brackets {-,-}. The result now follows
from Theorem 1.1. O
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Abstract. The paper is devoted to exponential estimates of eigenfunctions of
the discrete spectrum of matrix Schrodinger operators with variable poten-
tials, and Dirac operators for nonhomogeneous media with variable light speed
and variable electric and magnetic potentials, For the study of exponential
estimates we apply methods developed in our recent paper [25].
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1. Introduction

In this paper, we consider exponential estimates of eigenfunctions of the discrete
spectrum of matrix Schrédinger operators and Dirac operators for nonhomoge-
neous media with variable electric and magnetic potentials. Our approach is based
on the results and methods developed in our recent paper [25].

The literature devoted to exponential estimates of solutions partial differen-
tial equations with applications to the Schrédinger operators is extensive; we would
only like to mention [1, 2, 12, 13, 17]. Exponential estimates for solutions of pseudo-
differential equations on R™ are also considered in [4, 5, 6, 16, 17, 19, 20, 21, 23, 24].

The contents of the paper is as follows. In Section 2 we introduce the nec-
essary definitions and recall the main results from the paper [25]. The following
sections are devoted to new applications of these results. We start in Section 3 with
the essential spectrum and exponential estimates for eigenvectors of Schrodinger
operators with matrix potentials. Note that the well-known Pauli operator is a
Schrodinger operator of this kind (see, for instance, [7]). Moreover, such oper-

This work was partially supported by the German Research Foundation (DFG).
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ators appear in the Born-Oppenheimer approximation for polyatomic molecules
[15, 18, 22]. For potentials which are slowly oscillating at infinity we describe the
location of the essential spectrum and give exact estimates of the behavior of eigen-
functions of the discrete spectrum at infinity. As example we consider the Pauli
Hamiltonian with spin 1/2.

Note that in the paper [25] we considered the exponential estimates of eigen-
functions of scalar Schrédinger operators.

In the concluding Section 4 we consider the Dirac operator. The standard
physical books are [8, 11, 27], see also mathematical books [9, 10] and the cited
in this books literature. We consider the Dirac operator on R? equipped with a
Riemannian metric, under the assumption that the electric and magnetic potentials
as well as the light speed are slowly oscillating at infinity. We give a description
of the essential spectrum and exact exponential estimates of eigenfunctions of the
discrete spectrum. Similar estimates for the Dirac operator in vacuum have been
obtained in [25].

2. Exponential estimates of solutions of systems of partial
differential equations

2.1. Essential spectrum
We will use the following standard notations.

e Given Banach spaces X,Y, £(X,Y) is the space of all bounded linear oper-
ators from X into Y. We abbreviate £L(X, X) to L(X).

e L2(R",CY) is the Hilbert space of all measurable functions on R” with values
in CV, provided with the norm

1/2
lull L2 oy = (/R IIU(w)II?cNdx) :

e H*(R",CN) is a Sobolev space of distributions with norm
1/2
fullncny o= ([ 0+ 62 T Evae)
where 4 is the Fourier transform of w.
e The unitary operator V;, of shift by h € R™ acts on L?(R",CY) via
(Vhu)(z) :=u(x — h), x€R™
e Cy(R™) is the C*-algebra of all bounded continuous functions on R".
o C}(R™) is the C*-subalgebra of C,(R™) of all uniformly continuous functions.
e SO(R™) is the C*-subalgebra of C¢(R™) which consists of all functions a
which are slowly oscillating in the sense that
lim sup |a(z +y) —a(z)| =0
€K

r—00
Y

for every compact subset K of R".
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e SO (R™) is the set of all bounded differentiable functions a on R™ such that

im 2%®) o 21
T—00 T
Evidently, SO'(R") C SO(R").
We also use the standard multi-index notation. Thus, o = (ay, ..., a,) with

a; € NU{0} is a multi-index, |a| = a1 + - - - + «, is its length, and
0% = 0gr...0x" DY = (—i04,)™ ... (=10, )"

Tn?

are the operators of a'® derivative. Finally, (¢) := (1 + |¢]?)!/2 for £ € R™.
We consider matrix partial differential operators of order m of the form
(Au)(x) = Z ao(z)(Du)(x), ze€R" (2.1)
lee| <m
under the assumption that the coefficients a, belong to the space
Cy(R™, L(CY)) := G} (R™) @ L(CY).
The operator A in (2.1) is considered as a bounded linear operator from the Sobolev
space H™(R"™,C") to L?(R™,C"). The operator A is said to be uniformly elliptic
on R if
inf det “1>0
zelR",lgeS"—l ¢ Z aa(x)w ”
|a|=m
where S™~! refers to the unit sphere in R™.

The Fredholm properties of the operator A can be expressed in terms of its
limit operators which are defined as follows. Let h : N — R™ be a sequence which
tends to infinity. The Arzela-Ascoli theorem combined with a Cantor diagonal
argument implies that there exists a subsequence g of h such that the sequence

of the functions  +— an(x + g(k)) converges as k — oo to a limit function af,
uniformly on every compact set K C R" for every multi-index «. The operator

A9:= " af D"
o <m

is called the limit operator of A defined by the sequence g. Equivalently, A9 is the
limit operator of A with respect to g if and only if, for every function y € C§°(R"),

1 — A9
Vo gm) AVgm) XTI = ATxI

in the space L(H™(R™,C"), L?(R",C")) and
lim Vg m) A" Vo) XTI = (A?)"x1

m— 00

in L(L*(R™,CN), H=™(R",CY)). Here, I is the identity operator, and
Au= Y Daw),  (Au= Y D) u)

[a]<m la|<m
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refer to the adjoint operators of A, A, : H™(R",CN) — L2(R",C™). Let finally
op (A) denote the set of all limit operators of A obtained in this way.

Theorem 2.1. Let A be a uniformly elliptic differential operator of the form (2.1).
Then A : H™(R",CN) — L2(R",CY) is a Fredholm operator if and only if all
limit operators of A are invertible as operators from H™(R™,CN) to L?(R",C™N).

The uniform ellipticity of the operator A implies the a priori estimate

[ull zrm e cvy < C (| Aull p2@n vy + |lullp2gn o) -

This estimate allows one to consider the uniformly elliptic differential operator A
as a closed unbounded operator on L?(R™, CY) with dense domain H™(R", CV).
It turns out (see [3], pp. 27-32) that A, considered as an unbounded operator
in this way, is a (unbounded) Fredholm operator if and only if A, considered as
a bounded operator from H™(R",CY) to L?(R",CY), is a (common bounded)
Fredholm operator.

We say that A € C belongs to the essential spectrum of A if the operator
A— I is not Fredholm as an unbounded differential operator. As above, we denote
the essential spectrum of A by sp,., A and the common spectrum of A (considered
as an unbounded operator) by sp A. Then the assertion of Theorem 2.1 can be
stated as follows.

Theorem 2.2. Let A be a uniformly elliptic differential operator of the form (2.1).
Then

SDess A = U spAg. (2.2)
Agcop A
2.2. Exponential estimates

Let w be a positive measurable function on R", which we call a weight. By
L2(R™,CN  w) we denote the space of all measurable functions on R™ such that

||’U,||L2(Rn7(cN,w) = ||U}u||L2(]Rn7cN) < 0o0.

In what follows we consider weights of the form w = expv where d,,v € Cy°(R")
forj=1,...,n and
hm 8£1mjv(x) = 0 b 1 S 7’)] S n.

We call weights with these properties slowly oscillating and let R stand for
the class of all slowly oscillating weights. Examples of slowly oscillating weights
can be constructed as follows. For [ > 0, let v(z) := [{(x) and consider the weight
w :=e". It is clear that

ov(x)
ox; (x)

and that lim,_ . Vv(rw) = lw for w € "1
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Theorem 2.3. Let A be a uniformly elliptic differential operator of the form (2.1),
and let w = expv be a weight in R such that lim,_. w(z) = +oco. Fort € [-1,1],
set
Ayt = Z ae (D +itVv)*,
lee|<m

and assume that

0 ¢ U SPess Aw,t = U U sp Afu,t' (23)

te[—1,1] te[~1,1] AY, ,€op (Aw,1)

If u is a function in H™(R™,CN w=) for which Au is in L*(R™,CN,w), then u
already belongs to H™(R™, CN w).
Corollary 2.4. Let A be a uniformly elliptic differential operator of the form (2.1),
and let w = expv be a weight in R with limy_,co w(x) = +00. Let X € spy;s A and

moreover \ & Sp.. Aww for all t € (0,1]. Then every eigenfunction of A associated
with \ belongs to the space H™(R™, CN, w).

3. Schrodinger operators with matrix potentials

3.1. Essential spectrum
We consider the Schrodinger operator
H = (0, — a;)p’*(i0y, — ax)E + @
where F is the N X N unit matrix, a = (a1, ..., a,) is referred to as the magnetic
potential, and & = (<I>pq)£{ 4—1 15 a matrix potential on R, the latter equipped with
a Riemannian metric p = (pjk);?, x—1 Which is subject to the positivity condition
inf w(z)wlwk >0, 3.1
pern 2 gy Pk () (3.1)

where pji(z) refers to the matrix inverse to p’*(z). Here and in what follows, we
make use of Einstein’s summation convention.

In what follows we suppose that p/* and a; are real-valued functions in
SO'(R™) and that ®,, € SO(R™). Under these conditions, H can be considered
as a closed unbounded operator on L?(R", C) with domain H?(R™,CN). If ® is

a Hermitian matrix-valued function, then H is a self-adjoint operator.
The limit operators of H are the operators with constant coefficients

HI = (i0,, — af)p}f (i0s,, — af)E + ®7
where
a? := lim a(g(m)), pg:= lim p(g(m)), &9:= lim ®(g(m)). (3.2)

m—0o0 m—00

The operator HY is unitarily equivalent to the operator
HY == —plF0,,0:, E + @9
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(with the unitary equivalence given by the operator of multiplication by the func-
N
tion x — exp(—i(a?, z))), which in turn is unitarily equivalent to the operator HY

of multiplication by the matrix-function

g ik
HY (&) = (p} k) E + @7
acting on L2(R",C¥). Evidently,

=N N
g _ g
p Hi *Urj
j=1

where I'{ := pf + R* and the pf, 1 < j < N, run through the eigenvalues of the
matrix ®9. Thus, specializing (2.2) to the present context we obtain the following.

Theorem 3.1. The essential spectrum of the Schridinger operator 'H is given by

N
SpessH = U U F? (3.3)
g j=1
where the union is taken with respect to all sequences g for which the limits in
(3.2) exist.

The description (3.3) of the essential spectrum becomes much simpler if @ is
a Hermitian matrix function, in which case H is a self-adjoint operator.

Theorem 3.2. Let the potential ® be a Hermitian and slowly oscillating matrix
Sfunction. Then
SPess H = [dg, +00)
where
dg :=liminf inf (®(x)p, ).
=00 |ofl=1

Proof. Since ®9 is Hermitian,

Vg := inf (@9, p)
lol=1

is the smallest eigenvalue of ®9. Hence, sp HY = [v,, +00) and, according to (2.2),

sPess H = [ 119 +00) = [inf 5, +00).
9

It remains to show that
inf vy = do. (3.4)
g

Let g be a sequence tending to infinity for which the limit
®9 := lim P(g(m))
m— 00
exists. Then, for each unit vector ¢ € C¥,

(@7, 0) = lim (@(g(m))p, o) > liminf(@(g(m))p, o) > da,
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whence v, > dg. For the reverse inequality, note that there exist a sequence go
tending to infinity and a sequence ¢ in the unit sphere in CV with limit ¢g such
that

dg = Tim (©(go(1m))pm,Pm) = (29¢0,%0) = Ygo-
Thus, v,4, = do, whence (3.4). O

3.2. Exponential estimates of eigenfunctions of the discrete spectrum

Again we suppose that the components p/* of the Riemannian metric and the
coefficients a,, are real-valued functions in SO!(R"™), that the weight w belongs to
R, and that ® is a Hermitian slowly oscillating matrix function with components
in SO(RY). Every limit operator (w~'Hw), of w™'Hw is unitarily equivalent to
the operator

HY, = pif(Da, +i(V0)?)(Day, +i(V0)]) + BIE,
where pi¥ and @9 are the limits defined by (3.2) and
(Vv)? = klin;o(Vv)(g(k)) cR".
We set
[(VO)[2 == (V0);(Vo) and  [(Vo)9[2 = pjf (Vo) (Vo)y.

The operator HY, is unitarily equivalent to the operator of multiplication by the
matrix-valued function

= .

HE, (€)= ) (& +i(Vo))) (& +i(Vo)]) + BB, £ R,
the real part of which is
e ik 2
R(H) = py &€k + (27 = [(V)I[5 ) E.

Corollary 2.4 implies the following.

Theorem 3.3. Let A € spy;s H, and let w = expv be a weight in R for which
limsup [(Vv)(2)|,2) < Vidg — A

Then every A-eigenfunction of H belongs to H*(R™, w).

Proof. One has
jk 2
H(€) = AD) = (0§66, — (T2, = A) T+ B

The hypotheses of the theorem imply that there exists € > 0 such that, for every
e R,

R(

=
R(H,\(€) — \I) > <E.

This estimate together with condition (3.1) yields A ¢ spH?, for every t € [0,1]
and for every sequence g which defines a limit operator. O
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Corollary 3.4. Let \ € spy;s H, and let v € R satisfy
Vidg — A

pSup

0<y<

where

PSP = liminf sup (p’*(x)w;jwy)/?.
Tr—00 wesn—1

Then the every A-eigenfunction of H belongs to the space H*(R"™,CN w) with

weight w(z) = {2,

As example we consider the Pauli Hamiltonian which describes particles with
spin-5 (see for instance [7, p. 114], [14, p. 249]). Let

H .= (z@xj - aj)pjk(iaxk — ak) + (0]

be a Schrodinger operator on R? with magnetic potential @ = (a1, as,a3) and
the scalar electric potential ®. As above we suppose that p'* a;, ® € SO(R?). We
consider the Pauli Hamiltonian of the form

P—HE+ 7 - B,

N
where B = V x d is the magnetic field, @ = (01,02, 03) is the matrix-vector
with the standard Pauli matrices

(01 (0 = (10
01 = 1 0 ,02 = i 0 , 03 = 0 —1 )

F is 2 x 2 unit matrix.

Note that the operator P is a self-adjoint operator on L?(R?, C?) with domain
H?(R3,C?). Because a; € SO(R?),

lim & - B =0,
r—00
hence Theorem 3.2 implies that
SPess P = SPess . = [Ping, +09] .
Let A € (—o0, ®inr) be an eigenvalue of P, and v € R satisfy

do — \
v<¢f

pouP

0<

where
p*"P .= liminf sup (pjk(x)ijk)1/2~
T yeg2

Then Corollary 3.4 implies that every A-eigenfunction of P belongs to the space
H?(R3,C?, 7)),
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4. Dirac operators

4.1. Essential spectrum of Dirac operators

In this section we consider the Dirac operator on R? equipped with the Riemannian
metric tensor (pjx) depending on x € R? (for a general account on Dirac operators
see, for example, [27]). We suppose that there is a constant C' > 0 such that

pik(x)EER > Ol for every x € R? (4.1)

where we use the Einstein summation convention again. Let p/* be the tensor
inverse to p;x, and let ¢’* be the positive square root of p’*. The Dirac operator
on R? is the operator

C . .
D .= zyk(qykpj + Pi¢?*) + yocPm — e® (4.2)

acting on functions on R? with values in C*. In (4.2), the 4, k = 0,1,2, 3, are the
4 x 4 Dirac matrices, i.e., they satisfy

Vivk + 7k = 208 E (4.3)
for all choices of j, k = 0,1, 2,3 where F is the 4 x 4 unit matrix,
e h O
P, =D, A, D; = =1,2,3
J i+ o J i 8.%‘3" J y 45 9,

where A is the Planck constant, A= (A1, Az, A3) is the vector potential of the
magnetic field ﬁ, that is H = rot fT, ® is the scalar potential of the electric field
E, that is E = grad @, and m and e are the mass and the charge of the electron
and, finally, ¢ = ¢(z) is the light speed in the media.

We suppose that p/*, Aj, ® and c are real-valued functions which satisfy the
conditions

p’F e SOYR3), A; € SOYR?), ®c SOR?), ce SOR?), (4.4)

and c(x) > ¢o > 0. We consider D as an unbounded operator on the Hilbert space
L?(R3,C*) with domain H*(R3,C*). The conditions imposed on the magnetic and
electric potentials A and ® guarantee the self-adjointness of D. The main symbol
of D is ag(z,€) = c(x)¢* (2)&;vk. Using (4.3) and the identity ¢/*¢" 6 = pI” we
obtain

(10(1', 5)2

A (2)R2 ¢ (2)o™ (2)& & e
& (2)n? 7" ()" (@) 0ri 56,
= @)W ()6 E > cCh* €| B

This equality shows that D is a uniformly elliptic differential operator on R3.
Conditions (4.4) imply that limit operators D, of D defined by sequences
g : N — Z3 tending to infinity are operators with constant coefficients of the form

4 e
D, = cg'ykq};k(Dj + . A?) + 'yomcf] — e®Y
9
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where
¢f = 1im ¢™*(gr), A= lim A;(g)

l—o0 l—o0

and
®9 := lim D(g;), ¢g := lim c(g;).
l—o0 l—o0
The operator Dy is unitarily equivalent to the operator
D, = cg(/bg’ylj;Dj + Yome;, — e®,

and the equivalence is realized by the unitary operator

Ti i froe e op  A9.= (A9, AY, A9).

Let
OP = lim sup P(z), ®1F = lim inf ® (),
T—00 T—00
Csup = limsup ¢(x), Cinf := lizrriioréf c(x).

The intervals [@f, ®5"P] and [cint, Csup| are just the sets of all partial limits ®9
and ¢4 of the functions ® and ¢ as x — oo, respectively.

Theorem 4.1. Let conditions (4.4) be fulfilled. Then the Dirac operator
D: H'(R? C*) — L*(R3,C*)
18 a Fredholm operator if and only if
[(I)inf’ ) ( mcgup7 mciﬂ) . (4.5)
e e
Proof. Set D§(€) := eyl &; 4+ vome] and piF :=limy, oo p* (gm). Then
(D§ (&) — e@YE) (DG(€) + ePIE)
= (cithgkﬁjfk + mzc‘; — (e®9)?) E. (4.6)
Let condition (4.5) be fulfilled. Then every partial limit ®9 = limy_,oc P(gx) of
lies in the interval (— mCE“", m(f“f). The identity (4.6) implies that
det(DJ (&) — ePIE) #0

for every & € R®. Hence, the operator Dy : H*(R?,C*) — L*(R3,C*) is invertible
and, consequently, so is Dy. By Theorem 2.1, D is a Fredholm operator.

For the reverse implication, assume that condition (4.5) is not fulfilled. Then
there exist a sequence g tending to infinity and a vector £° € R? such that

cgpgkfgfg + mgc‘; — (e®9)* = 0.
Given £ we find a vector u € C* such that v := (DJ(£°) + (e®9)E) u # 0.
Then (4.6) implies that (D§(£°) — e®YE) v = 0, whence det(D§(£°) — e®IE) = 0.
Thus, the operator Dy is not invertible. By Theorem 2.1, D cannot be a Fredholm
operator. O
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Let
A= liminf (—e®(z) + mc*(z)) ,
AP = limsup (—e®(z) — mc®(2)) .
Tr—00

Theorem 4.2. If condition (4.4) is satisfied, then
SPess D = (—00, >‘S—up] U P‘i-&r-lfa +00).
Proof. Let A € C. The symbol of the operator D, — Al is the function { —
DI (&) — (e®9 + N\)E. Invoking (4.6) we obtain
(DF(E) — (e@? + \)E) (D 9(5) +( 7+ N)E)
= (cGry &i6n +mcg — (@9 +)°) B

Repeating the arguments from the proof of Theorem 4.1, we find that the eigen-
values A (€) of the matrix DJ(§) — e®{E are given by

NL(8) = —e®? & (c2p) ¢tk + mPc))' /2. (4.7)
From (4.7) we further conclude

AeR: A=) (), £ €R3}

(=00, —e®9 — mc?,

g
AERIA=X(), £€R’} = [—ed? +mc?, +o0).
Hence,
spDY = (—o0, —eP? — mcg] U[—ed? + mcg, +00),
whence the assertion via Theorem 2.2. O
Thus, if

2 2
Psup _ (Dinf > MCsup + UL

e
then sp. D is all of R, whereas sp, D has a proper gap in the opposite case.

4.2. Exponential estimates of eigenfunctions of the Dirac operator

Theorem 4.3. Let the conditions (4.4) be fulfilled. Let X be an eigenvalue of D
which lies in the gap (\*"P, )\iff) of the essential spectrum. Further, let w = expwv
be a weight in R with lim,_ o w(x) = oo which satisfies

limsup [Vo ()] @) < j, li hm 1nf \/m204 e®(x) + N)2. (4.8)

T— 00

Then every eigenfunction of D associated with X belongs to H'(R3, C*, w).

Proof. Let A € (\*"'P, )\i_f_‘f) be an eigenvalue of D. As above, we examine the spectra
of the limit operators (D, ;)g of Dy ¢ := w'Dw™" for ¢ running through [0, 1]. Let
(Duw,t)g be a limit operator of D,, ; with respect to a sequence g tending to infinity.
One easily checks that (D, +), is unitarily equivalent to the operator

(D;u,t)g = Apg —e®IE
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where

; L., Ov
Ap g = c’ymﬁzk(Dj + ath( 9) + yome?.

02,

The operator A; , has constant coefficients, and its symbol is the function

Arg(€) = enedt* (h(&; + ith( 2"

g 2
o, V) Fome.

Further,
R [ (A0 () — (e - >)(Atg<s>+<e<1>9 NE)|

- e oo ()

—&—ER[(m eCIJg+)\2)E
_ 252 jk 2h2e2 2
= |ararea - ey P g Vg VP (et = (¢99-4.3 )| £
= Wg,t(fa A)‘E
Assume that condition (4.8) is fulfilled. Then, since c%ﬂp;kgjgk >0,
A0f 79.4(6:2) >

for all ¢ € [0,1] and for all sequences g — oo for which the limit operators exist.
Hence, (4.8) implies that the matrix A; 4(§) — (e®? — N\)E is invertible for every
¢ € R3. On the other hand, due to the uniform ellipticity of A;, one has A €

p (Zt\g(f) — (e®9 — )\)E) if and only if there exists a & € R? such that the

matrix @(go) — (e®9 + N\)E is not invertible. Thus, A ¢ sp (D), for every
t € [0, 1] and every sequence g — co. Via Corollary 2.4, the assertion follows. O

We conclude by a special case. Let the conditions (4.4) be fulfilled, and let
A be an eigenvalue of D in ()\S_up,)\iﬂf) and wu) an associated eigenfunction. If a
satisfies the estimate
1
. 2.4 2
0<a< hpsuplgggfc Vm2ed(z) — (e®(z) + \)

where )
p*"P ;= lim sup sup (p]k(l')ijk)l/za
r—00 weS?

then uy € H'(R3,C*, e*(®)),

References
[1] S. Agmon, Spectral properties of Schrédinger operators and scattering theory. Ann.
Scuola Norm. Sup. Pisa, Cl. Sci. 4 (1975), 151-218.

[2] S. Agmon, Lectures on Exponential Decay of Solutions of Second Order Elliptic Equa-
tions. Princeton University Press, Princeton, 1982.



Exponential Estimates 215

[3] M.S. Agranovich, Elliptic Operators on Smooth Manifolds. In: Ttogi Nauki i Tekhniki,
Sovremennie Problemi Matematiki, Fundamentalnie Napravlenia, V. 63, Partial Dif-
ferential Equations-6 (Russian), 5-130.

[4] E. Buzano, Super-exponential decay of solutions to differential equations in R". in:
Modern Trends in Pseudo-Differential Operators, Operator Theory: Adv. Appl. 172,
Birkh&user, Basel 2007, 117-133.

M. Cappiello, T. Gramchev, L. Rodino, Super-ezponential decay and holomorphic

extensions for semilinear equations with polynomial coefficients. J. Functional Anal.

237 (2006), 2, 634-654.

[6] M. Cappiello, T. Gramchev, L. Rodino, Gelfand—Shilov spaces, pseudo-differential
operators and localization operators. in: Modern Trends in Pseudo-Differential Op-
erators, Operator Theory: Adv. Appl. 172, Birkhduser, Basel 2007, 297-312.

[7] H.L. Cycon, R.G. Froese, W. Kirsch, B. Simon, Schridinger Operators with Appli-
cations to Quantum Mechanics and Global Geometry. Springer-Verlag, Berlin, Hei-
delberg, New York 1987.

[8] P.A.M. Dirac, The Principles of Quantum Mechanics. Oxford: Clarendon Press,
1958.

[9] G. Esposito, Dirac Operators and Spectral Geometry, Cambridge Lecture Notes in
Physics, Cambridge, University Press, 1998.

5

[10] V. Ivrii, Microlocal Analysis and Precise Spectral Asymptotics, Springer, Berlin Hei-
delberg New York, 1998.

[11] V.B. Berestecskiy, E.M. Lifshitz, L.P. Pitaevsky, Quantum FElectrodynamics, 3 Edi-
tion, Nauka, Moskow, 1989 (in Russian).

[12] R. Froese, I. Herbst, Ezponential bound and absence of positive eigenvalue for N-body
Schrodinger operators. Comm. Math. Phys. 87 (1982), 429-447.

[13] R. Froese, I. Herbst, M. Hoffman-Ostenhof, T. Hoffman-Ostenhof, L?-exponential
lower bound of the solutions of the Schridinger equation. Comm. Math. Phys. 87
(1982), 265-286.

[14] J.M. Jauch, Foundation of Quantum Mechanics, Addison-Wesley, London, 1973

[15] M. Klein, A. Martinez, R. Seiler, X.P. Wang, On the Born-Oppenheimer expansion
for polyatomic molecules. Comm. Math. Phys. 143 (1992), 3, 607-639.

[16] Ya.A. Luckiy, V.S. Rabinovich, Pseudodifferential operators on spaces of functions
of exponential behavior at infinity. Funct. Anal. Prilozh. 4 (1977), 79-80.

[17] M. Mantoiu, Weighted estimations from a conjugate operator. Letter Math. Phys. 51
(2000), 17-35.

[18] A. Martinez, FEigenvalues and resonances of polyatomic molecules in the Born-
Oppenheimer approximation, in: Schrodinger Operators. The Quantum Mechanical
Many-Body Problem, Lecture Notes in Physics 403, Springer-Verlag, Berlin, Heidel-
berg 1992, 145-152.

[19] A. Martinez, Microlocal exponential estimates and application to tunnelling. In: Mi-
crolocal Analysis and Spectral Theory, L. Rodino (Editor), NATO ASI Series, Series
C: Mathematical and Physical Sciences 490, 1996, 349-376.

[20] A. Martinez, An Introduction to Semiclassical and Microlocal Analysis. Springer,
New York 2002.



216 V. Rabinovich and S. Roch

[21] S. Nakamura, Agmon-type exponential decay estimates for pseudodifferential opera-
tors. J. Math. Sci. Univ. Tokyo 5 (1998), 693-712.

[22] L. Nedelec, Resonances for matriz Schrédinger operators. Duke Math. J. 106 (2001),
2, 209-236.

[23] V.S. Rabinovich, Pseudodifferential operators with analytic symbols and some of its
applications. In: Linear Topological Spaces and Complex Analysis 2, Metu-Tiibitak,
Ankara 1995, 79-98.

[24] V. Rabinovich, Pseudodifferential operators with analytic symbols and estimates for
eigenfunctions of Schrodinger operators. Z. Anal. Anwend. (J. Anal. Appl.) 21 (2002),
2, 351-370.

[25] V.S. Rabinovich, S. Roch, Essential spectrum and ezponential decay estimates
of solutions of elliptic systems of partial differential equations. Applications to
Schréodinger and Dirac operators. Georgian Math. J. 15 (2008), 2, 333-351.

[26] M.A. Shubin, Pseudodifferential Operators and Spectral Theory, Springer-Verlag,
Berlin, Heidelberg, New York 2001.

[27] B. Thaller, The Dirac Equation, Springer Verlag, Berlin, Heidelberg, New York 1992.

V. Rabinovich

Instituto Politécnico Nacional
ESIME-Zacatenco

Av. IPN, edif.1

México D.F. 07738, México

e-mail: vladimir.rabinovich@gmail.com

S. Roch

Fachbereich Mathematik

Technische Universitat Darmstadt
Schlossgartenstrasse 7

D-64289 Darmstadt, Germany

e-mail: roch@mathematik.tu-darmstadt.de



Operator Theory:
Advances and Applications, Vol. 210, 217-231
(© 2010 Springer Basel AG

The Laplace-Beltrami Operator on
a Rotationally Symmetric Surface

Nikolai Tarkhanov

Dedicated to N. Vasilevski on the occasion of his 60th birthday

Abstract. The aim of this work is to highlight a number of analytic problems
which make the analysis on manifolds with true cuspidal points much more
difficult than that on manifolds with conic points while such singularities are
topologically equivalent. To this end we discuss the Laplace-Beltrami operator
on a compact rotationally symmetric surface with a complete metric. Even
though the symmetry assumptions made here lead to a simplified situation
in which standard separation of variables works, it is hoped that the study of
this example can nevertheless bring to light some features which may subsist
in the more general framework of the calculus on compact manifolds with
cusps due to V. Rabinovich et al. (1997).
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Introduction

Calculus of pseudodifferential operators on manifolds with cuspidal points was
first elaborated in [17] although many concrete problems had been solved in the
early 1970s, see ibid. It is based on the concept of slowly varying symbols which
allows one to give a description of Fredholm operators in the calculus by using
Simonenko’s local principle. This latter reads that under properly chosen scale of
function spaces the Fredholm property is actually equivalent to local invertibility
of the operator.

One question still unanswered in [17] is whether this calculus is efficient
enough to construct explicit asymptotic expansions near cusps for solutions to
corresponding equations. This question is at present far from being solved even for
calculi on curves. Such asymptotic expansions can be derived if the “coeflicients”
of the equations behave well at the singular points, for cuspidal singularities can
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be topologically reduced to conical ones. One may conjecture that in the case of
general equations with slowly varying symbols only a structure theorem is available
for solutions, see [19]. It is therefore of interest to know if asymptotic expansions
can be obtained for solutions of natural geometric equations, such as the Laplace-
Beltrami equation, cf. [13].

With this as our starting point, we examine in this paper a local calculus of
pseudodifferential operators on a manifold Z with cuspidal points. We restrict our
attention to rotation-symmetric cusps, and so we may think of Z as a rotation
surface in R™, which is due to locality. As but one example we show the so-called
“citrus” z3(1 — z)3 = 2?2 + 92 in R3, where 0 < z < 1. It contains two singular
points, both the points being cusps, and the calculus developed is of independent
interest, cf. [18].

We define a complete Riemannian metric on the smooth part of Z and study
the corresponding Laplace-Beltrami operator. It is by no means obvious that there
is a change of variables ¢ = 0(r) which reduces the Laplace-Beltrami operator on
Z to the operator —9? + Agn—2 on the cylinder C = R x S"~2 over the unit sphere
in R"~!. The standard change of coordinates fails to do so. Note that we have
not been able to find such a change of coordinates for the Laplace-Beltrami on
Z corresponding to the Riemannian metric which is induced by the Euclidean
metric on R™.

The operator —9? + Agn—> can be thought of as ordinary differential operator
with constant operator-valued coefficients. There are many excellent treatments
of such operators, the monograph [11] being among the latest. Our paper [18]
published independently gives even more, namely it treats also pseudodifferential
operators on the real axis whose symbols take their values in pseudodifferential
operators on S*2.

Pseudodifferential operators on a rotation surface in R™ can be specified
within global Fourier operators on an interval whose symbols take their values in
the space of parameter-dependent pseudodifferential operators on S*~2. Using this
description, we have shown an index formula for Fredholm operators in weighted
Sobolev spaces, cf. [18]. This formula has the advantage of being quite explicit,
when compared with a sophisticated index formula for elliptic pseudodifferential
operators on an edged spindle proved in [6]. The latter requires well-elaborated
techniques of corner calculus, cf. ibid. The formula for the index of the Laplace-
Beltrami operator on Z given in the present paper is proved by a direct computa-
tion. It agrees to [18].

We also mention an explicit index formula of [2]. It applies to second-order
elliptic differential operators in unbounded cylinders C in R™, the zero Dirichlet
conditions being posed on dC. This formula easily extends to unbounded cylinders
over smooth compact closed manifolds like S*~!. It evaluates the index of operators
in Holder spaces but falls short of providing an index formula in weighted Sobolev
spaces.

The same arguments still go when we replace S*~2 by an arbitrary smooth
compact manifold X', called the link. No efficient pseudodifferential calculus is yet
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available if the link itself has singularities. Indeed, on multiplying these singu-
larities with the end singularities of the interval [0, 1] one obtains edges, corners,
etc. The symbols corresponding to higher-order singularities are pseudodifferential
operators on noncompact manifolds with singularities. The Fredholm property re-
quires the symbols to be invertible, which is a much more complicated problem
than the Fredholm property of original operators under study. Hence, mere con-
crete problems may be rich in content, as is pointed out by V. Kondratiev whose
paper of 1967 initiated the theory. One needs surprising examples rather than a
general theory.

1. Geometry

Let f be a positive differentiable function on the interval (0, 1) with the property
that f(0+) = f(1—) =0.
We consider the rotation surface Z in the Euclidean space R™ given by

f(zn) = |2'|, where 2’ = (21,...,25-1). It can parametrised under cylindrical
coordinates

z = f(r) coswi ... COSwp_3 COSWp_2,

Z2 = f(r) coswi ... coswn_3 Sinw,_2,

3 = f(r) coswi ... sinw,_s,

Tp—1 = f(r) sinws,

Tn, = 7

where r € [0,1], wy € [-7/2,7/2] for k = 1,...,n — 3, and wy,_2 € [0,27]. The
parameters w = (w1, . ..,w,—2) form a global coordinate system on the unit sphere
S"=2 in R™~! which however fails to be differentiable everywhere. This surface is
of spindle type, so it is smooth outside the points 7 = 0 and r = 1 which are
singular in general.

The surface Z bears the Riemannian metric induced by the Euclidean metric
(dr1)? + -+ -+ (dx,)? in R™. In order to emphasize the particular character of the
points r = 0 and r = 1, we give Z its own Riemannian metric which may or not
be complete according to the singularities at » = 0 and r = 1. It is the product of
the Euclidean one by the factor 1/(f(r))2. In other words, this metric is defined as

1 2
+f(2f) 0 0 0
( ) _ 0 1 0 0
9ij ) i=1,..n—1 = 0 0 cos®w; 0
j=1,...,n—1
0 0 0 0
0 0 0 cos?wi ...cos? wp_3
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Lemma 1.1. The surface measure on Z corresponding to the Riemannian metric is

ds = \/gndrdo

where do = (cos”_3 w1 ...COS wn,g)dwl ... dwy_o is the standard surface measure

on S*—2.

Proof. As is known, the surface measure is given by
ds = \/det (gij)dr dwy ...dwp_o,

see for instance [16, p. 159]. On substituting the determinant of (gij) we arrive
at the desired formula. O

By the above, we get

Vo = \/1 —;(f/)Q.

2. Laplace-Beltrami operator

Any Riemannian metric on Z gives rise to a class of differentiable mappings of
Z that multiply at each point ds? by some scalar. They are called conformal and
can moreover be characterised by the property that their pullbacks on functions
commute with an elliptic second-order partial differential operator on Z called the
Laplace-Beltrami operator. On manifolds with singularities this is usually under-
stood on the smooth part, i.e., outside the singularities.

Write g for the determinant and (g% ) for the inverse matrix of the metric

tensor. The Laplace-Beltrami operator on Z is defined by
1 n—1 3
Ay = — Z 0; (\/gg”aju),
V9 ij=1

see for instance [16, p. 164]. Since the metric tensor is diagonal, this expression
can be further simplified.

Lemma 2.1. The Laplace-Beltrami operator on Z is explicitly given by
1 2
Au = —( 81) U+ Agn-2u
Vo

where Agn—2 is the Laplace-Beltrami operator on S™~2.
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Proof. A trivial verification shows that

n—1
Ay = —; g”@?u—&—(Q ; g”—&-ﬁjg”)aju
n—1
1 11 /0, 09 QiGn—1mn—
_ _Z ajzu+ (j911+._._ Jgjj+._.+ j9n—1,n 1)aju7
= 9ii 29 \ gn 9jj In—1,n—1

only the jth term in parentheses being reduced.

The first summand is of key interest, for it is singular at » = 0 and r = 1
while the other terms are actually independent of the variable r. Hence it follows
that

1 110
Au = ( —  u+ L9 31u) + Agn-u, (2.1)
g11 2911 g1
Agn-2u being the sum over j = 2,...,n—1. This is precisely the Laplace-Beltrami
operator on the sphere S"2.
Since
1 110 1 2
afu — lgnﬁlu = ( 81) u,
g1 2911 gn V11

the lemma follows. O

On using Lemma 1.1 one easily sees that the Laplace-Beltrami operator on
L?(Z2) is self-adjoint, if given an appropriate domain.

3. Weighted spaces

Lemma 2.1 implies that the Laplace-Beltrami equation on a general rotation sur-
face reduces to a canonical second-order ordinary differential equation with con-
stant operator-valued coefficients on R.
Namely, choose a mapping ¢t = §(r) of (0, 1) to the real axis with the property
that
0 1 0

ot Vg1 or
for all € (0,1). This is equivalent to §'(r) = y/g11(r) whence

Ve,
5()/m fs)*

for r € (0,1), where ro € (0,1) is an arbitrary fixed point. From the assumptions
on f(r) it follows that ¢t = §(r) is a diffeomorphism of the interval (0, 1) onto the
interval (6(0),d(1)).

(3.1)

Ezample. Let f(r) = rP(1 — r)? with p,q > 0. This is a positive differentiable
function on (0,1) which is continuous up to r = 0 and r = 1. It vanishes at the
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end points and

VI (f1(s))? _ /s20P 2070 + p2(1 — )27 — 2pgs(1 — s) + 2577
f(s) s(1—s)
for all s € (0,1). Hence we deduce that §(0) = —oo and 6(1) = +oo whenever p
and ¢ are positive.

This example shows that 6(0) = —oo happens not only in the case when the
singular point at » = 0 is a sharp cusp (p > 1) but also in the case if it a conic
point (p = 1) or even a smoothness point (p < 1) of Z. An analogous fact is
true for the singular point at » = 1. Note that for the commonly used change of
coordinates f(r)d/0r = §/0t the situation is quite different. Namely, the value of
t =4d(r) at r =0 or r = 1 is infinite only in the case of true cuspidal singularities
at these points.

We shall make two standing assumptions on the functions f(r) under con-
sideration, namely §(0) = —oo and 6(1) = +oo. By the above, they are fulfilled in
most interesting cases.

Lemma 3.1. Under the change of variables t = 6(r), the Laplace-Beltrami operator
on Z transforms into

6*A == —8? + ASn—Q.
Proof. Combine Lemma 2.1 and equality (3.1). O

We are thus led to a second-order ordinary differential operator with constant
coefficients on the real axis, the coefficients taking their values in the space of
differential operators on the sphere S”~2. This topic is nowadays well understood,
cf. [4], [11], etc.

Let

(hj,k) j=0,1,... (3-2)

k=1,....k;
be an orthonormal basis in the space L?(S"~2) consisting of the restrictions of
homogeneous harmonic polynomials in R®~!. The index j means the degree of
homogeneity, and the index k£ runs through the number of polynomials of degree
J in the basis. Every hj j is an eigenfunction of the Laplace-Beltrami operator on
the unit sphere corresponding to the eigenvalue \; = j(j + n — 3), i.e., it satisfies

AS”*Zhj,k - )\jh],k7
(2§ +n—=3)(j+n—4)

(n—3)ly!
We look for a solution to the inhomogeneous equation d,Au = f whose
Fourier expansion is

and k; =

k;

oo
=22 ualt)
=1

Jj=0k
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for each ¢ € R. Assuming u; x(¢) smooth enough, we apply 0.A termwise to the
right-hand side and equate the Fourier coefficients of §,Au and f, thus obtaining
an infinite system of ordinary differential equations for the unknown functions
u;(t) on the real axis, namely

—uf () + Njujk(t) = fir(t) (3.3)

forall j =0,1,...and k=1,...,k;.
The characteristic equation for (3.3) is 72 + \; = 0 with roots 74 = 1/);.
The solution of the initial value problem for (3.3) with data u; ,(0) = v/ . (0) = 01is

3
tsinh /A (t — 5)
(L fin) (8) = —/ v
0 VA
and so the general solution to the inhomogeneous equation (3.3) on R can be
represented by

fixk(s)ds

win(t) = L fin) () + 5 eV g e eV

c;fk being arbitrary constants.
We have thus proved that the equation §,Au = f on the real axis possesses
a formal solution
oo kj
:Z ( Ik fik) (t) +c 6\/’\’t+c eV ) (3.4)

j=0 k=1
containing infinitely many arbitrary constants Cikr If we pose a proper restriction

on the growth of u(t) at ¢ = —oo then only finitely many constants Cj ) may be
different from zero, for \; — +o0 as j — 0o0. On posing a restriction on the growth
of u(t) at t = +o0 we obtaln that all constants c . vanish but finitely many. Hence,
the operator §,A, when acting in spaces of functlons with growth restrictions at
both points +oo, is Fredholm. Formula (3.4) makes it also evident what function
spaces are to be used.

Note that we use separation of variables here to merely write out the formal
solution (3.4) to ¢,Au = f. To study the convergence of the series one requires
further arguments like those in [5, Ch. 6]. We use (3.4) just to motivate our choice
of functions spaces.

The functions u(t) under study are defined on all of R and take their values in
functions on the sphere S*~2. Hence, they can actually be thought of as functions
on the cylinder C = R x S™~2 over the sphere. For s = 0, 1, ... and any real number
7, we denote by H*7(C) the completion of the space Cgy,,,(C) with respect to the
norm P

ey = ([ 3 1076 0oy at) (35)
j+A<S

Obviously, this space is Hilbert. If s is a negative integer, we define H*7(C)
to be the dual of H=%~7(C). For fractional s, the space H*7(C) is defined by
(complex) interpolation.
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Lemma 3.2. The operator 6, A extends to a continuous map H*(C) — H*=27(C)
for each s € R.

Proof. For s = 2,3,..., this is proved by direct computation. It remains then to
apply duality and interpolation results. O

The operator 6, A actually belongs to the calculus of pseudodifferential op-
erators on the cylinder C elaborated in [18]. For functions u € H?7(C), it can be
written in the form

1
5. Au (t) = ) / e (22 4 Agn—2) Fu(z) dz (3.6)
d -
where I'_, = {z € C: Sz = —v} and Fu stands for the Fourier transform of u. The

holomorphic function o(A)(z) = 22 + Agn—2 taking its values in pseudodifferential
operators with parameter on the sphere S”~2 is sometimes called the conormal
symbol of A. A more general designation is operator pencil.

4. Resolvent

Write a(z) = 22 + Agn-2 for the conormal symbol of A. This is a polynomial
of z € C with values in pseudodifferential operators on S"~2 which are elliptic
with parameter 7 = Rz. Given any s € R, one can think of a(z) as an operator
H*(S"=%) — H*"2(S"~2). The particular choice of s is not important for both
the kernel and cokernel of a(z) consist of C'*° functions on the sphere. Thus, the
results of [8] apply.

A point zy € C is said to be a characteristic point of a(z) if there exists a
holomorphic function u(z) in a neighbourhood of 2o with values in H*(S"~2), such
that u(zg) # 0 but a(z)u(z) is holomorphic at zp and vanishes at this point. We
call u(z) a root function of a(z) at z.

To find the characteristic points of a(z), we invoke the orthonormal basis
(3.2) in L2(S"~2) and write

oo k‘j
U(Z) = ijo Zk:l uj,k(z) hj’k

on the sphere. Then,

ONCED DN DN CEPO PO

which immediately shows that zo is a characteristic point of a(z) if and only if
29 = £14/A; for some j. Any function u;x(2) hj,x holomorphic in a neighbourhood
of +1,/); and different from zero at this point is actually a root function of a(z)
at £1,/A;.

Suppose zp is a characteristic point of a(z) and u(z) is a corresponding root
function. The order of zy as a zero of a(z)u(z) is called the multiplicity of u(z),
and u(zo) € H*(S"2) an eigenfunction of a(z) at zo. If supplemented by the zero
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function on S"~2, the eigenfunctions of a(z) at zo form a vector space. It is called
the kernel of a(z) at zy and denoted by ker a(zp). By the rank of an eigenfunction
up € H*(S"~2) we mean the supremum of the multiplicities of all root functions
u(z) with u(zo) = uo.

The kernel of a(z) at +u,/); is spanned by hj1,...,hjk,. The rank of the
eigenfunction hg,; at 0 is equal to 2. For j > 1, the rank of the eigenfunction h; j
at £14/A; is 1.

Suppose that ker a(zg) is of dimension K. By a canonical system of eigenfunc-
tions of a(z) at zp is meant any system of eigenfunctions ug 1, ..., uo x with the
property that the rank of ug ; is the maximum of the ranks of all eigenfunctions of
a(z) at zg and the rank of ug ; is the maximum of the ranks of all eigenfunctions in a
direct complement in ker a(zg) of the linear span of the vectors ug 1, . .., uo,x—1, for
k=2,...,K. Let r; be the rank of ug, for k=1,..., K. It is a simple matter to
see that the rank of any eigenfunction of a(z) at the characteristic point 2 is always
equal to one of the ri. Hence it follows that the numbers rj are determined uniquely
by the function a(z). Note that a canonical system of eigenfunctions is not, in gen-
eral, uniquely determined. The numbers r; are said to be partial multiplicities of
the characteristic point zg of a(z). Their sum n(a(zg)) =71 +-- -+ rx is called the
multiplicity of zg. If a(z) has no root function at zp, we naturally set n(a(zp)) = 0.

Thus, hj1,...,hjk; is a canonical system of eigenfunctions of a(z) at both
characteristic points :I:z\/ A; and the multiplicity of these characteristic points of
a(z) just amounts to k;, if j > 1, and 2, if j = 0.

For z € C away from the characteristic points of a(z) this operator-valued
function is invertible. The inverse a~!(z) called the resolvent of a(z) takes its
values in the space of pseudodifferential operators of order —2 with parameter on
the unit sphere S?~2, cf. [18]. We now rehearse the expansion of the principal part
of a!(z) which is actually due to [8].

Theorem 4.1. For each characteristic point zo = :i:z\//\j of a(z) with j > 1, the
principal part of a=1(z) at zo is

k;

) (3 k) 2 (gn—2y jk

—1 k=1

P = . 4.1
p-p-a” () 92 s (4.1)

Proof. Cf. Proposition 4.2 in [18]. O

In the case j = 0 the rank of the only eigenfunction hg 1 of a(z) at zop = 0 is
equal to 2, and so (4.1) needs a modification. It becomes
oty = 0o
z
as is easy to check.
We are now in a position to use the theory of [18] on the real axis and pull
it back to the interval (0,1) by the diffeomorphism ¢ = 6(r).
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5. Fredholm theory

Denote by H®V(Z) = §*H*7(C) the Hilbert space consisting of the pullbacks
0*u = uo ¢ of functions u € H*>7(C). It is easy to see that the norm in this space
is given by

1 1 Joo_ 1/2
iy = ([ 350 g ) € Olagonny Vo) 61

j+A<s \/911

provided that s =0,1,....

The factor e=7® entering into (5.1) can not control independently the be-
haviour of functions at both points r = 0 and r = 1. To this end, we introduce yet
another scale of weighted Sobolev spaces on Z, which includes two weight param-
eters. Namely, let w = (wp,w1) be a pair of real numbers to inspect the growth of
functions at » = 0 and r = 1. Fix an excision function x(r) for the point r = 1 on
[0,1], i.e., x is a C°° function on [0, 1] vanishing close to r = 1 and equal to 1 near
r =0. For s € R, set

H>Y(Z)=xH>"(Z)+ (1 — x) H> 7" (2), (5.2)

the right-hand side being understood in the sense of nondirect sum of Fréchet
spaces. In particular, on choosing w = (v, —7y) we recover H*"(Z) = H*7(Z) for
all s,v e R.

The additive group structure of R induces under the diffeomorphism ¢ = 6(r)
a group structure on the interval [0,1]. This is given by r o s = §~1(5(r) + 6(s))
for r, s € [0,1]. The corresponding invariant measure is a multiple of |/g11dr, and
the abstract Fourier transform is

1
Fu(o) = / e @My(r) /g1 dr
0
for p € R.

Lemma 5.1. Given any u € H>"(Z), the abstract Fourier transform Fu(z) is
holomorphic in the strip —wy < Sz < w; .

Proof. See Lemma 6.3 in [18]. O

Combining (5.2) and Lemma 3.2 we deduce that the Laplace-Beltrami oper-
ator A extends to a continuous mapping H*%(Z) — H*"2%(Z) for all s € R and
w € R2.

If —wp < w; then the mapping A : H*%(Z) — H*~%"(Z) is specified in the
pseudodifferential calculus on Z as

1
/ (T (g2 + ASTH) Fu(p)do
r

- 2
-

Au (r)

for r € (0,1), the integral being independent on the particular choice of the expo-
nent —v in the interval (—wg,wy), cf. (3.6).
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Theorem 5.2. Suppose wg and wi are different from i\/)\j for all j. Then the
mapping A : H5"(Z) — H*=%Y(Z) is Fredholm for all s € R.

Proof. The hypotheses of the theorem are equivalent to saying that the conormal
symbol o(A)(z) is invertible on the lines I'_,,, and I, . Since the Laplace-Beltrami
operator is a second-order elliptic operator on the smooth part of Z, the Fredholm
property follows for instance from [17]. O

If —wp < wy, a sharper result is given by Corollary 6.8 in [18]. Namely, the
operator A : H*%(Z) — H®2%(Z) is injective and has a closed range of finite
codimension,

codimim A = Z (14 d0,5) - (5.3)

j=0,1,...
k=1,...k;

—wo<i\/)\j <wi

Note that the constant functions of r € [0, 1] with values in H*(S"~?2) belong
to the null-space of A : H$%(Z) — H*~2%(Z) provided that both wy and w; are
negative.

6. Asymptotics

In this section we derive an explicit description of solutions of the homogeneous
equation Au = 0.

Theorem 6.1. To every nonzero characteristic point :EZ\//\j of o(A)(z) lying in
the strip w1 < Sz < —wq there correspond k; linearly independent solutions of
Au =0, namely
TV, ) . 6.1
( Ik k=1,...k; (6.1)
It is a simple matter to verify that each function of the form (6.1) belongs to
H*>(Z), provided that w; < £,/X\; < —wy.

Proof. For the proof, fix any integer k£ = 1,...,k;. We have
61\/Aj5(r)hj’k _ (ezzé(r)hj’k) 7
z::tz\/)\j
as is easy to check. When applying the operator A to the right-hand side of this
equality, we may interchange A and the evaluation in z. This implies

A(e:F\/Ajis(T)th) = (e’Z‘S(T)a(Z)hj,k)

= ()’
the right-hand side being zero because a(z)h; ; vanishes at the point :i:z\//\j. To
complete the proof it is sufficient to note that A : H=5%2"%(Z) — H=%~%(Z) is
the transpose of A : H%(Z) — H*~2%(Z). By Theorem 5.2, both the mappings
are Fredholm, and so the range of the former is the dual of the null-space of the

z=iz\/)\j
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latter. We now use formula (5.3) to conclude that the dimension of the null-space
of A: H¥W(Z) — H"2%(2) is

dimker A = Z (14 d0,5) - (6.2)

§=0,1,...
k=1,...k;

wo<E/Nj<—w1

Hence, the system (6.1) actually encompasses the whole contribution of 4 \/ A; to
the null-space of A.

Note that to the zero characteristic point of o(A)(z) there correspond two
linearly independent solutions of the Laplace-Beltrami equation on the surface Z,
namely ho 1 and 6(r)ho 1.

Not only highlight (6.1) the asymptotic behaviour at singular points of so-
lutions to the homogeneous equation Au = 0 belonging to H*"(Z) but they also
describe the explicit structure of these solutions. The theorem gains in interest if we
realise that the Laplace-Beltrami operator on Z has variable coefficients, in which
case no asymptotics have been known for general cuspidal points. The explanation
of this phenomenon lies obviously in the fact that there is a surprising change of
variables which reduces the Laplace-Beltrami operator to an ordinary differential
operator with constant operator-valued coefficients. No attempt has been made
here to develop any general theory, we were rather going to motivate [18].

In [9] asymptotics of solutions to the Laplace-Beltrami equation on a rotation
surface with an incomplete metric are studied by the method of Green-Liouville
approximations, see [14].

The calculus of [17] encompasses much more general operators on manifolds
with singular points. Close to a singular point they are of the form

Au(r) = 217r / ez (r, 2)Fu(z) dz (6.3)
-

for r > 0, where r is the coordinate along an axis of the singular point correspond-
ing to r = 0, and Fu is an abstract Fourier transform. In contrast to (3.6), the
symbol a(r, z) is a nonconstant smooth function of » > 0 with values in the space
of parameter-dependent pseudodifferential operators on the link X', the parameter
being ¢ = Rz. The behaviour of a(r, z) at r = 0 is of crucial importance. In [17]
we assume that (9/06)" a(r, z) tends to zero as r — 0+, for every k = 1,2,.. ..
Operators (6.3) act in weighted Sobolev spaces with two weight functions, e=9(r)
and (¢’(r))*, where 7, u € R. Under this assumptions, the local principle of Simo-
nenko works to characterise Fredholm operators within the calculus. The lack of
smoothness at r = 0 does not allow one to gain in the weight exponent . Hence,
one needs a scale of weaker weight factors which control “smallness” of remain-
ders. This is just (6'(r))* or (—d(r))”, with v € R. For a recent contribution to the
local principle we refer to [20] where a local principle is presented which describes
C* -algebras in terms of continuous sections of C*-bundles. In the case of conical
points we get 6(r) = logr, and so the scales e=7°(") and (&'(r))* coincide. In the
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case of true cusps the scale (—d(r))” provides us with stronger “glasses” to observe
the gain in behaviour at » = 0. This demonstrates rather strikingly that asymp-
totics of solutions to Au = 0 near cuspidal points are very subtle. Obstructions
arise when one looks for an asymptotic formula for the inverse symbol a=!(r, 2)
as r — o00. It is precisely the way at which small parameter problems enter into
analysis on manifolds with singularities. It is therefore surprising that the solu-
tions to the Laplace-Beltrami equation on a rotation hypersurface in R™ have very
transparent structure (6.1) independently of the nature of singular points at » = 0
and r = 1.

7. Index formula

Given any weight data w = (wo, w1 ), the Laplace-Beltrami operator determines a
bounded mapping A : HS"(Z) — H*"%"(Z), as described above. Theorem 5.2
states that if a(z) has no characteristic points on the lines I'_,,, and I%,,, then A
is a Fredholm operator. Hence the index of A is well defined and independent of
the choice of s. The following corollary provides us with an explicit formula for
the index.

Corollary 7.1. Suppose that o(A)(z) is invertible on the lines I'_y,, and Ly, . Then,

ind A = > (14 80,5) — > (14 do.) - (7.1)

j=0,1,... J=0,1,...
k=1,....k; k=1,....k;
wg<i\/>\j<—w1 —UJQ<i\/>\j<w1

Proof. Tt is sufficient to combine formulas (6.2) and (5.3). Since the inequalities
wy < —w; and —wy < w; are incompatible, at most one sum on the right-hand
side of (7.1) is different from zero. O

Formula (7.1) is a rather particular case of the index theorem from [18], cf.
also a more general logarithmic residue formula of [7]. If .S, is the horizontal strip
bounded by I, and —I'_,,, then

: 1 1
ind A = tr 9 /asw a”(z)da(z). (7.2)

We emphasize that the integrals over single lines Sz = wy and Sz = —wy
on the right-hand of (7.2) are divergent while their sum makes sense. Moreover,
the operators a=!(z)a’(z) are not of trace class on S"~2 unless n = 2. However,
the operator-valued function a=!(z2)a’(z) is holomorphic everywhere in the strip
between I'_,,, and I',,, except possibly at a finite number of points which are
characteristic points of a(z). Thus, only the principal parts of Laurent expansions
of this function near characteristic points contribute to the sum of the integrals,
as is clear from the residue formula. To see that the integral in (7.2) is of trace
class it suffices to observe that these principal parts take their values in the space
of smoothing operators on S™~2.
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The above theory still applies to the differential operator A — A\, with A
a complex parameter. We are thus in a position to describe the spectrum of A
acting in L?%(Z) := H®"¥(Z) with domain H?»%(Z). For all —wy = wj, the
spectrum of the Laplace-Beltrami operator in L2 (Z) is empty. On the one hand,
if —wp < w; then the point spectrum of A in L?%(Z) is empty. For —wy > w1,
we look for an eigenfunction of the Laplace-Beltrami operator in L?%(Z) which
has the form wu(r)h(w). On separating the variables we arrive at the ordinary
differential equation

1 2
_(\/gll 81) u+ )\J’U/ = )\U
for determining u, where \; is an eigenvalue of the Laplace-Beltrami operator on
the sphere S"~2, and h = hjj, for some k = 1,...,k;. The equation possesses two
solutions
uj(r) _ el\/)\—>\j§(7‘)

which correspond to two different branches of the multivalent analytic function
/A = Aj. The function u;(r)h;(w) belongs to L**(Z) if and only if A satisfies
wy < %\//\ —Aj < —wp. Each A € C satisfying this condition for some j belongs
to the point spectrum of A in L*%(Z). On the other hand, for —wy > w; the
continuous spectrum of A in L?%(Z) is empty. If —wo < w; then the continuous
spectrum of A in L>%(Z) contains all A € C satisfying —w; < %\/)\ — A < wo
for some j.

In either case, the spectrum of A in L?¥(Z) is purely point or purely contin-
uous. The papers [1], [3], [10], [12] contain necessary and sufficient conditions for
discreteness of the spectrum of the Laplace-Beltrami operator in L? for a rather
big class of Riemannian manifolds.
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Abstract. We consider automorphic distributions on R?, a concept slightly
more precise than that of automorphic functions on the hyperbolic half-plane:
these objects introduce themselves in a natural way in symbolic calculi of
operators such as Weyl’s or the horocyclic calculus, linked to the projective
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1. Introduction

Consider the domain X', in the present text either the plane or the hyperbolic
half-plane: the group G = SL(2,R) acts on it by linear or fractional-linear trans-
formations. There is a variety of so-called covariant symbolic calculi, each of which
establishes a correspondence from a space of functions on X — hereafter called sym-
bols — to a space of (generally unbounded) linear endomorphisms of some Hilbert
space. Then, if H is a subgroup of G, it is natural to ask for a description of
operators with H-invariant symbols.

When the symbolic calculus under consideration is the Toeplitz (or Berezin)
calculus, and H is a one-parameter subgroup of G, one finds a commutative alge-
bra of operators, and the question has been answered neatly by N.Vasilevski in [9]
and related works. The case when H =T': = SL(2,Z), or a more general arith-
metic group, is quite different, and our understanding of it is limited to examples.
However, these are connected to interesting questions of number theory; moreover,
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they provide some principles which should act as a guide towards a more general
study.

Trying to bring to light some questions these principles raise, rather than
giving genuine answers to them, is the limited object of the present paper. The
examples described below have all been developed towards a different aim (cf.
(4.3), (5.21)), namely, that of letting the zeta function with the Euler operator as
an argument, or more general L-functions, participate in the spectral theory of
interesting operators. Our emphasis on the concept of family of arithmetic coher-
ent states, viewed as generalizing that which may serve as an introduction to the
Berezin calculus, may, or so we hope, appeal to some readers of this volume in
honour of Nikolai Vasilevski. We shall have to leave to possible distinct publica-
tions whatever answers we may find to some of the — always difficult — arithmetic
questions raised here.

We first concentrate on the case of the Weyl calculus: then, X = R?, and
it is necessary to consider I'-invariant distributions & — to be called automor-
phic distributions — rather than functions. The Weyl operator Op(&) acts from
S(R) to S'(R), and understanding how the composition of two such operators can
nevertheless be given some meaning (modulo the one-dimensional space of auto-
morphic distributions homogeneous of degree —1), and sometimes computed, had
been the main purpose of [7]. One interesting example of automorphic distribution
we wish to report about here — the one denoted as To, — was obtained in [8], as a
product of related, but different preoccupations: it is a good basis for doing away
with some easy conjectures one might be willing to make about the structure of
operators with automorphic symbols.

So as to link the present paper more closely to matters with which this
introduction started, we shall also indicate some results in the same direction
obtained in connection with calculi (it does not matter which, provided covariance
is ensured) associated with the discrete series of representations of G .

2. Operators with automorphic symbols

We here consider the one-dimensional Weyl calculus Op: this is the rule that
associates to a tempered distribution & € §'(R?) in the plane the linear operator
Op(6) from S(R) to S'(R) defined by the equation

O 0w = [ & (T3 0) AT gy @)
this definition is to be taken in the weak sense, i.e., after one has taken the scalar
product with v € S(R) on both sides. With T' = SL(2,Z), we call a distribution
automorphic if it is invariant under the linear action of T' in R%. A complete
description of automorphic distributions is to be found in [7, Section 4]. It is es-
sentially equivalent — actually, slightly more precise — to the theory of automorphic
functions, with respect to the full modular group, on the hyperbolic half-plane II.
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The correspondence associates with & the following pair of functions on the half-
plane: the set of diagonal matrix elements of Op(&) against the family (ul).en
defined in (3.7) below, and the one obtained in the same way, replacing this family
by the appropriate family (u.).ernr of even (Gaussian) functions.

One may call a linear operator A from S(R) to &'(R) automorphic if and
only if its symbol & (there is always a uniquely defined such object) is an automor-
phic distribution. Using the covariance of the Weyl calculus under the metaplectic
representation, it is immediate (cf. [7, Section 2]) that this is the case if and only if
the operator A commutes with the following two automorphisms of &’'(R), at the
same time automorphisms of S(R): (i) the operator 7 that multiplies functions
of x € R by e”“’Q; (ii) the Fourier transformation F, normalized in the way
associated to the integral kernel e~2"*¥

Another important notion is that of homogeneous even distribution on R?,
a substitute for that of (generalized or not) eigenfunction, on the hyperbolic half-
plane, of the Laplacian, so that homogeneous automorphic distributions corre-
spond to non-holomorphic modular forms, more precisely to pairs of such (this
fits with the Lax-Phillips point of view [3], linked to scattering theory). A symbol
& € 8'(R?) is homogeneous of degree —1 — v for some v € C if and only if the
associated operator A satisfies the equation

d d

() A de " du A(x) =vA, (2.2)
denoting as (z) the operator of multiplication by the variable x on the real line.
We have not yet transformed all concepts of importance in the classical the-
ory of non-holomorphic modular forms (for the full modular group) into notions
relative to operators A: the last operation which must be traced in this way is
that of Hecke operator, which defines the fundamental concept of Hecke eigen-
form. Recall that, on automorphic functions f in the half-plane, the operator Ty

(N > 2) is defined by the equation

(Tnf)) =N 3 f(azjb); (2.3)

ad=N,d>0
b mod d

on automorphic distributions on R?, it transfers to the operator T$' | which
extends the operator defined on automorphic functions by the equation

TSt h) (2, &) = N~ 2 h (‘m +be o de ) . 2.4
(TN™"h)(, €) ad:%:(bo UN VN (2.4)
b mod d

Finally, using the covariance of the Weyl calculus under the metaplectic represen-
tation again, and introducing for d > 0, b € R, the operator Hflfz) defined by

(HY u)(a) = ( ﬁv)% u ( jN) o (2.5)
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one sees that, already assuming & to be automorphic, the eigenvalue equation
TS = A& is equivalent, in terms of the operator A with symbol &, to

1

-1
N~ N mY Am) T = a4 (2.6)

ad=N,d>0
b mod d

Though the interpretation of this condition is certainly not as obvious as that of
the previous ones regarding A, it shows the natural role played by the changes
T \/’”N : these will occur again.

Automorphic operators do not quite make up an algebra, which is actually
due to technicalities: they are too singular as distributions for this to be the case.
But, even bypassing this difficulty as is possible [7], one finds that they do not
commute, generally, which explains why a truly concrete description of these oper-
ators may probably be out of reach for some time to come. For instance, Eisenstein
distributions (¢f. infra), the complete linear superpositions of which make up a
good part (cusp-distributions are still missing) of the space of automorphic dis-
tributions, are essentially familiar objects (not very different from the well-known
non-holomorphic Eisenstein series): but we do not have a genuine understanding of
the associated operators, even though loc. cit. contains an explicit formula for the
composition, in the sense of the Weyl calculus, of any two Eisenstein distributions.

As this will be needed in the present paper, let us recall the definition of the
Eisenstein distributions &, . When v € C, Re v < —1, we define this tempered
distribution by the equation

1 (oo}

y = v R?). 2.

(€. h)=, m%e:z /oo|t| hitn, tm)dt,  heSER?).  (27)
|+ |n|#0

One then shows that the map v — &, extends as a meromorphic function (valued
into &'(IR?)) in the whole plane, with poles only at +1: these are simple, and the
residues there are given as Res,—_1¢, = —1 and Res,—1&, = §, the unit mass at
the origin of R?. One role of these distributions can be found in the fact that the
standard Dirac comb Dy on R?, the sum of unit masses at points with integral
coordinates, can be written as

oo

1
@0—1+5+2ﬂ_/ Eind\, (28)

—0o0
a decomposition into homogeneous components since €, is homogeneous of degree
—1—v.

3. Some automorphic operators

Because of the covariance of the Weyl calculus under the metaplectic representa-
tion Met, one obvious way to build an automorphic operator is to consider the
rank-one operator u — (0 |u) 0 associated to a distribution d possessing the prop-
erty that, given any point g of the metaplectic group (recall that this is the twofold
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cover of () lying above some element g of T", one should have Met(§)? = wd for
some g-dependent w € C with |w| = 1. One of the two simplest examples (there
is one such of each parity) is obtained if one takes

o) = 3 x0Hm)s (2= Y (3.)

meZ

x1?) being the Dirichlet character mod 12 such that x(?(m) =1 if m = +1
mod 12, and x(!?)(m) = —1 if m = £5 mod 12. Then, introducing on R? the
Euler operator 2in€ = x C% +£ aag +1 so that, for ¢ > 0, the operator "¢ can
be defined on tempered distributions & by the equation

(P& h) = (6, (x, &) =t h(t e, t71E),  heSR),  (32)

one can show [8, Theorem 4.2] that the Weyl symbol W (9, 9) of the above-defined
rank one operator is the image of Do under the operator 127¢ [1 — 272" ][] —
3727,'7r5 ] .

This example immediately brings forward two questions. The first one starts
from the observation that the support of the measure W (0, 0) is the set of points
(\/ju, \/k12) with (j, k) € Z?: could one, say, get rid of the factors /12, at the
same time finding an operator with such a clear-cut interpretation ? The answer to
this question is negative: even such a simple operation as a rescaling & — ¥ | with
T(w, &) = e S(erw, e €), of symbols, in other words a transformation kg +— kg,
with

kx(z, y) = kg (x cosh A +y sinh A,  sinh A 4+ y cosh \), (3.3)

of integral kernels, would destroy any interpretation of a given operator as being
associated in any simple way to the use of distributions possessing, just like 0,
any amount of “metaplectic automorphy”.

The next question concerns the possibility of generalizing the previous ex-
ample with the help of some algebra, substituting for the measure ? a finite-
dimensional space of distributions on the line, globally invariant under the part
of the metaplectic representation lying above I'. The (positive, this time) answer
starts with the consideration of an arbitrary finite set S of prime numbers in-
cluding 2 and, with N = 2 HpESp’ of the (unique) character y of the group
A = {p € (Z/NZ)*: u? = 1} taking the value —1 on each of the following ele-
ments g : (i) the one such that = —1 mod 4 and p =1 mod p for every p € S
with p # 2; (ii) for every p € S with p # 2, the one such that = —1 mod p,
=1 mod 4 and =1 mod ¢ for every q € S, ¢ # 2, ¢ # p. Then, for every
p € (Z/NZ)* , consider the measure

NL+ pp
wy(x) = o |x— 3.4
=0 3 (a= ") (3.4)

on the line. The linear space generated, for given N, by the distributions w,,
satisfies the invariance condition aimed at. As a basis, one can take the set of @, ’s
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with p describing any set Ry of representatives of Z/NZ)* mod A.We then
consider the operator

U Z (@p |u) @, (3.5)

PERN

which, again, commutes with the part of the metaplectic representation above I'.
Its Weyl symbol Wy is given by the equation, obtained after some algebra:

NMrS H —21,71'5 QO, (36)
pES

a D-invariant measure supported in the set \/1N (Z x 7).

Many readers of this volume are probably familiar with the way it is possible,
starting from the odd eigenfunction with lowest eigenvalue of the harmonic oscilla-
tor and using the metaplectic representation, to build in association with the odd
part of L?(R) — a variant of course exists for the even part as well — a “family
of coherent states”, a.k.a. an overcomplete set, parametrized by the homogeneous
space G/K, K = S0(2), a model of which is the hyperbolic upper half-plane II
with invariant measure dy . Indeed, if one sets
ul(t) = 23 7 (Im z)2 ¢ eimzt’ , (3.7)

z

one has for every odd square-integrable function on the line the equation

/HI(Ui | u)|* dpa(z) = 87 || u |72z, - (3-8)

Now, as shown in [8, Theorem 12.4], denoting as w9, for g € G, the image
of w, under the metaplectic transformation associated with any point of the
metaplectic group lying above g~! (phase factors have no importance here), one
has whenever u € L?(R) has the parity associated with the number of distinct
prime divisors of N the equation

2
S Nl dg =" N o) e (39)

pERN

in which ¢ is Euler’s indicator function.

Comparing (3.8) with (3.9), one might look at the latter equation as the
starting point of an arithmetic counterpart of Berezin’s (or Toeplitz’s) quantization
theory, a space T'\G of lattices taking the place of II: however, this is rather
removed from our current point of view. Indeed, we consider that what is important
in a symbolic calculus is its abstract covariance group, not its explicit defining
equation or even its phase space (always a homogeneous space of the covariance
group): for all calculi with the same (sufficiently large) group of covariance are
related in an explicit way. This will show up, again, in Section 5 of the present
paper.
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4. The distribution ¥

Here is our favourite example: as will be seen, it is quite interesting as a distribu-
tion, while the associated operator is mysterious.

Definition 4.1. The distribution T, in the plane is defined by the equation
Tola, )= > TR o@—j)d(E k), (4.1)

§,k€EZ
|71+ k|0
where
= T] a-». (4.2)
p prime
plj, plk
It is not difficult to see, as proved in [8, Theorem 12.5], that the decomposition
into homogeneous components of the distribution T, is given by the equation

T = ;ﬂ [ Z(g(ix))l € dA + zj:ResH:M (?(/f;) : (4.3)

here, p; is to vary over the set of non-trivial zeros of the Riemann zeta function
(. Performing a change of contour, one sees that the Riemann hypothesis just
means that it is possible to write a decomposition of T, as a generalized integral
(principal values, in Cauchy’s sense, are needed because of the critical zeros of
zeta) of automorphic distributions homogeneous of degrees —1 — v supported by
the line Re v = % .

Of course, using the fact that the operator with symbol éé(;v) 5(§) is the
operator u — @, (z) = u(—=x), together with the covariance of the Weyl calculus
under the Heisenberg representation (which turns translations in the phase space
into an operator-theoretic notion), one can write the operator As,, = Op(To)
as a series of “symmetry” operators: this certainly does not lead to any deep
understanding of A, , and we now formulate the question in a completely different

way.
Let N be any positive integer. Consider the distribution
Tn(@, O = Y TR o -3¢ k), (4.4)
§,kEZ
|7]+1k]£0
with
N
ry =1 a-». (4.5)
p prime | N
plj, plk

Clearly, Ty — Too in S’(R?) if N — oo in such a way that every finite set of
prime numbers, from a certain point on, lies in the set of divisors of N . Let us
indicate the way ¥n decomposes into homogeneous components. As soon as N
is even, it is no loss of generality, since only the collection of prime factors of N
is relevant in the definition of this distribution, to assume that N is the product
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of 4 by a squarefree odd integer. Recalling the Eulerian expansion of zeta, to wit
C) =TI, prime(l =P7*)7", Rev > 1, set

wwy= I a-»". (4.6)

p prime| N
Then [8, Section 12]

oy [ edvresn (1)

- 27 —o0 CN(/U‘)

comparing (4.3) and (4.7), note that the pole at © =1 contributing to the right-
hand side of (4.7) disappears in the limit because, contrary to {x, ¢ has a pole
there. But infinitely many new poles, to wit the non-trivial zeros of zeta, make
their appearance.

In view of the spectral decomposition of the measure T , a true understand-
ing of the operator with symbol T would be interesting. However, it is only the
operator with symbol N%™¢ Ty that has a close relation to the metaplectic rep-
resentation: indeed, one has

N™ gy =Wy -N"2[[a-p) x o (4.8)
peES
in terms of the measure Wy in Section 3 of the present paper, while, as has
already been recalled, % 0 is the symbol of the operator u +— . As pointed out in
the paragraph around (3.3), a rescaling transformation of symbols such as N in&
does not have any simple interpretation in terms of the associated operator.

5. Other symbolic calculi

Consider the measure ? in (3.1). Identifying even functions u on the real line
with functions v on the half-line with the help of the quadratic change of variable
Suyen: ¥ — , where u(z) =271 |z| v(’”;) , one may identify 9 with a measure s
on the half-line: the invariance of 0, up to phase factors (i.e., up to multiplication
by complex numbers of absolute value 1), under the part of the metaplectic rep-
resentation lying above I', becomes under this transfer the fact that the measure
§ is invariant, up to phase factors, under the part of the representation D 1 from
the (prolongation of the) holomorphic discrete series of the twofold cover of G.
We presently generalize the definition of such a measure s to the case when the
subscript % is replaced by a more general positive number.

Before recalling the definition of the unitary representations to be considered,
let us observe that we do not really care about phase factors, since we are only
going, here, to consider scalar products in which these will appear on both sides.
As a consequence, we do not have to substitute for the group G its universal
cover, since we are satisfied with so-called projective representations, in which the
basic homomorphism property is only assumed to be valid up to arbitrary phase
factors, depending on the two elements of G under consideration. Then, for every
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7 € R, 7 > —1, there is an essentially unique unitary projective representation
D,41 of G in the space L?((0, c0); s~7ds) given, in the case when b > 0, by
the equation (involving the Bessel function J;)

2 o B 4
(D1 ((25)) v) (s) = ;T/o v(t) (j) * exp (22'7r ds—;—at) Jr ( ;r\/st) dt.

(5.1)

Under a Laplace transformation, this representation transfers to the projective rep-

resentation 7,41 of G into an appropriate Hilbert space of holomorphic functions

f in the complex upper half-plane II (that defined, only in the case when 7 > 0,

by the condition f € L2(II, (Im 2)™Tdu(z)), with du(z) = (Im 2)~2 dRe z dIm z),

with which most readers are probably more familiar:

(mes1 ((24)) ) (2) = (—0Z+a)‘7‘1f< dz=b ) | (5.2)

—cz +a

Note that the determination, in IT, of the power (—cz+a)~ 71

, has an arbitrary
dependence on (‘; 2) , but is of course assumed to be a continuous function of z.
It is customary, in the theory of modular forms, to set ¢ = e€?""%, so that

lgl <1 when z € II. A holomorphic function § of the kind

f(z) =q" > amq™, (5.3)

m>0

where 0 < k < 1 (of course, ¢& = e*™* by definition) is always periodic of
period 1 up to phase factors; it becomes a modular form of weight 7+ 1, for an
unspecified multiplier system, if one assumes that it is invariant, up to some phase
factor, under the transformation 7,41 (( 0 (1))) , defined by extending (5.2), and
if one also assumes that the sequence (a.,) of coefficients is controlled by some
power of m+1. When x =1 and 7+ 1 is an even integer (so that, in particular,
the factor (—cz +a)~7"! ceases to be multi-valued), one gets back to the more
classical concept of holomorphic (cusp-)form for the full modular group. Then,
taking appropriate powers (when this is possible, i.e., starting from a function
without zeros in II), one can find examples of such functions f satisfying the
required properties for any given 7 > —1. For instance, one may consider the
function

fz)=q [T -, (5.4)

n>1

the fractional power with exponent 7121 of the so-called Ramanujan A-function.

In general, one associates with f the measure s,
s (t) = Z am 6(t —m —K), (5.5)
m>0

of which § is the Laplace transform. When 7 = —J and § is the function in (5.4),
in this case called the Dedekind eta function, this would lead to a construction of
the measure ? in (3.1).



242 A. Unterberger

Coming back to the general case, given g € G, define the distribution s¢
(up to a phase factor) as being the image of s, under D,41(g7 1) . Setting

|2, = / fo(s)[? 57 ds. (5.6)

one has the following equation [8, Theorem 9.3], which shows again the role of the
family (s9)4ec as an arithmetic family of coherent states for the representation
D7-+1 : L
(4m)™* 2 2
59 - 2dg = 2 . 5.7
Lt ioeattds = (P iy S 10 6D

By the way, this equation gives the more serious of two reasons why, as the
reader may have asked himself, one could not use, in place of the distribution 9 in
(3.1), the “more natural” one-dimensional Dirac comb . d(z —m): it is that
the associated function f, a standard theta-function, would not be a cusp-form,

1.e., would not satisfy the case 7 = —% of the condition
2 1 2
175 § e = [ 07 P dul) < oo 55)
T\IT
The other “reason”, to wit that the one-dimensional Dirac comb is not invariant
ina? 2ima?

under multiplication by e , only under multiplication by e , could be taken
care of by substituting for I" an appropriate congruence subgroup: details are to
be found at the end of [8, Section 5].

Since this may be of some interest to practitioners of quantization theory,
we shall spend some more time discussing symbolic calculi associated with the
representation D, ;1. The most popular way to obtain a covariant calculus in this
context is Berezin’s, which can be defined as follows. For every z € IT, set

TH(s) =TT 50, (5.9)
so that, given g € G,
T b ! T
Doy ((2h)) oI = <a+ z) szil’; (5.10)

for some phase factor w with |w| =1 depending only on g. At least when 7 > 0,
one can substitute for ¢7*! the normalized version

T+1

(4m) =
(T(r+1))2
One then has the equation, to be compared to (3.8) (which is actually just the
special case when 7 = % of the identity that follows, rewritten after a quadratic

change of variable)

Yt = (Im (~=) " g7t (5.11)

TR /| )2 du(z) (5.12)

for every v € L?((0, 00); s~7 ds) . Given a linear operator A from the linear space
generated by the functions 177! to its algebraic dual — note that this is demanding



On the Structure of Operators with Automorphic Symbols 243

very little from A — one defines the Berezin-covariant symbol f°°v of A as the
function in IT such that

fz) = (I AYITY),  zell, (5.13)

a definition with a natural extension to the case when 7 > —1. Sometimes, one
uses the same definition with ¢7*! substituted for ¥I*!: we here prefer the
present one, for which the covariance property (a consequence of (5.10)) takes the
following form: if f<°V is the Berezin-covariant symbol of some operator A, that

of the operator Dr11 ((24)) ADr41 ((¢ 2))71 is the function z — f ( dz—b ) .

—cz+a

All this is extremely well known: also that, in conjunction with the covari-
ant symbol, one must consider the contravariant symbol (which, in some sense,
very seldom exists as a distribution), defined in such a way that the two maps
operator — covariant symbol and contravariant symbol — operator are adjoint
of each other, when the space L2(II, duu) as a space of symbols, and the space
of Hilbert-Schmidt operators on L?((0, c0); s~7 ds) on the other hand, are con-
sidered. Some readers may also know that, in place of the pair of contravariant
and covariant Berezin symbols, one can consider the pair of active and passive
symbols: the advantage is that the gap between these two latter species is quite
tractable, while that between the first two ones is too considerable for the Berezin
calculus to be considered as a bona fide symbolic calculus of operators on the space
L2((0, c0); s77 ds).

The point we wish to stress here, with a full realization that this point of
view may not appeal to many practitioners of quantization theory, is that the
hyperbolic upper half-plane IT does not seem to be the “right” phase space to use
in order to define a symbolic calculus of operators on L?((0, co); s~7 ds). A much
better choice, in two respects, is the plane R?, on which G acts under linear,
rather than fractional-linear, transformations. Our first argument is based on the
fact that it is impossible to build a manageable symbolic calculus, with II as a
phase space, which would establish an isometry between L2(TI, du) and the space
of Hilbert-Schmidt operators on L2((0, 00); s~ " ds) (a desirable property as it
would suppress the need to consider a pair of symbols). The situation, however,
can be saved if one introduces the isometric horocyclic symbolic calculus, which
we now proceed towards defining.

First, let us recall the definition of the Radon transformation V' from func-
tions on II to functions on R?: provided convergence is ensured, one sets, given
a function f on II,

oo

VH@ o= [ FUEDGH) D@ (EDec G

— o0

where (27).i= fiig . Tt is immediate that, indeed, the right-hand side does not
depend on the choice of the pair (b, d) subject to the stated condition, and that the
Radon transformation exchanges the two quasiregular actions of G on functions

defined on II or on R?. With the help of the Euler operator 2iw€ introduced in
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Section 3, we also define, on functions on R?, the operator

7\ s () —iné) 1 Rl 4
T:( ) 2 — 173 (—in€ / t2 (14 ¢)"1HmE gy 5.15
D) Ee =i [ rbas (515)
and the first equation in [4, p.91] gives a similar integral expression for the ratio
of Gamma functions which occurs in (5.16) below. We then define the isometric
horocyclic symbol A*° of an operator A on L?((0, o0); s~7 ds) in terms of its
covariant symbol f°V by the equation

FG+i1-7¢)
r(3+3+7¢)

-1
o1 1 o1 1 cov
TV <F<2+4+2\/A—4>F<2+4—2\/A—4>> o (5.16)

Before coming to some technical points regarding this definition, let us empha-
size the basic properties of the isometric horocyclic symbol. Besides the already
mentioned fact that it establishes an isometry between a natural Hilbert space
of symbols and a natural Hilbert space of operators — we shall have to state this
with some more precision presently — it connects, in the case when 7 = :F; , to
the Weyl symbol of an operator on the line, as follows: given an operator A on
L2((0, 00); s2 ds) , and identifying this latter space with the space L2, (R) under
the isometry Sq.ye, mentioned in the beginning of the present section (of course,
a variant exists for the odd case), one can see that the isometric horocyclic symbol
(considered with 7 = —}) of an operator A: L2 . (R) — L2,.,(R) coincides with
the Weyl symbol of the extension of A as an operator on L?*(R) which is zero on
the space L2 4(R).

Recall that the Gamma function is rapidly decreasing at infinity on vertical
lines in the complex planes, so that the operator, the inverse of a product of
_ 411 ,
on the right-hand side of (5.16), is extremely far from being a bounded operator
in L2(II, dp) : this is not surprising since, as already mentioned, the covariant
symbol of an operator can be defined under extremely large conditions: in other
words, it is in some sense “too nice” a function. To give the right-hand side of
(5.16) a meaning, one may start with the consideration of functions on II the
decomposition of which, into generalized eigenfunctions of A, is supported in a
compact interval of [}, oof.

Now, the space of symbols to be considered in the isometric horocyclic calcu-
lus is not the whole of L?(R?): for instance, in the case when 7 = 7; , it is only

Biso — 9=T—3 I(r+1) i€

Gamma functions in which the argument is close to :I:; \/ A which occurs

the space of even functions in L?(R?), invariant under the rescaled version G of
the symplectic Fourier transformation defined by the equation

@R =2 [ hlym) e dy . (5.17)
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This can be explained by the fact that, in the Weyl calculus, these two prop-
erties characterize the symbols of operators which commute with the mapu +—
@, w(x) = u(—z), and which kill all odd functions. In the general case, the pre-
cise statement is that the isometric horocyclic symbols of Hilbert-Schmidt opera-
tors on L2((0, 00); s~7 ds) exactly describe, in an isometric way, the subspace of

L2,..(R?) consisting of functions invariant under the (unitary) symmetry

. 1 .
F(ZT€)F(T + 2 z7T€) G (5.18)
[(—im&) I(1 + 5 +in€)
What is probably the main benefit of using symbols living on R? rather than
IT is that, under the Radon transformation, the operator A — }1 on functions
defined in II transfers to the operator 72&2 on functions defined in the plane:
this makes it possible to define a simple operator playing the role of a “square
root” of A — i. Then, one may substitute for the decomposition of functions
on II, as integral superpositions of generalized eigenfunctions of A, the simpler
decomposition of functions (or distributions) in the plane, into their homogeneous
components.
This makes it possible to perform computations which would hardly, if at all,
have been feasible in the context of the half-plane, in particular when arithmetic
is present. With

(57 | w)ra1 = (87, 5 s~ w(s)), (5.19)

consider the operator P; defined by the equation

7'757'
P, o, w=(8|W)rq15; : (5.20)

the scalar product makes sense, for instance, if the function w on the real line
lies in the space of C*° vectors of the representation D,y . As a consequence of
the assumptions made about the function f, the operator P, , commutes with
the operators D;41(g) with g € I'. In view of the covariance of the isometric
horocyclic symbolic calculus, the symbol (in this calculus) W(s,, s,) of this op-
erator, a distribution in the plane, is invariant under linear changes of coordinates
associated to elements of T".

The following theorem shows that, just like the symbol Wy from the Weyl
calculus (¢f. (3.6)), the symbol W (s,, s,) is the image of the Dirac comb Dq
under some operator B, a function (in the spectral-theoretic sense) of the Euler
operator. In the case when 2Nk is an integer for some N =1,2,..., B is again
the product of N™¢ by a Dirichlet series with the operator i€ as an argument.

Theorem 5.1. For every T > —1, one has the equation

L ® f, § +in€)

. 5r) = 277,’7\':‘3‘7:23
Wsr, sr) ¢(24mE)

D, (5.21)
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where the function s — L(f ® f, s) is defined by analytic continuation, starting
in the case when Re s > 1 from the equation

L@ s) =) laml (m+r)"77, (5.22)

m>0

where k and the coefficients an, have been defined in (5.3).

Proof. The lengthy proof of a slightly different formulation of this theorem has
been given in [8, Corollary 11.6], and we now provide the missing details. First, we
must recall that the introduction of L-functions such as the one appearing here,
properly called convolution L-functions, is an important subject in the theory of
modular forms: their analytic extension is a classical application [1, 2] of the so-
called Rankin-Selberg unfolding method; the method also shows that the function

T(s+7)
(4ﬂ-)s+7—
extends as a meromorphic function in the complex plane, with simple poles only at
s =0and s = 1, invariant under the change s — 1—s. Denote as Ress—1 (L(f®T, s))

the residue of the L-function into consideration at s = 1. Incidentally, this number
can be connected to the coefficient on the right-hand side of (5.7) by the equation
3 (47T)T+1 T+1 2
T F(T + 1) || y 2 f||L2(F\H) : (524)

The result of [8, Corollary 11.6] was the following spectral decomposition of
the symbol W (s,, s,):
1 /°° ooy L@, 157
21 J oo ¢(=iA)

L*(f©f, s) = m () ((25) L(f @ f, s) (5.23)

Resszl(L(f ® f, 5)) =

Cn d)\—s—; Ress_1 (L(f@F, ) (1-74).

(5.25)
To obtain the present statement, we just have, starting from the decomposi-
tion (2.8), to consider the way the operator

L(f ® §, 3 +in€)
¢(2ir€)
acts on any of the distributions (all eigendistributions of the Euler operator) 1,

0 and €&;) . The eigenvalues corresponding to these three operators, in this order,
are 1, —1 and —i)\ in view of their degrees of homogeneity. Hence, setting

o L(f®f, I;FS)
¢(s)

and observing that B(—i)) coincides with the coefficient of &;5 in the integrand

on the right-hand side of (5.25), all we have to do is to check the pair of equations

W(57'7 57’) =

B =2-im€=} (5.26)

B(s) =2 (5.27)

BU) =, Rescct(L(f @ f,8),  B(-1) =] Rescea(L( @ f, ). (5.29)

The first equation is immediate since the residue of the zeta function at s =1 is 1.
On the other hand, the functional equation of the L-function under consideration
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shows that L(f ® f, 0)) is the value at s =1 of the function
D7) G0 o (@) L@ o)

I'l—s+71) (4dm)str ((2-2s) T(1—s) "’ (5:29)
hence (using ¢(0) = —1)
L(f @ £, 0)) = |, Res,1 (L(F @ f, ). (5.30)

Now, one has (as shown by the functional equation of the zeta function) ((—1) =
— 112 , so that the second equation (5.28) is proved as well. O
Remark 5.1. When 7 = 75 and s coincides with the image, under Sq;,}an, of the
distribution ? on the line associated, in Section 3, to the non-trivial even Dirichlet

character mod 12 (then, k = 214), one obtains

B=12"¢[1 —27%mE ][] — 374 (5.31)

which fits with the result quoted right after (3.2). That, taking the first factor
aside, the right-hand side appears as a Dirichlet “series” in the variable 2i7&
rather than 7€ , is due to the very special fact that, in this case, the only non-zero
coefficients a,, (cf. (5.33) infra) are obtained in the case when 24m+1 = (6/—1)?
for some integer ¢, as seen from the expansion of the Dedekind eta function.

Remark 5.2. For 7 = 1,2,..., set u(r) = (—=1)"(") where v(r) is the number
of distinct prime divisors of 7, in the case when r is squarefree, while setting
w(r) = 0 if r is divisible by the square of an integer > 2: this is the Mobius
function, which occurs in the formula

:Z“:?, Res>1. (5.32)

Hence, when Re s > 2,

) =272 E Y ) Y fam P ()T (5.33)
r>1 m>0

generally not a Dirichlet series in terms of the variable J, becomes one in the case

when x = 1. Indeed, one has in this case, when Re s > 2,

s)=Y By(20)2 (5.34)

0>1
with
Be=2"2 > () lam* (m+1)7772 (5.35)
m>0,r>1
r2(m41)=£

It then follows from (3.2) that one has

Wsr, s:)(z, &) =Y (202 By Y d(x— jV20)6(6 — kv/20). (5.36)

e>1 (k) €22
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The expression of W(s,, s;) is more complicated when k < 1. It is to be noted
that when x =1, 74+ 1 is an even integer and f is a modular form for the full
modular group in the usual sense, also an eigenfunction of every Hecke operator
(from the holomorphic theory), the zeros of the function L(f® f, s) on the spectral
line Re s = ; include those on the same line of the zeta function (the so-called
critical zeros): this, as explained in [2, p.250], is as a consequence of results of
Shimura [5].

As a conclusion, we wish to stress the fact that, though it would be possible
to rephrase Theorem 5.1 (at the price of inserting some Gamma factors and substi-
tuting non-holomorphic Eisenstein series for Eisenstein distributions) in terms of
any covariant symbolic calculus using the hyperbolic half-plane as a phase space,
arithmetic results have both a neater formulation and an easier proof when ex-
pressed in terms of the horocyclic calculus, with the plane as a phase space.
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Abstract. We study Hilbert spaces of holomorphic functions, generalizing the
Fock spaces of entire functions, in the general setting of hermitian symmetric
domains and Jordan algebras, using the concept of projectively flat connexion
on a Hilbert subbundle.
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0. Introduction

In this paper we introduce the concept of Hilbert subbundle and associated canon-
ical connexion, in the sense of differential geometry, and show that the unipotent
“singular” holomorphic representations of semi-simple Lie groups, arising in the
theory of hermitian symmetric domains and Jordan algebras, can be described by
such a canonical Hilbert subbundle connexion which is projectively flat, i.e., its
curvature is a scalar operator. This concept is well known in mathematical physics
[2] and the theory of modular functions [11].

Of course, there is an extensive literature [3], [13], expressing these represen-
tations in geometric or Jordan algebraic terms. However, the approach presented
here has some new features. Notably, the general construction (Section 4) is carried
out in the bounded (Harish-Chandra) realization of a symmetric domain instead
of the more familiar unbounded Siegel domains. In the bounded model, the rep-
resentations are not given by measures on boundary orbits, but instead one needs
distributions [1] or, as proposed here, projectively flat Hilbert bundles. Also, the
bounded model treats all unbounded (Cayley transform) realizations on an equal

This work was completed with the support of the German-Israeli Foundation (GIF), I-415-
023.06/95.



250 H. Upmeier

level. This is important for a study of geodesics and their behavior near the bound-
ary.

In order to stay close to operator theory, we include a detailed discussion of
the “classical” Fock space bundles over K = R, C and H (quaternions), the real
case being the (even) metaplectic representation. These Hilbert spaces are given
via representations of euclidean Jordan algebras of self-adjoint matrices over K,
as explained in Section 3. In Section 4 we outline the general construction of a
Hilbert subbundle for any hermitian Jordan triple.

1. The canonical connexion on a Hilbert subbundle

For the basic setup, let D be a smooth manifold and H a complex Hilbert space.
Let L(H) be the C*-algebra of bounded operators on H, and H(H) be the subspace
of all self-adjoint operators. Consider a smooth map

D53z P, € H(H) (1.1)

such that

P,.=P, P, (1.2)
is a (self-adjoint) projection for every z € D. Since D is finite-dimensional, the
notion of differentiability is the standard one, with values in a Banach space. For
each z € D, we consider the closed subspace

H,.=Ran P, =P.H (1.3)
of H, and call the family of Hilbert spaces

(H.):ep (1.4)

the Hilbert subbundle (of the trivial bundle D x H) determined by the map (1.1).
Of course, one has to impose additional conditions to ensure that (1.4) is locally
trivial. For example, if the bundle is “covariant” under a transitive Lie group
action, local triviality follows from Lie theoretic arguments, cf. the following Sec-
tions 2 and 3. We will only use the smooth field (1.1) of projections, not (local)
trivializing maps.

By definition, a section of the Hilbert subbundle (1.4) is a smooth map

®:D—H, 2z—90, (1.5)

such that
b, =P, P, c H, (1.6)

for every z € D. We write the z-variable as a subscript, since in applications H
is itself a Hilbert function space and ®, depends on an extra variable. Note that,
although ® takes values in a Hilbert space, we do not endow D with a measure
to obtain “square-integrable” sections. For every smooth function f: D — C, the
pointwise product

2 (). = f(2) @ (17)
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is again a (smooth) section of the Hilbert subbundle, since P, is a linear operator
on H. Let

T(D)={(z,2):2€ D, 2€T,D} (1.8)
be the tangent bundle of D. Consider the derivative
Pz € H(H) (1.9)

of the smooth map (1.1) at (z,2) € T(D). Applying the product rule to (1.2), we
obtain

P.z=(P.z)P,+ P,(P.2) (1.10)
as an operator relation in £(H). This implies
P.(P. %) P, =0, (1.11)

so that P! 2 maps H, into HZ. Similarly, for a section ® of the Hilbert subbundle,
let

e H (1.12)
denote the derivative at (z,2) € T(D). Applying the product rule to (1.6), we
obtain

Qi =P,(P2)+ (P.2)D.. (1.13)

This shows that
P.(P.2)®,=0 (1.14)

or, equivalently,
(P.3)®, € HF. (1.15)

Definition 1.1. The canonical connezion V on the Hilbert subbundle (1.15) is
defined by the covariant derivative
(V:). = P.(¥,5) = @, 2 — (PL2) @, (1.16)

at (z,%) € T(D), applied to any (smooth) section ®.

By construction, we have (V; ®)(z) € H, for all (z,2) € T(D). In order to
check the Leibniz rule, let f : D — C be a smooth function and consider the
product section f - ®. Then

(f @), 2= (f12) Qs+ f(2)(P 2) (1.17)
as vectors in H, where
foz=(T: f)z (1.18)
is the differential of f at z. Applying P. to (1.17) we obtain
(Va(f - @)z = (f22) . + f(2)(V: )2 (1.19)

in view of (1.6). Finally, if X is a smooth tangent field on D, the associated
covariant derivative is given by

(Vx®), := (Vx. @), = P,(P, X,) (1.20)

for all z € D, where X, € T, D is the value of X at z. Since (1.20) depends
smoothly on z, it follows that Vx ® is a smooth H-valued mapping. In summary,
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we have shown that (1.16) (or (1.20)) define a (Hilbert) bundle connexion on D
in the sense of differential geometry.

The curvature € of a connexion V is a smooth operator-valued 2-form on D,
denoted by

0.(%,%) € L(H,) (1.21)
for all z € D and 2,2 € T, D. It is defined via the formula
(VxVy @), = (Vy Vx @), — (Vixv1?). = Q.(X,,Y2) @, (1.22)
for tangent fields X, Y on D, with commutator bracket
(X,Y],:=Y/X, - X.Y.. (1.23)

In our applications D is an open subset of a vector space Z, hence T, D =~ Z for
all z € D and X/ € £(Z) is the usual derivative. Of course, one can give a more
intrinsic definition which is, for example, important when studying quotients of D
by discrete subgroups (moduli spaces [2]).

Our first result shows that the curvature of the canonical connexion of a
Hilbert subbundle can be neatly expressed via the underlying field (1.1) of projec-
tions.

Proposition 1.2. For any z € D and %,% € T, D, the commutator [P, %, P, %] €
L(H) commutes with P,, and the canonical connexion (1.16) has the curvature
2-form
O.(3,%) = P[P 2, P. %] P.. (1.24)

Proof. As a consequence of (1.10) it follows that the operator product (P, 2)(P, %)
(and a fortiori the commutator) commutes with P..

Now let X, Y be tangent fields on D, and let ® be a section of the Hilbert
subbundle. Applying Vx to the smooth section

(Vy ®). = V. - (P.Y.) . (1.25)
we obtain, denoting the second derivative by ”,
(Vx Vy @), = ('Y — (P'Y) ®), X, — (P.X.)(®.Y, — (P.Y,) ®.)
= QU(Y., Xo) + PL(YIX,) — PU(Y., X2) @2 — PL(Y!X.) @. — (PLY)(®.X.)
— (P.X.)(PLY.) + (P.X.)(PY.) ®..
A similar formula holds for (Vy Vx ®@),. On the other hand, (1.23) implies that
the tangent field [X, Y] induces the covariant derivative
(V[X,Y] CD)Z = (I)lz[Xv Y]z - (Pz/ [X, Y]z) P,
= L(V/X. - XIY2) - P{(Y;X. - XY>) .
= L(YX:) — @L(X]Y:) — PUY]X.) @ + P(X]Y:) @
The symmetry of the second derivatives
PIX.LY.) = UYL X) €N,
P/(X.,Y,) = P/Y.,,X.) €eH(H)
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implies
Q: (X, Y2) @. = (PLXL)(PY:) @ — (PLY2)(PLX.) @, = [PX., PY:] ..
Putting Z = X,, 2 =Y., the assertion follows. O
The above construction is easily adapted to include unitary group actions.

More precisely, let T be a compact Lie group acting isometrically on H such that
the projections (1.1) commute with the group action

tK(Pz¢):Pz<tK w) (126)
forallt €T, z€ D and ¢ € H. Let
HY ={pcH:txp=1 YteT}

denote the closed subspace of all T-invariant vectors in H. By (1.26), P, commutes
with the orthogonal projection

Pl .= [dttx o (1.27)
/

from H onto H” (here dt is the normalized Haar measure on T'). Therefore the
bundle

HI =P"P,H=P'H,=P,H" (1.28)
of T-invariant elements is a Hilbert subbundle of D x HT, with corresponding
projection field

Pr.=p, PT=pP"p, =P P, P (1.29)
The canonical connexion 177 associated to (1.28), in the sense of Definition 1.1, is
just the restriction of 7 acting on T-invariant smooth sections

2 ®, € HL. (1.30)

This follows from the fact that ®, 2 € HT for such sections which implies
(V). := Pl (2L 2) = P. PT (P, 2) = P: (¥, 2) = (V: ).

Similarly, we have

[PT, P2 =0
for all (z,2) € T(D) which, in view of (1.24), implies that the curvature 2-form
(1.24) commutes with P”. Thus the curvature 2-form Q7 of 77 is just the restric-
tion

O (2,2) = PTQ, (3,2 PT e H(HT)

of Q. If U : H — H is an isometric isomorphism of Hilbert spaces, a Hilbert

subbundle (H.) of D x H, with projection field (P,), can of course be mapped to
the Hilbert subbundle

H,=UH,CH
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with corresponding projection field P, = U P, U*. Since U is independent of 2z € D,
the canonical connexion and curvature of (H) change only by a conjugation under
U. As a special case, let

H= LZ(Ma A, H:LQ(M,,U,)

where A and g = 7!\ are equivalent measures on M, with strictly positive
Radon-Nikodym density function 4. Then ¢ — ¢ = V61 defines an isometric
isomorphism U : H — H.

Lemma 1.3. The integral kernels of (P.) and (P,) are related by

P.(&m) = \/8(&) P(&,m) \/6(n)
for all&,m e M.

= PLO(E) = /6(6) (P)(€) = V/6(¢) / d(n) P (E.m) ()
VG / dyu() 5() P (E,m) () = /5(€) / du(n) /3(n) Po(,m)d(n). O

2. The Fock bundle of entire functions

The classical example of a Hilbert subbundle endowed with a projectively flat
connexion is the Fock bundle over a hermitian vector space E. Let ( — ( be a
(conjugate-linear) conjugation in F, with real form

Ep ={Ce€ E|(=(}

Let (&|n) denote the scalar product, anti-linear in 7. Consider the convex un-
bounded domain

D= {w:u+iv€£(E)|wt:w, u> 0} (2.1)
in the space Z of complex symmetric endomorphisms w of F, where we put
u::w+w’ v::w—-w (2.2)
2 2q

and define
w' ¢ == w*¢
for all ¢ € F. Consider the Hilbert space
H := L*(E) (2.3)
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for the Lebesgue measure, with inner product conjugate-linear in the first variable.
The Fock subbundle of D x L?(E) is defined as follows: Let

H%(E) =< ¢ : E — C holomorphic : /df e E91p(6)> < +o0 (2.4)
E

denote the standard multi-variable Fock space in the “complex wave” realization.
For the unit matrix e € D, the fibre H, C L?*(E) consists of all functions

¢ e C02g(g), (255)
where ¢ € HZ(FE). The reproducing property
6(€) = /da e€17) =19 () (2.6)
E

shows that the orthogonal projection P, : L?(E) — H,. has the integral kernel

P6.o) =ew |l - ) - )] (2.7

for all £,0 € E. In general, we have

Proposition 2.1. For anyw € D, P, : L?>(E) — L?(E) is the operator with integral

kernel
€9 _ el .

Pus.) = exp (6 — €5 - 78

for &, 0 € E, where we put
4(El0)w = (E+E+w(E = E|u o + 0 +w(o —0))). (2.9)

Proof. Consider the complex symplectic group

G© := Sps,(C) = {(Z 2) € GLx(C) : ((cl Z>t<—2 ;> <Z 2> - <_2 é>}

written as 2 X 2 block matrices, and the real subgroup
b
G = { (Z d> € Spa2.(C) | a,d real, b,c imaginary} ~ Spar(R).

This group acts on D by holomorphic (Mébius) transformations

(Z Z) (2) = (az +b)(cz + d) 7" (2.10)

(Note that D is a generalized “right” half-space instead of the usual “upper” half-
space; therefore b and ¢ are imaginary r X r-matrices.) For any w = u + v € D,

with v > 0, the matrix
ul? /2
Yw = ( O u71/2 >
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belongs to G since
+f 01 B ut/? 0 01\ (ut/? dvu=l/?
Te\—10) 77 V2o w12)\—10)\ 00 w2
0 ul/? ul’? jpu1/? 01
- <—u—1/2 ju—1/2 v>( 0 u—1/2 > - <—1 0>'

Moreover, v, (2) = (u/? z +ivu™2)u'/2 = 4/2 zu!/? + jv. Putting 2z = e, we
obtain 7, (e) = u + iv = w. Via the identification

¢+¢ r
CTBC_(CEC>€(§{T)
2
ab\ (&) [(al+bn
(C d> (n> - <C€+dn>

of (g 2) € @ can be written as
¢+¢ ¢+¢ ¢—¢
ab = ab 2\ _ a3 +0b " :(a+c)C+C—|—(b+d)C_C
cd “\ed C;C CC;rC+dC;C - 9 )

Note that b and ¢ have to be imaginary for the correct identification. Specializing
to g =,! € G, for w € D fixed, we obtain 7, (w) = e and

. - u71/2 7Z‘u71/2v
Yw 6= 0 ul/2 C

oy l2 C"Q'C+(u1/2_w—1/2v) Cg( — 12 <C+C+w C—C>7

the R-linear action

2 2

since w = u — iv. Thus we define for £,0 € E

Elo)w = (V' &l 7' - 0)e
_ <u_1/2 <£;£+w 555) ‘u—1/2(0;0+w U;f)) (2.11)

N AEES E=¢|) 1 [(o+0o oc—o0
<2+w 2‘“1(2 Tw 2)>

to obtain the G-invariant kernel

(€1&)w _ (0]0)w

— P (~ L. =1 5). 0
2 2 ) e(,y'w 5) ’yw 0)

Pw(faa') = exp ((5'0)111 -

Lemma 2.2. For g € G we have the invariance property

(9-€lg-0)gw) = (§l0)w-
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Proof. The stabilizer subgroup K := {k € G|k(e) = e} can be identified with the
unitary group U,.(C) under the map

b
U.(C) 5 a+ib ( e ) cG.
—ib a
It follows that
(k-&|k-0)=(&lo) (2.12)
for all k € K and £,0 € E. Now let g € G and w € D. Then k := 'yg_(qlu)gfyw eG
satisfies

k(€) = Yy 97w(€) = 750, 9(w) = €.
Hence k € K and (2.12) yields
(9-€19-0)gtw) = (Vgtuy 9 €[ Voquy -9 )
= (kv &kt o) =1 €l o) = (Elo)w. O

Applying Lemma 1.3 to the (G-invariant) Lebesgue measure A on E, and the Gauss
measure du(n) = d\(n) e~ " with 6(n) = exp (n|n), we obtain

€19 pe.m) exp " = exp (el)

pe(fa 77) = \/5<£) Pe(gv 77) \/507) = €xp 9 9

and, more generally
Pu(&n) = V(&) Pu(€&n) Vo) =€) Pe(vy' & vt 1) V()
= pw(§) exp (v €l M) pa(n)

where

G
Hel®) = et -§)

is the Radon-Nikodym density of the image measure of p under ~,,. This follows
from the fact that A = ¢ - p is G-invariant and therefore

5(¢) _ & _ fvw - m)
!W@am%oﬂo‘zwﬁawto‘lwwam%%w>

fyw - m)
= [ dA(n) = [ dum) f(yw-n) = [ diyw - 1)(&) f(E)-
E/ d(n) E/ /

For any fixed £,0 € B

ora = (435 +u ¢S [ (7570, 7))

&



258 H. Upmeier

defines a “sesqui-polynomial” function on D, with derivative given as follows:

(€lo), = <u’)020‘u1 (€;£+w£2€>>

<042ra+w020‘u1w+2w u-! (f;rf+wf2f>> (2.13)

o+o c—o| 4 .&-¢
+<2+w2‘“w2)‘

Here we use the fact that the map w — u™! = (w+2w* )~! has the derivative
w + w ) u-!
2
at w € D. Specializing to w = u = e we obtain
2(&lo)e i = ((o = 0)[§) — (o] (w0 + ") §) + (ol (€ — £))
= —(wol¢) — (a|we).
In view of (2.8) it follows that

(Péw)(f,a)_ o) b — " — 2 (olo). w
P (Elo) =4(lo)cw —2(§|¢)cw —2(alo).

= —2(wo§) = 2(a|wg) + (wE[§) + (§|we) + (walo) + (alwo) (2.16)
= —olw(—0))+ (W(E-0)l£-0)

since (wol€) = (w€|o) and (E|wo) = (o|wf) because w is symmetric.
For any fixed a € F, let

s~ ( (2.14)

(2.15)

4

(0. N(Q) 1= (P Qa—i () ia) (217)
denote the holomorphic Wirtinger derivative of a smooth function f on F, and let
(ta £)(C) = (alC) F(<) (2.18)

be the multiplication operator with (anti-linear) symbol ¢ +— (a|(). Note that
both operators 0, and ¢, depend C-linearly on a € E. It follows that there exists
a C-linear map
E®E—>Dc(E®]R), A Dy (219)
into the complex Weyl algebra D¢ (E ® R) of all polynomial differential operators
on the real vector space £ ® R, which is uniquely determined by
Da®b - (La - 8(1)(% - ab)

for all a,b € E. Since 1,(¢) is anti-linear in ¢, the operators ¢, — 9, and ¢, — O
commute and we may restrict to symmetric tensors EV E C E® E. Put

(aa’)(C) = a(¢la).
Then F V E can be identified with the space
Li(E) ={w e L(E) |w¢ =w"(}
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of all symmetric endomorphisms of F, via the map a®a — aa’. Thus (2.19) yields
a map

Ls(E) = Dc(EQR), wr Dy, (2.20)
which is uniquely determined by
Dyat = (ta — 0a)?
for all a € E.
Lemma 2.3. For any £, € E we have
(D e M)(€) = (w(€ —m)|€ —n) €M (2.21)
Proof. We may assume that w = a a for some a € E. Then
((ta = 8a) ') (0) = (alo) e — (84 e1)(0) = (alo —m) eI (2.22)
and hence, since (a|o — ) is anti-holomorphic in o,

((ta = 8a) U1M)(€) = (al€)(ale — 1) ' — (al¢ = n)(Da " ™)(€)  (2.23)

= (al¢ —n)? €1 = (aa’ (& —n) | € =) 7. m
Proposition 2.4. The operator Piw, restricted to H., has the form
((Plv)(e=D2g))(¢) = e €O2(D,, 6)(¢) (2.24)

for all ¢ € HE(E) and w € L(E).
Proof. In view of (2.16) we have for any fixed £ € E
O ((PLa) (e 1/29))(€) (2.25)

=02 / do Po(&,0) e 712 () [(i(€ = 0)|€ = 0) + (€ = (€ = o))

= /da =19 DG (0)[(w(€ — 0)|€ — ) + (€ = ol — )] = P((f + ) 9)(&).

Here P is the orthogonal projection onto HZ(E), with respect to the measure
e~ 19 dg on E, and f(0) = (w(€—0)|¢ —0) is a holomorphic polynomial vanishing
at &. Since ¢ € Hz(E), it follows that

P(f9)() = (fo)(§) = f(§) #(&) = 0. (2.26)
The adjoint 77 ¢ =T ¢ = P(f ¢) of the Toeplitz operator Ty ¢ = P(f¢p) = f¢
is the holomorphic differential operator induced by f via the scalar product [14].
Therefore, by Lemma 2.3

P(f etIM)(&) = (Tj e )(€) = f(n) €17 = (€ —nlur(§ —m)) e = (D, e )(¢)
whenever 17 € F is fixed. Using eI as the reproducing kernel, we obtain

P(f)(€) = (Dy #)(&)- (2.27)
In view of (2.25) and (2.26), the assertion follows. O
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In order to compute the curvature 2-form €2 of the canonical Fock subbundle
connexion, consider first the base point e € D.

Proposition 2.5. Let w,w € Z. Then we have
(PL)(PLw)|, =trg (wi®)id. (2.28)
Proof. Let n € E be fixed. Applying (2.24), we obtain for the L?(E)-inner product
(e =(1)/2 (|'fl)| )(P ) (e =(1)/2 e('lﬂ)))
= (Pl w)(e” |)/2€( In))‘(p' W) (e f(-l-)/2€(-ln)))
= (e =C1)/2 (D, elm) |e—( [-)/2 (Dy el In)))
do e=9) (D, eM)(0) (D, e1)(0)
E
= [doe ) (ito ~ )l — ) 1) (o = gl — m)) €
=) [ do e o7 (i — o~ ) (o i~ )

= e(nlm) /dT e~ (7l (wr|7) (|WT) = e(nm) trp (wiw”)
B

as the Fock inner product of the quadratic polynomials (wr|7) and (@7|7) in
T € E. Here we put 7 = 0 — 7, where 7 is fixed. By polarization, we obtain

(67(-|-)/2 e('|”1)|(Pe’w)(Pézl>)(e*('|')/2 e(-lnz))) — e(min2) trg (wi*)
= trp(ww*) / e (alo) g(mlo) (olnz) — trE(u')zI)*)(e*H')/z e(im) ’6*(-|-)/2 e(-lnz)).
E
The reproducing kernel property implies
(e=t172 6| (PLa) (PLi) (=12 ) = trp (i) (e=C1)/2 g e=C1)/2 )

for all ¢,v» € HZ(E). Since the operator (Plw)(Pli) leaves H, invariant, as a

e
consequence of Proposition 1.2, the assertion

(PLao) (PLi)(e~C1)/2 ) = e (i) e C1)/2 4 (2.29)
follows. O
Theorem 2.6. The Fock subbundle over D, with projection field (2.8), has a canon-
ical connexion which is projectively flat. More precisely, the curvature form €, is

a scalar operator which coincides (up to a constant multiple) with the Spa,(R)-
inwvariant symplectic form w on D.
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Proof. By Proposition 2.5 the curvature 2-form 2 at the base point e € D is the
scalar operator 2-form

Qe (b, ) = trg (i — i*) idg, (2.30)

on H,. Since trg (ww* —ww*) coincides (up to a constant factor) with the Spa, (R)-
invariant symplectic form w on D, evaluated at e, and the projection field (2.8) is
G-invariant, the assertion follows. O

3. Fock bundles for Jordan algebra representations

In this section we generalize the above construction in a Jordan algebraic setting,
starting with the three “classical” cases K =R, C or H (quaternions). Let K"*"
denote the (r x r)-matrices over K and consider the euclidean Jordan algebra of
all hermitian matrices

X :=H,(K)={z e K" : 2" = x}. (3.1)
Then
Dg:={w=u+w:u,v € H,(K), u>0 positive definite} = G/K

is a well-known symmetric tube domain generalizing the Siegel half-space (K = R).

Let Sy denote the compact manifold of all rank 1 tripotents (partial isometries) u

in XC. It carries a transitive K-action, with invariant probability measure du.
Consider a representation

X x Egr — Eg, (2,¢)+— a(C (3.2)
of X (in the sense of [5]) such that
(zGlG) = (Glz G2) (3.3)

for all (1, (> € Er. By complexification, (3.2) extends to a representation
X xE—E, (w,¢) v~ w
on E = ES such that (w (1]¢2) = (G w*Ce).
Lemma 3.1. For allw € X© and £,0 € E
(i €lo) = (o) (3.4)
and, hence,
(Elwo) = (alw§). (3.5)

Proof. Since (3.4) is conjugate-linear in 1w € X we may assume w € X. In this
case w is hermitian and commutes with the conjugation. It follows that

(w¢lo) = (Elwo) = (wol§) = (wol).
The relation (3.5) follows by complex conjugation. O
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For the Fock spaces over K = R,C,H studied in Section 2 we will now

construct a quadratic map
Q

E -, X¢€
U U (3.6)
EFr — X

where E is a complex representation space of dimension ar, a = dimg K, having
a real form
Er={CeE: ("=}
with respect to a suitable conjugation ¢ — (.
For K = R, the euclidean Jordan algebra

X=MHR) ={zecR* |zt =2} c XC={zeC™ |2t =2}
has the representation space £ = C" and
Er =R"={Ce E|({=C(},

where ¢ denotes the usual conjugation. The quadratic map Q(¢) = (¢t = CC*
satisfies (3.6).

Proposition 3.2. Let f : X© — C be continuous with at most polynomial growth.

Then
7" s t
/dg e~ €O r(cety = I / t’“e—t/duf(tu).
(r)
Ccr 0 S1
Proof. Using polar coordinates ¢ = so, with s > 0 and ¢ € S !, we have

according to [12, 1.4.3 and Remark on p. 17]

/dCF 277) /ds /daF s0) = FT;) Zcf t’"/daF(tl/Q o) (3.7)

§2r—1

by making the Change of variables t = s2, with dt =2 Cis. Since the map @ :
S?r=1 — Sy, o+ oo, is equivariant under K = U (C) and hence preserves the
normalized Haar measures, it follows that

[ acem 9 e
/

o Tt S o T 7dt , _t/
= / ; t"e / do f(too") = riry ) ¢ t" e du f(tu).
0 §2r—-1 0 St O

For K = C, the euclidean Jordan algebra
X =M. (C)={xeC™|z* =2} c XC=C*"
has the representation space E = C™ x C" = {(£,n) : £,n € C"} and
Br ={(&€):£€C} ={C € E|¢* = ¢},
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where

(fﬂ?)# = ("775)7 f,nE(C’"
denotes the flip involution. The quadratic map Q(&,n) = {n* satisfies (3.6).

Proposition 3.3. Let f : X© — C be continuous with at most polynomial growth.
Then we have for the Bessel function Ky [4]

27"
/df/dn e (El8)= ("‘")f(gn /dmx% U Ko(22) /duf xu)

Cr Cr

Proof. Using polar coordinates £ = so, 1 = tr with s,¢ > 0 and 0,7 € S~ we
obtain in view of (3.7)

/df/dn e~ =(nlm) ()

Ccr Ccr
42T i 7
FZ:,_)Q /dS 82r—18_52 /dt $2r—1 e—t2 / do / dr f(StO'T*)
0 0 §2r—-1  §2r—1
Q2T 7 7
= FZ:")Z /ds §2r=1 g /dtt%_1 et /du f(stu)
0 0 S1

since du is the unique probability measure on S; which is invariant under K =
U,(C) x Uy(C). The change of variables x = st > 0, y = s/t > 0 with xy =
s?, z/y =1t and

Ty Yt

oo oo
/ds 21 =" /dt 2=l et g(st)
0

oo

7 221 / a;y ey g(x) = 7dx 2?1 Ko(27) g(x)
J 0
(2

3) of [4, p. 82]. Putting

da dy = | det (m y3)| ds dt = 2y ds dt

yields

using formula

o) i= [ du f(ow),
S
the assertion follows. O

For K = H, the euclidean Jordan algebra
X=HMH) ={u+vj: u,v € C™*", u* =u, v'=—0v}
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has the complexification X© = {z € C?*2" : Jz! = 2J} via the map

, u v
U+ v) +— (—v u>
Here J := (_01). Put

10
Ezc2'r><2: {(a ﬂ) :a767775€CT}
v 9

B={( %) asec)-tcenr -a

Here we define the conjugation ¢ = J¢J !, with components

(5) =55 = (570)

for all a,3,v,6 € C". Then the quadratic map Q(¢) = CC* = ¢JCtTY, with

components
0 a B\ [(ad —pA" Bat —apft
v8) 7ot =9t dat —pt

satisfies (3.6). Note the analogy with the real case.

and

Proposition 3.4. Let f : X© — C be continuous with at most polynomial growth.
Then we have for the Bessel function Ky [4]

4T‘2K2/
r(2r 2r71 /dtt 1(2t) [ du f(tu).

Proof. The space E = C?"*? carries the Jordan algebra representation
E xHe(C)— E, (xzw—(x
in the sense of [5, Section IV.4], with associated quadratic map g¢ := (*¢ € H2(C)
in view of the identity
€zl = tr(Ca¢”) = tr(z ¢(7¢) = (xq¢) = (Zlg¢ )1 ()-
The action of K = Us.(C) on X© is given by [k - (wJ 1) J = kwk® for all
k € Uy, (C), w € C2rX2r. Equivalently, k - 2 = k2 Jkt.J ! for z € X©. Since

asym

Qre = (kO (kQ)* = (kO)(T ¢TI =k (T¢I =k¢TC K T
=k¢JC T IR T =kQc JK T =k Q¢

C2rx2

we see that the map Q : F — XC is K-equivariant. The compact submanifold
S(E):={c€E: gqy=00=1,}CE
is called the Stiefel manifold [5, p. 351]. For k € Us,-(C) we have
are = (kQ)'kC=CkkC=CC=¢
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which shows that Us,-(C) acts (transitively) on S(F). Let do denote the normalized
Us, (C)-invariant measure on S(E). By [5, Proposition XVI.2.1] we have for any
integrable function F' on F

Ar

/dCF(g)—F;T(Qr) / do det(z)? 2 / do F(oz"/?)

E HT(C) S(E)

since dimg E = 8r and H2(C) has dimension 4 and rank 2. The normalizing I'-
factor is computed as I'q(2r) = (277)452 re2rr2r—1)=27T2r)T(2r —1). We
have

tr(cz'/?) (o a¥?)* =tr (cxo*) =tr(zo* o) = tr(z 1) = tra
and
(o0 z'/?) (0 21/2)* = (o 2'/2)(6 #Y/?)" = o2 /? 52 6% = (det z)/2 0 5*.

Therefore

/dc eSS F(¢ )
E

mir=t 2wr—2 —tra 1/2 =%
= or@r T(@r - 1) / dx det (x) e / do f((det )"/ o 5™) (3.8)
HF(C) S(E)
= o / dx (det 2)?r=2 e=tre /du f((det z)'/?u)
2'(2r)T(2r — 1)
Hi© 5

since, by K-invariance, du is the image measure of do under Q). By [5, Corollary
VII.1.3] we have for s > 1

/ dz e='7 (det 2)*~2 = To(s) = 27 T(s) (s — 1) = 87r/dt 1242 |, (20)
0

HF(C)

using formula (27), p. 51, of [11]. A Stone-Weierstrass argument implies

/ dz et (det z)~2 g(det z) 87 / WK (20 9(8)  (3.9)
H3(C) 0

for suitably bounded continuous functions g on R;. Applying (3.9) to the function

olt) = / du f (V2 u)

S1



266 H. Upmeier

we obtain from (3.8)

4r—1
—tr¢¢* FEY — 4r
/d(e f(¢¢h (21 T(2r — 1) 87r/dtt Kq(2t)t /duftu
E
— 4r—2
= e 27“71 /dtt K1(2¢) /duftu O

For K = R, C, H counsider the (right) action
ERXU(K)HE]R, (C,’l?)»—)C’lg

of the compact Lie group U(K) ~ S*~! on Eg, extended to a C-linear action on
E. By Theorem 2.6, the “invariant” Fock bundle

HY®) c {p e L(E) [ ¢(¢9) = ¢(¢) V€ UK)} (3.10)

carries a projectively flat canonical connexion. Since

Qgﬁ = Qg V9e U(K)

and a holomorphic U(K)-invariant function on E factorizes through @, it follows
that this projectively flat Hilbert subbundle can also be realized, via the quadratic
map @, on the Jordan algebra X©, more precisely on the subvariety of rank 1
elements. This motivates the general construction of the next Section 4.

For K = R, we have U(R) = {£1} and (3.10) consists precisely of the even
functions. In the other cases, we have invariance under U(C) ~ T and U(H) ~
SU,(C), respectively.

4. The Jordan theoretic framework

In this section we present a general construction of projectively flat Hilbert subbun-
dles in the framework of Jordan algebras, which generalize the Fock type bundles
associated with the Jordan matrix algebras (3.1). The main result (Theorem 4.2)
determines the underlying measure p on the Jordan algebra, more precisely its
rank 1 elements, and the projection Py at the “origin” 0 of the unit ball B. At
the other points z € B, the projections P, are constructed by invariance under
the group G of biholomorphic automorphism of B, similar as in Proposition 2.1.
In order to identify the fibre Hp, we need the following result (compare also [16,
Theorem 2.18].

Theorem 4.1. Let Z be an irreducible hermitian Jordan triple of rank r and di-
mension d. Put

d a
=1 1
, —|—2(7‘ )—|—b
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where a and b are the characteristic multiplicities of Z. Then, for any 1 < ¢ <r—1,
the Hilbert space

H}(Z) = H*(S{) = Y Pm(2) (4.1)
meN,
of “-harmonic” holomorphic functions has the reproducing kernel
(d/r)m (ra/2)m _m
Ei(z,w) = E"(z,w
E( ) Z@ (6a/2)m ( )
meN,
for all z,w € Z, where E™ is the Fock reproducing kernel of
P™(Z) C H*(Z)
in the complex Segal-Bargmann space of Z.

Proof. Put

dpm = dim P™(2).
By [6, Theorem 2.1] there exists a unique polynomial ¢, € P™(Z) which is
invariant under the group

L:={keK: ke=e}

and is normalized by ¢m(e) = 1. Here e = e; + --- + ¢,. By [6, Lemma 3.3], we
have

[ dklom-oF = | om(a?) (42)

m
K
,
for all z = 3~ z;ej, and

j=1
m _ dm
E™(z,e) = (d/7)m Pm(2) (4.3)
by [6, Lemma 3.1 and Theorem 3.4]. Therefore
m _ dm _ dm
P @y "™ (@

Putting x = u; = €1 + - + e, in (4.2), we obtain for partitions m € N of length
</
1

[ dulom(@P = [ dlomikuP = | omlud) = |

dm
Se K

dm(ur) (4.4)

since Sy = K - ug. By [1, Proposition 3.7], we have

_ (ta/2)m
dm(ue) = (ra/2)m’
On the other hand, by (4.3), the Fischer-Fock norm || - | p satisfies

)2 )2 P
[ omll7 = (dfp)’" |E™ (= €)1} = (dc/ljm E™(e,e) = (YTIm

m dm
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Combining (4.4) and (4.5), it follows that

Jautomur = 0 ol (46)
Se

Since Py (Z) is irreducible under K this implies

Sy

(d/r)m (ra/2)m T

for all p,q € Pm(Z). In particular, putting ¢ = E™(—, z) for some fixed z € Z,
we have

/du E™(u,z) p(u) = (fa/2)m
Sy

(d/r)m (ra/2)m

m _ (ﬁa/Z)m
Em =, S0 )

whenever p € P™(Z) and m € N.. Since (4.6) is an orthogonal sum, the assertion
follows. M

Theorem 4.2. Let Z be an irreducible hermitian Jordan algebra with unit ball B =
G/K, having rank r, dimension d and characteristic multiplicity a. Let Sy be
the compact manifold of all rank 1 tripotents in Z, with K-invariant probability
measure du, and let

Zi={t-u|teRy, ue S}

denote the space of all rank 1 elements in Z. Then the Hilbert space H = L*(Zy, du)
on Zy, with respect to the measure
4dt du

LT

du(t - u) = t9"=2) Ka_y (2) (4.7)

on Z1, has a G-equivariant Hilbert subbundle (H,).cp defined over the unit ball
B C Z. The fibre at the base point 0 € B consists of holomorphic functions

(oo}
Hy= > Pmo.o(Z) [Hilbert sum] (4.8)
m=0
and the associated projection, realized as an integral operator on Z1, has the kernel

Awn =32 L = R (1.9

The canonical connexion on this field is projectively flat, with curvature at 0
given by
Qo(2,2) = (2]2) — (£]2)

forall 2, 2 € Z = Ty(B). Here (z|w) is the normalized K -invariant measure on Z.
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Proof. Specializing Theorem 4.1 to £ = 1, and choosing polynomials p(u) =
(ulen)™, q(u) = (ulv)™ for fixed v € Z; we have

(@/2)0n (a/2) m! .
/ (o)™ o)™ = ey (rag 2 TPF = () (raf2), 1T 1O

for all m > 0. This follows from the fact that p, ¢ € Ppo...0(Z), and the well-known
value
((=[0)™ [ (=le))™)p = m!(v]er)™
for the Fock inner product [14]. By (4.8), the fibre Hy C L?*(Z1,du) over 0 € B is
generated by the functions (—|v)™, for v € Z;, or equivalently by the K-translates
of (—|e1)™, since S; = K - e;. Expressing the underlying measure on Z; in the
form
du(t - u) = K(t) dt du

for some density function IC on R, it follows that the orthogonal projection P
onto Hy satisfies

(vlep)™ /dt/C /duPo v, teu)(t-uler)™

:/dth(t) tm/dupo(% t-u)(uler)™.
0 S

Writing
k
v|u
o~ U
k>0 k

as a power series in (v|u), we obtain

(le)™ = > o /dth tm+k/du( [u)k (ule))™

k>0
(4.11)

= /dth(t)th/ du (v[u)™ (ule)™

0 S

since different powers are orthogonal over S;. Using (4.10) for the S;-integral we
obtain

@™ (a/2)

m 2 2m
(vlew) ¢m  (d/T)m m/2 /dtlC )t

and therefore

_ (a/2)m m
™= (/1) ( m/2 /d“C 1) ¢,
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By (4.7) the density function K(t) has the form

4
K= peayp oy

Since ff =144 (r—1), formula (16) in [8, p. 668] implies

(l’l"*l
trm2) Koy (2t).

r 4 r 1
dtKC(t) ™ = . /dtt2m+a<’“—2> Ka_1(2t)
/ L(HTC ’
0 0
_Dm+9)T(m+ %) (ar) <d>
LEHTCy) N2/ m \r ),
Therefore ¢, = m!(a/2),, as asserted O

For the classical Fock type spaces over K = R, C, H, our general result yields
the correct measure as well as the projection formula (4.9), as will now be shown. If

K =R, we have a = 1 and hence d = T(TQ'H) (symmetric r X r-matrices). Therefore

By = 3o 0" 55 4

— (3)mm! N — (2m)!

and the measure p on Z; is given by du(t - u) = t"~!e~! as shown in Lemma 3.2.
This case (the classical one!) is slightly exceptional since § < 1 and K_;,5(2t) is

replaced by t—1/2 et If K = C, we have a = 2 and hence d = 12 (all r x r-matrices).
Applying Theorem 4.2 we obtain

PO(uvv) = Z::O ((;;'::)m' = Z::o (12';0])2

and du(t - u) = dt dut® 1 K¢(2t) in accordance with Lemma 3.3. If K = H, we
have a = 4 and hence d = r(2r — 1) (skew-symmetric 2r X 2r-matrices). In this
case Theorem 4.2 yields

= ulv)™ = ulv)™
Pofuv) = o P> m!(2(|m)+ 1)
m=0
and du(t - u) = dt dut*" =2 K1(2t) in accordance with Proposition 3.4.

In order to construct the field (H,) at all points z € B, and compute its
connection and curvature, we use invariance under a suitable G-action on Z; =
R4 S1, similar as in Proposition 2.1. In order to explain the G-action, we need
some Jordan algebraic concepts explained in [10, Chaper 6]. For every tripotent
u € S1, the Jordan triple Z admits a Peirce decomposition [8]

Z=2Z'ezV 020 (4.12)
and, putting B := BN Z% = {z € B: {uu*z} = 0}, the set
u+ BY C OB (4.13)
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is called the boundary component with center u. The (disjoint) union

nB=|J u+B) (4.14)
u€e S,

is a G-invariant stratum of 9B, which is open in 9B, cf. [10]. It follows that for
every g € G we have

g(u+ BY) = g(u) + Bg(u) (4.15)
for a unique tripotent g(u) € S;. In this way we obtain a real analytic action
GXSl — Sl (416)

g,u —  g(u).

For a careful study of this action, more precisely its infinitesimal version, we refer
to [15].
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